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Abstract 
 

Ensuring functioning of a hydraulic system requires the liquid consumption regulation given to the consumer. In hydraulic actuators by 

change of the liquid consumption regulation of the movement speed of an output link of the hydraulic engine is carried out: the move-

ment speeds of the hydraulic cylinder piston or rotation frequency of a hydraulic motor shaft. In this work with the purpose of increase in 

efficiency of a hydraulic system and hydraulic actuators it is offered to use in them the most economical way of the liquid consumption 

regulation due to change of shaft rotation frequency of the pump engine. Schematic diagrams of a hydraulic system and hydraulic actua-

tors with the automatic regulator of the liquid consumption are developed. For the drive of the pump the electric motor of alternating 

current is used. Shaft rotation frequency of the electric motor is regulated by the frequency converter. 

The linearized equations of dynamics of separate links of a hydraulic system from which after an exception of some variables the equa-

tions of dynamics of system in general are received are worked out. All equations are written down in a dimensionless form in relative 

deviations from a nominal operating mode of system. By consideration of hydraulic actuators the equation of dynamics of the hydraulic 

engine is in addition considered: hydraulic motor or hydraulic cylinder. At the same time the equations of dynamics of the pipeline and 

the hydraulic engine are replaced with one equation describing dynamics of the integrated link "the pipeline + the hydraulic engine". 

The research of stability and accuracy of functioning of a hydraulic system and hydraulic actuators is conducted. Accuracy of functioning 

is understood as the requirement that deviations of a consumption of the given liquid from its calculated value remained in in advance set 

limits. Stability conditions are received on the basis of Rauss - Gurvitz criterion, and for the solution of a problem of accuracy of func-

tioning the method of functions of Lyapunov is used. The results received in article can be used at design of various adjustable hydraulic 

systems and hydraulic actuators for the rational choice of values of the parameters providing stability and accuracy of their functioning. 
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1. Introduction 

In mechanical engineering often there is a need of the liquid con-

sumption regulation for hydraulic systems. In hydraulic actuators 

by change of the liquid consumption speed control of the move-

ment of an output link of the hydraulic engine is exercised: the 

movement speed of the hydraulic cylinder piston or rotation fre-

quency of a hydraulic motor shaft. Two ways of regulation of a 

consumption of the consumed liquid are usually used: throttle and 

volume. At throttle regulation a part of a stream of the liquid arriv-

ing from the pump, passing the consumer, it is unproductively 

taken away on discharge. At a volume way of regulation the con-

sumption of liquid changes due to change of working volume of 

the pump. Hydraulic system efficiency with volume regulation is 

higher, than hydraulic systems with throttle regulation. However 

pumps with an adjustable volume are significantly more expensive 

than unregulated. 

This work is devoted to a problem of increase in efficiency of 

hydraulic systems and hydraulic actuators due to application in 

them the most economical way of regulation of the consumption 

of liquid which is carried out by change of shaft rotation frequen-

cy of the pump engine. Schematic diagrams of a hydraulic system 

and hydraulic actuators with the automatic regulator of the liquid 

consumption working by the principle of feedback are developed. 

For a research of functioning of a hydraulic system at first the 

linearized equations of dynamics of its separate links out of which, 

excepting some variables, the equations of dynamics of system in 

general are brought are worked out. At creation of the equations of 

dynamics of a hydraulic actuator the equation of dynamics of the 

hydraulic motor or a hydraulic cylinder is in addition considered. 

The research of stability and accuracy of functioning of a hydrau-

lic system and hydraulic actuators is conducted. Stability condi-

tions are received by the Rauss-Gurvitz method, and functioning 

accuracy conditions - method of functions of Lyapunov. Results of 

a research can be used at design of various adjustable hydraulic 

systems for liquid supply to the consumer and hydraulic actuators. 

Also use in hydraulic systems and hydraulic actuators of the com-

bined power food when the ordinary not wind engine and the envi-

ronmentally friendly wind turbine [1] with the pumps is used to 

providing the set consumption of liquid is perspective. At a suffi-

cient speed of wind only the windpipe unit works. If the speed of 

wind is not enough, then not wind engine which works or in the 

feed mode is connected, or at a small speed of wind completely 

provides the set liquid consumption. The rotor wind turbine with a 

vertical axis of rotation [2, 3] which does not demand the naviga-

tion system on wind most is suitable for the drive of pumps in 
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hydraulic systems, it is silent, safe and, unlike vane wind turbines, 

it can be placed near settlements and buildings. 

2. Methods 

At creation of the equations of dynamics of a hydraulic system 

and hydraulic actuators with the regulator of the liquid consump-

tion strict and exact methods of mechanics, hydraulics, hydraulic 

actuators conventional mathematically and the theory of automatic 

control are used. 

Conditions of asymptotic stability of a hydraulic system and hy-

draulic actuators are received on the basis of Rauss-Gurvitz crite-

rion, and for the solution of a task on the accuracy of their func-

tioning the method of functions of Lyapunov are used. 

3. Results and Discussion 

3.1 Hydraulic System for Liquid Supply 

In fig. 1 the schematic diagram of a hydraulic system with the 

automatic regulator of the liquid consumption is submitted. It 

consists of the electric motor of alternating current 1, a hydraulic 

pump 2, the pipeline 3, the consumer 4, a hydro tank 5 and the 

regulator of the liquid consumption. The last consists of the sensor 

of an expense 6, the differential converter with an elastic mem-

brane 8, the electromechanical reformative device 9 and the fre-

quency converter of tension 10. 

 

 
Fig. 1:. The scheme of a hydraulic system with the regulator of the liquid 

consumption and a power supply from the electric motor 

The regulator of an expense works as follows. The expense sensor 

representing the narrowing diaphragm measures a liquid consump-

tion indirectly through pressure difference. This difference of 

pressure will be transformed to movement of a membrane of the 

differential converter. The membrane is connected by a rod with 

the electromechanical reformative device in which transformation 

of movement of a rod of a membrane to tension of a direct current 

proportional to this movement is carried out. This tension operates 

the frequency converter. Under the influence of the operating ten-

sion the frequency converter, changing supply voltage frequency, 

regulates the speed of rotation of a shaft of the engine. Thus, regu-

lation of a consumption of the given liquid is carried out. The 

calculated value of an expense is established by the corresponding 

inhaling of a spring of the control point adjustment 7. 

3.2 Mathematical Model 

Dynamics equations for the electric motor, the pump, the pressure 

head pipeline, the expense sensor with the differential converter in 

deviations from a nominal operating mode of a hydraulic system 

respectively have an appearance [4 - 6]: 
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; the index * hereinafter indicates 

values of sizes in the nominal mode; En
 - shaft rotation frequen-

cy of the electric motor; G  - a consumption of the consumed 

liquid; 0PP PP
- pressure on an entrance to the pump and at the 

exit from it; CP
 - pressure at the consumer; u  - tension of a di-

rect current at the exit of the electromechanical reformative device 

which is the operating tension for the frequency converter; s  - 

shift of a membrane of the differential converter; 1k
 - positive 

coefficient of proportionality; EJ
 - the total moment of inertia of 

all bodies which are kinematic tied with an electric motor 

shaft; Plk
 - the coefficient characterizing resistance in the pipe-

line; Pll PlF
- length and cross-sectional area of the pipeline; 

EM PM
- torques of the electric motor and pump. 

The moment PM
 is defined by [5] formula 
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The electromechanical reformative device will transform moving 

of a rod of a membrane to tension of a direct current. Potentiome-

ters (wire, metal-film, semiconductor), inductosin, etc. can be 

applied to transformation of linear movements to an electric sig-

nal, for example, [4]. We will consider the electromechanical re-

formative device as an intensifying link which dynamics taking 

into account negative feedback is described by the following equa-

tion in deviations: 
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sku  2                                                        (6) 

where 2k
 - positive coefficient of proportionality. 

The minus sign in (6) means that at the membrane rod shift corre-

sponding to increase in the liquid consumption in the pipeline, the 

operating tension leads to reduction of shaft rotation frequency of 

the engine. 

In the nominal mode
constMM PE 

 , all variable 

constants, 0 us  and the regulator of the liquid con-

sumption is in neutral situation. 

Further we will assume everywhere
00  PP

, i.e. we neglect 

indignations of pressure on an entrance to the pump. 

The system (1) - (6) describes dynamics of a hydraulic system 

with the expense regulator. Excepting variables PP u s , 

we will write down this system in relative deviations in a dimen-

sionless form: 
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Here ET
, PlT

 - constants of time of the electric motor and pipe-

line, other sizes - dimensionless coefficients. 

Stability. Let's write down system (7) without external indigna-

tions, i.e. considering that
0Cp

, in a look: 
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Characteristic equation of the system (8): 
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will have roots with negative material parts when performing ine-

qualities 
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which, according to Rauss-Gurvitz criterion, are necessary and 

sufficient conditions of asymptotic stability of system (8), i.e. a 

nominal operating mode of a hydraulic system. 

Functioning accuracy. Specifications of functioning of a hydrau-

lic system often demand that liquid consumption deviations from 

its calculated value remained in the set limits. In this regard we 

will consider a task: to provide inequality performance 

  0,2  tHtg
                                   (10) 

for any solution of system (8) with initial data from area 
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,

 2022 HHH 
 - the set positive 

numbers. 

For the solution of this task we use a method of functions of Lya-

punov [7 - 9].  

When performing conditions of asymptotic stability (9) for system 

(8) it is possible to construct [7] definitely positive function of 

Lyapunov in the form of a square form: 
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which owing to (12) - (15) take place on any solution of the equa-

tions (8) coming from the area (11). 

Thus, at satisfaction (9), (14) asymptotic stability and accuracy of 

functioning of a hydraulic system is provided to conditions (8). 

Hydraulic actuator with the hydraulic motor. In this hydraulic 

actuator a consumer of liquid is the hydraulic motor (fig. 2). 

Therefore pressure Cp
 in the equation (7b) of the pipeline at the 

same time is pressure on an entrance to the hydraulic motor. 

 
Fig. 2. Hydraulic motor 

The equation of dynamics of the hydraulic motor in deviations 

from a nominal operating mode has an appearance: 

RHm
Hm

Hm MM
dt

nd
J 


2

     (16) 

where 
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;
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;

Hmn
 - rotation frequency of a hydraulic motor shaft; HmJ

 - the 

total moment of inertia of the bodies tied with rotation of a hy-

draulic motor shaft; HmM
 - hydraulic motor torque; RM

 - the 

external moment of resistance on a hydraulic motor shaft. 

From expression for the torque of the hydraulic motor [5]: 
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Let's assume further that
00  СP

, i.e. at the exit from the 

hydraulic engine we consider pressure constant. 

The liquid consumption via the hydraulic motor is connected with 

the rotation frequency of its shaft a formula [5] 
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Let's substitute (17), (18) in (16). We will term by term divide the 

received equation in which each composed will have dimension of 

the moment on HmM
. Besides, we will pass to relative devia-

tions. As a result the equation of dynamics of the hydraulic motor 

will register in a dimensionless form: 
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Apparently from the equations (7b), (19) condition of the pipeline 

and the hydraulic motor are defined by the same size - a liquid 

consumption. Therefore these two links can be united in one. We 

will receive the equation of dynamics of the pipeline with the 

hydraulic motor from the equations (7b), (19), excluding from 

them pressure Cp
 on an entrance to the hydraulic motor playing 

a role of internal communication between these two links: 
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where PlHmT
 - a pipeline time constant with the hydraulic mo-

tor: 
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Thus, dynamics of a hydraulic actuator with the hydraulic motor is 

described by the equations (7a), (20). Stability conditions and the 

in the hydraulic tank from the pump 
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accuracy of functioning of a hydraulic actuator at
0Rm

 re-

main in the form of inequalities (9) and (14) in which PlT
 it is 

replaced on PlHmT
. 

3.3 Hydraulic Actuator with A Hydraulic Cylinder 

Here as the consumer of liquid the hydraulic cylinder 1 performs 

with the hydraulic valve 2 (fig. 3). 

 
Fig. 3:. A hydraulic cylinder with the hydraulic valve 

Let the hydraulic cylinder piston move with a speed to the 

right HcV
, overcoming external loading on a rod F . Neglecting 

losses on friction, we will write down the equation of dynamics of 

the hydraulic cylinder piston in deviations from a nominal operat-

ing mode: 
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where 
 HcHcHc VVV

; 
 CCC PPP

;


 000 CCC PPP

;  FFF
; CP 0CP

- 

pressure in the left and right cavities of a hydraulic cylinder; 

m HcV
- the weight and the movement speed of the piston;  - 

ring area of the piston. 

Let's assume further that
00  CP

. Everyone composed the 

equations (21), dimensional forces, we will divide on F
 and we 

will pass to relative deviations. As a result we will receive the 

dimensionless equation of dynamics of a hydraulic cylinder in a 

look: 
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The liquid consumption through a hydraulic cylinder is connected 

with piston speed a formula HcVG  
. From here, we 

will receive 
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Taking into account (23) equation (22) takes a form: 
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where HcT
 - a hydraulic cylinder time con-

stant: 
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As well as in case of a hydraulic actuator with the hydraulic mo-

tor, the pipeline equations (7b) and a hydraulic cylinder (24), ex-

cluding from them pressure Cp
, we will replace with one equa-

tion: 
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where PlHcT
 - a pipeline time constant with a hydraulic cylin-

der: 
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Thus, dynamics of a hydraulic actuator with a hydraulic cylinder 

is described by the equations (7a), (25). Stability conditions and 

the accuracy of functioning of a hydraulic actuator at
0f

 

remain in the form of inequalities (9) and (14) in which PlT
 it is 

replaced on PlHcT
. 

4. Conclusions 

1) Stability conditions of a hydraulic system and hydraulic actu-

ators in the form of inequalities connecting coefficients (parame-

ters) of system, and a condition of accuracy of their functioning - 

in the form of inequalities connecting system parameters with the 

numbers limiting deviations of variables of a state from their cal-

culated values are received. 

2) It is shown what by consideration of a hydraulic actuator with 

the hydraulic motor of the equation of dynamics of the pipeline 

(7b) and the hydraulic motor (19) can be reduced to one equation 

(20) describing dynamics of the integrated link "the pipeline + the 

hydraulic motor". Similarly, in case of a hydraulic actuator with a 

hydraulic cylinder of the equation of dynamics of the pipeline (7b) 

and a hydraulic cylinder (24) come down to one equation (25). 

3) Dynamics equations, stability conditions and functioning 

accuracy for a hydraulic system and hydraulic actuators have an 

identical appearance (7), (9), (14) and differ only with values of 

constants of time of the pipeline and the integrated link "the pipe-

line + the hydraulic engine". In case of the pipeline with the hy-

draulic motor or a hydraulic cylinder PlT
 it is replaced 

on PlHmT
 or PlHcT

 respectively. 

5. Summary 

1. Schematic diagrams of a hydraulic system and hydraulic 

actuators with automatic control of the liquid consumption due to 

change of shaft rotation frequency of the electric motor of the 

pump are developed. Such regulation, being the most economic, 

increases efficiency of a hydraulic system and hydraulic actuators. 
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2. Conditions (9), (14) can be used at design of various adjusta-

ble hydraulic systems for liquid supply to the consumer and hy-

draulic actuators for the rational choice of values of the parameters 

providing stability and the set accuracy of their functioning. 
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