
 
Copyright © 2018A. L. Muhammad et al. This is an open access article distributed under the Creative Commons Attribution License, which per-

mits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. 
 

 

International Journal of Engineering & Technology, 7 (3) (2018) 1249-1256 
 

International Journal of Engineering & Technology 
 

Website: www.sciencepubco.com/index.php/IJET  
doi: 10.14419/ijet.v7i3.9422 

Research paper 
 

 

 

 

Transient investigation of stack-driven airflow process through 

rectangular cross-ventilated building with two vents in the  

absence of opposing flow in the upper opening 
 

A. L. Muhammad 1*, M. Z. Ringim1, L. A. Isma’il2 

 
1Department of Mathematics, Kano University of Science and Technology- Wudil, Nigeria  

2Department of Statistics, Kano University of Science and Technology- Wudil, Nigeria  

*Corresponding author E-mail:mukhazah3@gmail.com 

 

 

Abstract 
 

Natural ventilation of building provides improvement of internal comfort and air quality conditions leading to a significant reduction of 

cool-ing energy consumption. Design of natural ventilation systems for many types of building is based on buoyancy forces. However, 

external wind flow can have significant effects on buoyancy- driven natural ventilation. The paper was concerned with transient investi-

gation of airflow through two vents in the absence of opposing flow in the upper opening. A flow of this type represents a new class of 

boundary- layer flow problems in the building. Moreover, this is an exact solution of the complete Navier- Stokes Equations (including, 

buoyancy force term), which were then Non Dimensionalised using some dimensionless parameters and then solved analytically by sepa-

ration of variable methods in which, the behavior of parameters in the results were predicts the velocity, temperature profiles together 

with volumetric airflow and mass transfer. The results were then evaluated numerically for several sets of values of the parameters in 

order to ascertain the best for optimal ventilation. 
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1. Introduction 

Generally, Air flow distributions in buildings are considered to be 

as a result of the knowledge of the exact air supply to a building. 

Knowledge of the exact air supply to a building is necessary to 

determine its thermal performance and the concentration of the 

indoor pollutants. The exchange of air can be achieved either by 

mechanical means (Mechanical ventilation) or through the large 

opening of the building envelope (Natural ventilation). Exchanges 

between external ambient and interior space of buildings caused 

by flows that are driven by wind or by temperature differences are 

the foundation of natural ventilation process. Of course,humans, 

who are increasingly spending more time indoors, to extend the 

possibilities of living in uncongenial or squally conditions etc, are 

pursuing natural ventilation. The improvements of the quality of 

the interior space in both its attractiveness, spaciousness, luminos-

ity, and more importantly its proper natural ventilation are major 

concerns for designers of modern structures. Airflow modeling 

gives Architectures and Engineers the luxury to consider several 

design options in the minimum amount of time. As a result, the 

final design is not based on a tentative approach, but is a result of 

a professional design process considering several options and 

selecting the optimum solution. This can save on capital and run-

ning costs save time on commissioning. Many attempts to investi-

gate this phenomenon have been made by some researchers. [2] 

Studied a convective heat and mass-transfer through large open-

ings, which plays an important role in the thermal behavior in 

buildings. [1] Investigated airflow process in single-sided natural 

ventilation by using a computational fluid dynamics (CFD) meth-

od together with analytical and empirical models. [4] Considered 

building having two openings at different vertical level on oppo-

site walls, the heights of the two openings are relatively small, and 

the areas of the top and bottom openings are At and Ab respective-

ly. The study also considered an indoor source of heat E, and the 

wind force can assist or oppose the thermal buoyancy force, when 

the indoor temperature is uniform. [3] Presented an experimental 

and numerical analyses of heat transfer and air flow on an interac-

tive building façade. [5] Investigated air flow rate across a vertical 

opening induced by a thermal source in a room, various parame-

ters were used in designing natural ventilation. [6] Considered 

wind-driven cross ventilation in building with small openings. [8] 

Studied airflow process across vertical vents induced by stack- 

driven effect with an opposing flow in one of the openings was 

presented. [9] also recently presented an investigation of stack- 

driven airflow through rectangular cross- ventilated building with 

two openings using analytic technique. [7] Presented a simple 

mathematical model of stack ventilation flows in multi-

compartment buildings, with a view to providing an intuitive un-

derstanding of the physical processes governing the movement of 

air and heat through naturally ventilated buildings. 

The main objective of this paper is to analytically determine the 

behavior of parameters involve in the results that predicts the tem-

perature, velocity profiles together with volumetric airflow and 

mass transfer in a rectangular un- stratified cross- ventilated build-

ing with two openings on a vertical wall and discussed the asymp-

totic behavior of the results graphically. This is the novel approach 

which will lead to better understanding of the phenomenon and 

help in optimizing the designs for better natural ventilation. The 

organization of the paper is as follows. Section 2 contains the 

description of the building and statement of problem under study. 

Section 3 present Material and method while section 4 present 
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formulations of the models. The results of our numerical simula-

tions are presented in section 5. Finally, we make a concluding 

remark in Section 6.  

2. Description/ statement of problem 

In this paper, transient investigation of airflow process through 

rectangular cross- ventilated building with two vents in the ab-

sence of opposing flow in each of the upper opening is considered. 

A flow of this type represents a new class of boundary- layer flow 

problems in the building envelope. Moreover, this is an exact solu-

tion of the complete Navier- Stokes Equations (including, buoyan-

cy force term). The building considered is un-stratified cross- 

ventilated rectangular building with two openings. In which the 

building has one upper and one lower rectangular opening. The 

upper opening has an area of 0.7m ×  1.0m, while the lower open-

ing is 0.7m × 2.0m. Dimension of the building is 5.3m × 3.6m ×
2.8m with air as the connecting fluid. The domain envelops were 

separated from one another by a vertical rectangular openings of 

heighty∗ and widthxw, which is illustrated in Figure 1. The density 

of air in the building is maintained at ρ0 with temperature atθ̇∗ and 

pressure P. 

 

 
Fig. 1:Diagram of Un-Stratified Cross-Ventilated Rectangular Building 
with Two Openings. 

3. Material and method 

In this paper we discussed the temperature- velocity- profiles to-

gether with volumetric and mass transfer for transient Stack- driv-

en airflow through rectangular openings in building with two 

openings in the presence of uniform interior temperature (see Fig-

ure 1). Schematic diagrams of airflow process inside the building 

and the one vertical upper vent are shown in Figure 2 and 3 below. 

The flow is transient that depends on the height of the opening on 

the vertical walls. Airflow is assumed to be at low speed so that it 

will behave like incompressible fluid. Internal heat source is neg-

ligible q ≪ 1 (see Figure 2 and 3). An approximation of reduced 

gravity is invoked. One Dimensional Navier Stokes Equations 

with appropriate boundary conditions will describe the problem. 

The model Equations are written in a dimensionless form and 

solved analytically by means of separation of variable methods. 

Graphical study of the results has been made using MATLAB 

Computer package.  

 

 
Fig. 2:Schematic Diagram of Airflow Process Inside Un- Stratified Cross-

Ventilated Rectangular Building with Two Openings. 

 

 
Fig. 3:Schematic Diagram of Airflow Process across One of the Vertical 

Vent in Rectangular Building with Two Openings. 

 

Notations and Greek’s words  

C1, C2, C3, C4                Coefficients 

P1                            Separation constants 

A∗  Total area of the openings 

xw                            Width of the openings 

y                              Dimensional height of the openings 

y∗  Dimensionless height of the openings 

cd                           Discharge coefficient 

G  Acceleration due to gravity  

P  Air pressure 

t∗  Dimensionless time intervals 

T  Dimensional time intervals 

tmax  Maximum time 

U  Dimensional velocity profile 

U∗(y∗, t∗)  Dimensionless velocity profiles 

Us
∗(y∗)  Dimensionless steady velocity profiles 

Uu
∗(y∗, t∗) Dimensionless unsteady velocity profiles 

m∗(y∗, t∗) Dimensionless mass – transfer 

Q∗(y∗, t∗)  Dimensionless volumetric airflow 

UC(y
∗), UC(y

∗, t∗) Complimentary solutions 

Up(y
∗), Up(y

∗, t∗) Particular solutions  
y∗

2
  Neutral height 

S  Dummy variable 

L  Length scale of the height of the opening 

α                                 Thermal diffusivity 

ν                              Kinematic viscosity 

β                             Thermal expansion coefficient 

θ0                            Effective thermal coefficient 

∆θ̇                              Dimensional change of air temperature 

θ̇s
∗(y∗)                    Dimensionless steady temperature profiles 

θ̇u
∗ (y∗, t∗)                  Dimensionless unsteady temperature profiles  

 

    𝑝(𝑥𝑤) 𝜌0 �̇�∗(𝑦∗, 𝑡∗) 

                                                  

                                                         𝑈∗(𝑦∗, 𝑡∗)                  

                                                                               

                                                               𝑦
∗

2
                      𝑔 

           Interior                                                             



International Journal of Engineering & Technology 1251 

 
θ ̇  Dimensional temperature of air 

θ̇∗(y∗, t∗) Dimensionless temperature profiles 

ρ0             Constant density of the air 

Dimensionless parameter 

Pr              Prandtl number 

Subscripts 

w               Width 

4. Model formulation 

The convective motion induced by stack- driven effect as illustrat-

ed in Figure 2 and 3 is described by one dimensional Navier- 

Stokes Equation given as,  

 
∂U

∂t
= gβ∆θ̇ + ν

∂2U

∂y2
 .                                                                  (1) 

 
∂θ̇

∂t
= α

∂2θ̇

∂y2
.          (2) 

 

With the following dimensional boundary conditions as, 

 

0 ≤ y ≤ 2, t ≥ 0, U(0) = 0,U(2) = 0, U(0, t) = 0, U(2, t)
= 0, , θ(0) = −θ0, θ(2) = 1 − θ0, θ(0, t)
= 0, θ(2, t) = 0.  

 

By scalingy withy∗L, velocity U with
U∗gβ∆θL2

α
, t =

t∗L2

α
, and intro-

ducing θ̇ withθ̇∗∆θ + θ0, where∆θ̇ = θ̇ − θ0. 
In dimensionless form the above Equations (1) and (2) may be 

expressed as, 

 
∂U∗

∂t∗
= Pr

∂2U∗

∂y∗2 + θ̇∗(y∗, t)                                                         (3) 

 
∂θ̇∗

∂t∗
=

∂2θ̇∗

∂y∗2                                                                                 (4) 

 

With the following dimensionless boundary conditions as, 

 

0 ≤ y∗ ≤ 1, t∗ ≥ 0,U∗(0) = 0,U∗(1) = 0,Uu
∗(0, t∗)

= 0, Uu
∗(1, t∗) = 0,

∂U∗(1, tmax)

∂y∗ = U0, θ̇
∗(0)

= −θ0, θ̇
∗(1) = 1 − θ0, θ̇u

∗ (0, t∗)

= 0, θ̇u
∗ (1, t∗) = 0, θ̇u

∗ (1, tmax) = Sint∗.  
 

The steady state Equation in (4) using the boundary condition for 

dimensionless temperature profiles is, 

 
d2θ̇∗

dy∗2 = 0                                                                                    (5) 

 

0 ≤ y∗ ≤ 1, θ̇∗(0) = −θ0, θ̇
∗(1) = 1 − θ0 

 

yield the resulting solution as, 

 

θ̇s
∗(y∗) = y∗ − θ0                                                                     (6) 

 

The Equation for the time dependent is one given in Equation (4) 

as, 

 

∂θ̇∗

∂t∗
=

∂2θ̇∗

∂y∗2 

 

The separation between the steady and unsteady part of solution 

are as follows, 

 

θ̇∗(y∗, t) = θ̇∗
s(y

∗) + θ̇u
∗ (y∗, t∗)                                               (7) 

 

The Equation (4) is also valid for the unsteady part of the solution 

as, 

 
∂θ̇u

∗

∂t∗
=

∂2θ̇u
∗

∂y∗2
                                                                                    (8) 

With the following boundary condition for dimensionless tem-

perature profiles as, 

 

0 ≤ y∗ ≤ 1, θ̇u
∗ (0, t∗) = 0, θ̇u

∗ (1, t∗) = 0, θ̇u
∗ (1, tmax) = Sint∗.  

 

The separation given by, 

 

�̇�𝑢
∗(𝑦∗, 𝑡∗) = 𝑌(𝑦∗)𝑇(𝑡∗)        (9) 

 

Leads with Equation (8) to the eigen value problem as, 

 
𝑇′

𝑇
=

𝑌′′

𝑌
+

𝐶𝑌′

𝑌
= −𝑃1

2for𝑃1 > 0 .                                              (10) 

 

With generalized solution of the form, 

 

�̇�𝑢
∗(𝑦∗, 𝑡∗) = 𝐾3𝑒

−𝑃1
2𝑡∗

𝑠𝑖𝑛ℎ𝑃1𝑦
∗                                               (11) 

 

Equation (11), together with the homogeneous dimensionless 

boundary conditions yields to, 

 

�̇�𝑢
∗(𝑦∗, 𝑡∗) = 𝐾3𝑒

−𝑛2𝜋2𝑡∗
𝑠𝑖𝑛ℎ𝑛𝜋𝑦∗                                            (12) 

 

Similarly, using �̇�𝑢
∗(1, 𝑡𝑚𝑎𝑥) = 𝑠𝑖𝑛𝑡∗ , from Equation (12) one 

obtains, 

 

𝐾3 =
𝑠𝑖𝑛𝑡∗𝑒−𝑛2𝜋2𝑡𝑚𝑎𝑥

𝑠𝑖𝑛𝑛𝜋
for, 𝑡∗ ≥ 0, 𝑛 =

1

2
,
3

2
,
5

2
, …. 

 

The resulting Equation (12) becomes, 

 

�̇�𝑢
∗(𝑦∗, 𝑡∗) =

𝑠𝑖𝑛𝑡∗𝑒−𝑛2𝜋2(𝑡𝑚𝑎𝑥−𝑡∗)

𝑠𝑖𝑛𝑛𝜋
𝑠𝑖𝑛ℎ𝑛𝜋𝑦∗.                               (13) 

 

The general time dependent solution for dimensionless tempera-

ture profiles is, 

 

�̇�∗(𝑦∗, 𝑡∗) = 𝑦∗ − 𝜃0 +
𝑠𝑖𝑛𝑡∗𝑒−𝑛2𝜋2(𝑡𝑚𝑎𝑥−𝑡∗)

𝑠𝑖𝑛𝑛𝜋
𝑠𝑖𝑛ℎ𝑛𝜋𝑦∗.              (14) 

 

The steady state Equation and boundary condition for dimension-

less velocity profiles is, 

 

𝑃𝑟
𝑑2𝑈∗

𝑑𝑦∗2 = −�̇�∗(𝑦∗)                                                                            ( 15) 

 

0 ≤ 𝑦∗ ≤ 1, 𝑈∗(0) = 0,𝑈∗(1) = 0. 
 

Plugging the Equation (6) in Equation (15) yields to, 

 

𝑃𝑟
𝑑2𝑈∗

𝑑𝑦∗2 = −(𝑦∗ − 𝜃0).                                                            (16) 

 

Starting with the homogeneous part of Equation (16), one obtained 

the complementary solution as, 

 

𝑈𝑐(𝑦
∗) = 𝐶1 + 𝐶2𝑦

∗.                                                              (17) 

 

By employing the variation of parameter methods, one can write 

the particular solution as, 

 

𝑈𝑃(𝑦∗) =
1

𝑃𝑟
(
𝜃0𝑦

∗2

2
−

𝑦∗3

6
).                                                    (18) 

 

The general solution is given by, 

 

𝑈𝑠
∗(𝑦∗) = 𝐶1 + 𝐶2𝑦

∗ +
1

𝑃𝑟
(
𝜃0𝑦

∗2

2
−

𝑦∗3

6
)                                (19) 
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The two constant which appear in Equation (19) can be deter-

mined by prescribing the boundary condition for the velocity field 

in Equation (5), thus obtaining,  

𝑈𝑠
∗(𝑦∗) =

1

𝑃𝑟
(
𝜃0𝑦∗2

2
−

𝑦∗3

6
− (

3𝜃0−1

6
) 𝑦∗).                                (20) 

 

Where𝐶1 = 0, 𝐶2 = −
1

𝑃𝑟
(
𝜃0

2
−

1

6
) are the two arbitrary constant. 

Plugging the Equation (14) in (3) yields to, 

 

𝜕𝑈∗

𝜕𝑡∗ = 𝑃𝑟
𝜕2𝑈∗

𝜕𝑦∗2 + 𝑦∗ − 𝜃0 +
𝑠𝑖𝑛𝑡∗𝑒−𝑛2𝜋2(𝑡𝑚𝑎𝑥−𝑡∗)

𝑠𝑖𝑛𝑛𝜋
𝑠𝑖𝑛ℎ𝑛𝜋𝑦∗.     (21) 

 

The separation between the steady and unsteady part of solution 

are as follows, 

 

𝑈∗(𝑦∗, 𝑡∗) = 𝑈𝑠
∗(𝑦∗) + 𝑈𝑢

∗(𝑦∗, 𝑡∗).                                        (22) 

 

The Equation (21) is also valid for the unsteady part of the solu-

tion as, 

 

𝜕𝑈𝑢
∗

𝜕𝑡∗ = 𝑃𝑟
𝜕2𝑈𝑢

∗

𝜕𝑦∗2 + 𝑦∗ − 𝜃0 +
𝑠𝑖𝑛𝑡∗𝑒−𝑛2𝜋2(𝑡𝑚𝑎𝑥−𝑡∗)

𝑠𝑖𝑛𝑛𝜋
𝑠𝑖𝑛ℎ𝑛𝜋𝑦∗.       (23) 

 

With the following boundary condition for velocity profiles as, 

 

0 ≤ 𝑦∗ ≤ 1, 𝑈𝑢
∗(0, 𝑡∗) = 0, 𝑈𝑢

∗(1, 𝑡∗) = 0.  
 

Starting with the homogeneous part of Equation (23), one obtain 

 
𝑑𝑈∗

𝑑𝑡∗ − 𝑃𝑟
𝑑2𝑈∗

𝑑𝑦∗2 = 0.                                                                  (24) 

 

The separation is given by the complementary solution as, 

 

𝑈𝑐
∗(𝑦∗, 𝑡∗) = 𝑌(𝑦∗)𝑇(𝑡∗)                                                        (25) 

 

Leads with Equation (24) to the eigen value problem as, 

 
𝑇′

𝑃𝑟𝑇
=

𝑌′′

𝑌
= −𝑃1

2for𝑃1 > 0.                                                            (26) 

 

The generalized complementary solution is of the form, 

 

𝑈𝐶
∗(𝑦∗, 𝑡∗) = 𝑒−𝑃1

2𝑡∗
(𝐶3𝑐𝑜𝑠𝑃1𝑦

∗ + 𝐶4𝑠𝑖𝑛𝑃1𝑦
∗)                      (27) 

 

The particular solution for Equation (21) is given by,  

 

𝑈𝑃
∗(𝑦∗, 𝑡∗) = 𝑦∗𝑡∗ −

𝑃𝑟𝑦∗3

6
− (𝜃0𝑡

∗ −
𝜃0𝑃𝑟𝑦∗2

2
) +

𝑠𝑖𝑛𝑡∗𝑒−𝑛2𝜋2(𝑡𝑚𝑎𝑥−𝑡∗)

𝑠𝑖𝑛𝑛𝜋
𝑠𝑖𝑛𝑛𝜋𝑦∗(𝑡∗ − 𝑛2𝜋2(1 − 𝑃𝑟))                     (28) 

 

The generalized solution of unsteady velocity profiles is of the 

form, 

 

𝑈𝑢
∗(𝑦∗, 𝑡∗) = 𝑈𝐶

∗(𝑦∗, 𝑡∗) + 𝑈𝑃
∗(𝑦∗, 𝑡∗). 

 

This yield to, 

 

𝑈𝑢
∗(𝑦∗, 𝑡∗) = 𝑒−𝑃1

2𝑡∗
(𝐶3𝑐𝑜𝑠𝑃1𝑦

∗ + 𝐶4𝑠𝑖𝑛𝑃1𝑦
∗) + 𝑦∗𝑡∗ −

𝑃𝑟𝑦∗3

6
−

(𝜃0𝑡
∗ −

𝜃0𝑃𝑟𝑦∗2

2
) +

𝑠𝑖𝑛𝑡∗𝑒−𝑛2𝜋2(𝑡𝑚𝑎𝑥−𝑡∗)

𝑠𝑖𝑛𝑛𝜋
𝑠𝑖𝑛𝑛𝜋𝑦∗(𝑡∗ −

𝑛2𝜋2(1 − 𝑃𝑟))                                                                     (29) 

 

The two constant which appear in Equation (29) can be deter-

mined by prescribing the boundary condition for the velocity field 

in Equation (22), thus obtaining,  

 

𝑈∗(𝑦∗, 𝑡∗) =
1

𝑃𝑟
(
𝜃0𝑦∗2

2
−

𝑦∗3

6
− (

3𝜃0−1

6
) 𝑦∗) +

𝑒−𝑃1
2𝑡∗

(𝐶3𝑐𝑜𝑠𝑃1𝑦
∗ + 𝐶4𝑠𝑖𝑛𝑃1𝑦

∗) + 𝑦∗𝑡∗ −
𝑃𝑟𝑦∗3

6
− (𝜃0𝑡

∗ −

𝜃0𝑃𝑟𝑦∗2

2
) +

𝑠𝑖𝑛𝑡∗𝑒−𝑛2𝜋2(𝑡𝑚𝑎𝑥−𝑡∗)

𝑠𝑖𝑛𝑛𝜋
𝑠𝑖𝑛𝑛𝜋𝑦∗(𝑡∗ − 𝑛2𝜋2(1 − 𝑃𝑟)).               

(30) 

 

Where,𝐶3 = 𝜃0𝑡
∗𝑒𝑃1

2𝑡∗
, 𝐶4 =

𝑒𝑃1
2𝑡∗

𝑠𝑖𝑛𝑃1
(−𝜃0𝑡

∗𝑐𝑜𝑠ℎ𝑃1 − 𝑡∗ +
𝑃𝑟

6
−

(
𝑃𝑟

2
− 𝑡∗) 𝜃0 − 𝑠𝑖𝑛𝑡∗𝑒−𝑛2𝜋2(𝑡𝑚𝑎𝑥−𝑡∗)(𝑡∗ − 𝑛2𝜋2(1 − 𝑃𝑟))). (31) 

 

Therefore, the general time dependent solution for dimensionless 

velocity profiles is given by, 

 

𝑈∗(𝑦∗, 𝑡∗) =
1

𝑃𝑟
(
𝜃0𝑦

∗2

2
−

𝑦∗3

6
− (

3𝜃0 − 1

6
)𝑦∗) + 𝜃0𝑡

∗𝑐𝑜𝑠𝑃1𝑦
∗

+
𝑠𝑖𝑛ℎ𝑃1𝑦

∗

𝑠𝑖𝑛𝑃1
(−𝜃0𝑡

∗𝑐𝑜𝑠𝑃1 − 𝑡∗ +
𝑃𝑟

6

− (
𝑃𝑟

2
− 𝑡∗) 𝜃0

− 𝑠𝑖𝑛𝑡∗𝑒−𝑛2𝜋2(𝑡𝑚𝑎𝑥−𝑡∗)(𝑡∗ − 𝑛2𝜋2(1 − 𝑃𝑟)))

+ 𝑦∗𝑡∗ −
𝑃𝑟𝑦∗3

6
− 𝜃0𝑡

∗ +
𝜃0𝑃𝑟𝑦∗2

2
 

+
𝑠𝑖𝑛𝑡∗𝑒−𝑛2𝜋2(𝑡𝑚𝑎𝑥−𝑡∗)

𝑠𝑖𝑛𝑛𝜋
𝑠𝑖𝑛𝑛𝜋𝑦∗(𝑡∗ − 𝑛2𝜋2(1 − 𝑃𝑟))(32) 

 

The volumetric airflow is defined in Equation (33) below, 

 

𝑄∗(𝑦∗, 𝑡∗) = 𝐴∗𝑐𝑑 ∫ 𝑈∗(𝑠)𝑑𝑠𝑑𝑡∗𝑠=
𝑦∗

2
𝑠=0

                                      (33) 

 

Putting Equation (32) in (33), one obtains 

 

𝑄∗(𝑦∗, 𝑡∗) = 𝐴∗𝑐𝑑 ∫ [
1

𝑃𝑟
(
𝜃0𝑦

∗2

2
−

𝑦∗3

6
− (

3𝜃0−1

6
) 𝑦∗) +

𝑠=
𝑦∗

2
𝑠=0

𝜃0𝑡
∗𝑐𝑜𝑠𝑃1𝑦

∗ +
𝑠𝑖𝑛ℎ𝑃1𝑦

∗

𝑠𝑖𝑛𝑃1
(−𝜃0𝑡

∗𝑐𝑜𝑠𝑃1 − 𝑡∗ +
𝑃𝑟

6
− (

𝑃𝑟

2
− 𝑡∗) 𝜃0 −

𝑠𝑖𝑛𝑡∗𝑒−𝑛2𝜋2(𝑡𝑚𝑎𝑥−𝑡∗)(𝑡∗ − 𝑛2𝜋2(1 − 𝑃𝑟))) + 𝑦∗𝑡∗ −
𝑃𝑟𝑦∗3

6
−

𝜃0𝑡
∗ +

𝜃0𝑃𝑟𝑦∗2

2
+

𝑠𝑖𝑛𝑡∗𝑒−𝑛2𝜋2(𝑡𝑚𝑎𝑥−𝑡∗)

𝑠𝑖𝑛𝑛𝜋
𝑠𝑖𝑛𝑛𝜋𝑦∗(𝑡∗ − 𝑛2𝜋2(1 −

𝑃𝑟)). ] 𝑑𝑠𝑑𝑡∗                                                                 (34) 

 

Where, 𝑠 is a dummy variable. 

The results for Equation (34) yields to volumetric airflow as, 
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𝑄∗(𝑦∗, 𝑡∗) = 𝐴∗𝑐𝑑

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 (

1

𝑃𝑟
(

𝜃0

48
𝑦∗3 −

1

384
𝑦∗4 −

(3𝜃0−1)

48
𝑦∗2)) 𝑡∗ +

𝑡∗2

2𝑃1
𝜃0𝑠𝑖𝑛𝑃1

𝑦∗

2

+
(1−𝑐𝑜𝑠𝑃1

𝑦∗

2
)

𝑃1𝑠𝑖𝑛𝑃1

(

 
 
 
 
 

−𝜃0
𝑡∗2

2
𝑐𝑜𝑠𝑃1 −

𝑡∗2

2
+

𝑃𝑟𝑡∗

6
−

𝜃0𝑃𝑟𝑡∗

2
− 𝜃0

𝑡∗2

2

−

(

 
 
 

(𝑡∗−𝑛2𝜋2(1−𝑃𝑟))𝑒−𝑛2𝜋2(𝑡𝑚𝑎𝑥−𝑡∗)

𝑛2𝜋2 (𝑠𝑖𝑛𝑡∗−
𝑐𝑜𝑠𝑡∗

𝑛2𝜋2)+
2𝑐𝑜𝑠𝑡∗𝑒−𝑛2𝜋2(𝑡𝑚𝑎𝑥−𝑡∗)

𝑛4𝜋4(1+
1

(𝑛2𝜋2)
2)

−
𝑠𝑖𝑛𝑡∗𝑒−𝑛2𝜋2(𝑡𝑚𝑎𝑥−𝑡∗)

𝑛4𝜋4

1+
1

𝑛2𝜋2

)

 
 
 

)

 
 
 
 
 

+
𝑦∗2𝑡∗2

16
−

𝑃𝑟𝑦∗4𝑡∗

384
+

𝜃0𝑃𝑟𝑦∗3𝑡∗

48
−

𝜃0𝑡∗3𝑦∗

4

+
(1−𝑐𝑜𝑠𝑛𝜋

𝑦∗

2
)

𝑛𝜋𝑠𝑖𝑛𝑛𝜋

(

 
 
 

(𝑡∗−𝑛2𝜋2(1−𝑃𝑟))𝑒−𝑛2𝜋2(𝑡𝑚𝑎𝑥−𝑡∗)

𝑛2𝜋2 (𝑠𝑖𝑛𝑡∗−
𝑐𝑜𝑠𝑡∗

𝑛2𝜋2)+
2𝑐𝑜𝑠𝑡∗𝑒−𝑛2𝜋2(𝑡𝑚𝑎𝑥−𝑡∗)

𝑛4𝜋4(1+
1

(𝑛2𝜋2)
2)

−
𝑠𝑖𝑛𝑡∗𝑒−𝑛2𝜋2(𝑡𝑚𝑎𝑥−𝑡∗)

𝑛4𝜋4

1+
1

𝑛2𝜋2

)

 
 
 

]
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

.(35) 

 

The mass transfer is given by Equation (36) below as, 

 

𝑚∗(𝑦∗, 𝑡∗) = 𝜌0𝑄
∗(𝑦∗)         (36) 

 

By plugging Equation (35) in (36), one obtains the mass transfer as, 

 

𝑚∗(𝑦∗, 𝑡∗) = 𝐴∗𝑐𝑑𝜌0

[
 
 
 
 
 

(
1

𝑃𝑟
(

𝜃0

48
𝑦∗3 −

1

384
𝑦∗4 −

(3𝜃0−1)

48
𝑦∗2)) 𝑡∗ +

𝑡∗2

2𝑃1
𝜃0𝑠𝑖𝑛𝑃1

𝑦∗

2
+

(1−𝑐𝑜𝑠𝑃1
𝑦∗

2
)

𝑃1𝑠𝑖𝑛𝑃1

(

 
 
 
 

−𝜃0
𝑡∗2

2
𝑐𝑜𝑠𝑃1 −

𝑡∗2

2
+

𝑃𝑟𝑡∗

6
−

𝜃0𝑃𝑟𝑡∗

2
−

𝜃0
𝑡∗2

2
−

(

 
 
 

(𝑡∗−𝑛2𝜋2(1−𝑃𝑟))𝑒−𝑛2𝜋2(𝑡𝑚𝑎𝑥−𝑡∗)

𝑛2𝜋2 (𝑠𝑖𝑛𝑡∗−
𝑐𝑜𝑠𝑡∗

𝑛2𝜋2)+
2𝑐𝑜𝑠𝑡∗𝑒−𝑛2𝜋2(𝑡𝑚𝑎𝑥−𝑡∗)

𝑛4𝜋4(1+
1

(𝑛2𝜋2)
2)

−
𝑠𝑖𝑛𝑡∗𝑒−𝑛2𝜋2(𝑡𝑚𝑎𝑥−𝑡∗)

𝑛4𝜋4

1+
1

𝑛2𝜋2

)

 
 
 

)

 
 
 
 

+
𝑦∗2𝑡∗2

16
−

𝑃𝑟𝑦∗4𝑡∗

384
+

𝜃0𝑃𝑟𝑦∗3
𝑡∗

48
−

𝜃0𝑡
∗3𝑦∗

4
+

(1−𝑐𝑜𝑠𝑛𝜋
𝑦∗

2
)

𝑛𝜋𝑠𝑖𝑛𝑛𝜋

(

 
 
 

(𝑡∗−𝑛2𝜋2(1−𝑃𝑟))𝑒−𝑛2𝜋2(𝑡𝑚𝑎𝑥−𝑡∗)

𝑛2𝜋2 (𝑠𝑖𝑛𝑡∗−
𝑐𝑜𝑠𝑡∗

𝑛2𝜋2)+
2𝑐𝑜𝑠𝑡∗𝑒−𝑛2𝜋2(𝑡𝑚𝑎𝑥−𝑡∗)

𝑛4𝜋4(1+
1

(𝑛2𝜋2)
2)

−
𝑠𝑖𝑛𝑡∗𝑒−𝑛2𝜋2(𝑡𝑚𝑎𝑥−𝑡∗)

𝑛4𝜋4

1+
1

𝑛2𝜋2

)

 
 
 

]
 
 
 
 
 

(37) 

 

5. Numerical examples 

In this section the main features of the solutions found in the pre-

vious section (5.0) will be discussed. This is done in order to see 

the effect of changes of effective thermal coefficient 𝜃0  to the 

overall distributions, while keeping other operating conditions and 

parameters fixed, and ascertain the best one for optimal natural 

ventilation.  

A Physical interpretation of dimensionless temperature profiles for 

three incremental values of 𝜃0 = (0.01, 0.03, 0.05)is presented in 

Figure 4, 5, and 6. In which in Figure 4 as 𝑡∗ increase the corre-

sponding �̇�∗(𝑦∗, 𝑡∗) increases with𝜃0 = 0.01. In Figure 5 as 𝑡∗ 

increase the corresponding �̇�∗(𝑦∗, 𝑡∗) increases with 𝜃0 = 0.03. 

And in Figure 6 as 𝑡∗ increase the corresponding �̇�∗(𝑦∗, 𝑡∗) also 

increases with 𝜃0 = 0.05.The obvious features to be observed is 

that, all the lines of flow for temperature profiles across the open-

ings are linearly distributed. Therefore, it is found that the best 

value of �̇�∗(𝑦∗, 𝑡∗) for optimal natural ventilation is when𝜃0 =
0.01 and𝑡∗ = 𝑡𝑚𝑎𝑥 = 1.0. 
 

 
Fig. 4:Dimensionless Temperature Profiles �̇�∗ Versus𝑦∗  and 𝑡∗  At𝜃0 =
0.01. 
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Fig. 5:Dimensionless Temperature Profiles �̇�∗ Versus𝑦∗  and 𝑡∗  at𝜃0 =
0.03. 

 

 
Fig. 6:Dimensionless Temperature Profiles �̇�∗ versus 𝑦∗  and 𝑡∗  at 𝜃0 =
0.05. 

 

A Physical interpretation of dimensionless velocity profiles for 

three incremental values of 𝜃0 = (0.01, 0.03, 0.05)is presented in 

Figure 7, 8, and 9. In which in Figure 7 as 𝑡∗ increase the corre-

sponding 𝑈∗(𝑦∗, 𝑡∗) increases with𝜃0 = 0.01. In Figure 8 as 𝑡∗ 

increase the corresponding 𝑈∗(𝑦∗, 𝑡∗) increases with 𝜃0 = 0.03. 
And in Figure 9 as 𝑡∗ increase the corresponding 𝑈∗(𝑦∗, 𝑡∗) also 

increases with 𝜃0 = 0.05. The obvious features to be observed is 

that, as 𝑡∗ increases the line of flow for velocity profiles across the 

openings also increases. Therefore, it is found that the best value 

of 𝑈∗(𝑦∗, 𝑡∗) for optimal natural ventilation is when 𝜃0 = 0.01. 
and𝑡∗ = 𝑡𝑚𝑎𝑥 = 1.0. 
 

 
Fig. 7:Transient Dimensionless Velocity Profiles 𝑈∗ Versus 𝑦∗  and 𝑡∗ 

at𝜃0 = 0.01. 
 

 
Fig. 8:Transient Dimensionless Velocity Profiles 𝑈∗ versus 𝑦∗  and 𝑡∗ 

at𝜃0 = 0.03. 

 

 
Fig. 9:Transient Dimensionless Velocity Profiles 𝑈∗ Versus 𝑦∗  and 𝑡∗ 

at𝜃0 = 0.05. 
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A Physical interpretation of dimensionless volumetric airflow for 

three incremental values of 𝜃0 = (0.01, 0.03, 0.05)is presented in 

Figure 10, 11, and 12. In which in Figure 10 as 𝑡∗ increase the 

corresponding 𝑄∗(𝑦∗, 𝑡∗) increases with𝜃0 = 0.01. In Figure 11 as 

𝑡∗ increase the corresponding 𝑄∗(𝑦∗, 𝑡∗) increases with 𝜃0 = 0.03. 
And in Figure 12 as 𝑡∗ increase the corresponding 𝑄∗(𝑦∗, 𝑡∗) also 

increases with 𝜃0 = 0.05. The obvious features to be observed is 

that, as 𝑡∗ increases the volumetric airflow also increases. There-

fore, it is found that the best value of 𝑄∗(𝑦∗, 𝑡∗) for optimal natu-

ral ventilation is when 𝜃0 = 0.01 and𝑡∗ = 𝑡𝑚𝑎𝑥 = 1.0. 
 

 
Fig. 10:Transient Dimensionless Volumetric Airflow 𝑄∗versus𝑦∗ and 𝑡∗ at 

𝜃0 = 0.01. 

 

 
Fig. 11:Transient Dimensionless Volumetric Airflow 𝑄∗versus𝑦∗  and 𝑡∗ 

At 𝜃0 = 0.03. 

 

 
Fig. 12:Transient Dimensionless Volumetric Airflow 𝑄∗versus𝑦∗ and 𝑡∗ at 

𝜃0 = 0.05. 

 

A Physical interpretation of dimensionless mass transfer for three 

incremental values of𝜃0 = (0.10, 0.30, 0.50)is presented in Figure 

13, 14, and 15. In which in Figure 13 as 𝑡∗ increase the corre-

sponding 𝑚∗(𝑦∗, 𝑡∗) increases with𝜃0 = 0.01. In Figure 14 as 𝑡∗ 

increase the corresponding 𝑚∗(𝑦∗, 𝑡∗) increases with 𝜃0 = 0.03. 
And in Figure 15 as 𝑡∗ increase the corresponding 𝑚∗(𝑦∗, 𝑡∗) also 

increases with 𝜃0 = 0.05. The obvious features to be observed is 

that, as 𝑡∗ increases the mass transfer also increases. Therefore, it 

is found that the best value of 𝑚∗(𝑦∗, 𝑡∗) for optimal natural venti-

lation is when θ0 = 0.01 andt∗ = tmax = 1.0. 
 

 
Fig. 13:Transient Dimensionless Mass Transfer M∗ versusY∗  and T∗  at 

Θ0 = 0.01. 
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Fig. 14:Transient Dimensionless Mass Transfer M∗ VersusY∗  and T∗  at 

Θ0 = 0.03. 

 

 
Fig. 15:Transient Dimensionless Mass Transfer M∗ VersusY∗  and T∗  at 

Θ0 = 0.05. 

6. Conclusion 

A Transient investigation of stack- driven airflow process through 

rectangular cross- ventilated building with two vents in the ab-

sence of opposing flow in one of the upper opening was presented. 

Parameters such as, effective thermal coefficient and Prandtl 

number were also introduced, which were believed to have signif-

icant effects on natural ventilation process in buildings. Analytical 

techniques were employed to obtain the possible solutions of the 

model Equations, which predicts velocity- and temperature pro-

files together with volumetric airflow and mass-transfer. Various 

parameters on air flow process were used to see the effect of 

changes of effective thermal coefficient θ0 for different time in-

tervals (t∗) to the overall flow distributions, and ascertain the best 

one for optimal natural ventilation. Therefore, expected objectives 

in the paper are achieved. 

The paper lead to the following conclusions: 

1) A decrease in effective thermal coefficientθ0 results in an 

increase in temperature profiles θ̇∗ across the openings. The 

temperatures profiles θ̇∗ is more sensitive at lower values of 

effective thermal coefficientθ0. Therefore, the main features 

to be observed is that the temperature profiles θ̇∗ was within 

comfortable conditions for higher value of time intervalst∗. 

2) A decrease in effective thermal coefficientθ0 results in an 

increase in velocity profiles U∗ across the openings. The ve-

locity profiles U∗ is more sensitive at lower values of effec-

tive thermal coefficientθ0. Therefore, the main features to 

be observed is that the velocity profiles U∗  is higher in 

comparison to higher value of time intervalst∗. 
3) A decrease in effective thermal coefficientθ0  result in an 

increase in volumetric airflowQ∗. The volumetric airflow Q∗ 

is more sensitive at lower values of effective thermal coeffi-

cientθ0. Therefore, the main features to be observed is that 

the volumetric airflow Q∗ is higher in comparison to higher 

value of time intervalst∗. 
4) An increase in effective thermal coefficientθ0, result in an 

increase in mass transferm∗. The mass transfer m∗ is more 

sensitive at lower values of effective thermal coefficientθ0. 
Therefore, the main features to be observed in this research 

is that the mass transfer m∗ is higher in comparison to high-

er value of time intervalst∗. 
5) The greater vertical distance between the openings, and the 

greater temperature difference between the inside and the 

outside, the stronger is the effect of the buoyancy. 

The model is only valid for cross- ventilated building with two 

openings at the same height. 
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