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Abstract 
 
In this paper, we derive several soliton solutions of the generalized Davey-Stewartson equation with the complex coefficients. First we 
use the travelling wave transformation to reduce the initial system to ODE. The equivalent ODE is then solved, giving several classes of 
solutions, depending on the values of the parameters. Finally, the Extended Tanh-Coth method and Modified simple equation method. 
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1. Introduction 

The analysis of some physical phenomena is investigated by the 
exact solutions of nonlinear evolution equations (NLEEs). Partial 
differential equations which arise in real-world physical problems 
are often too complicated to be solved exactly [1]-[10]. 
In this study, we try to solve the Davey–Stewartson (DS) 
equations in the following [2]  

iqt +
1

2
σ2(qxx + σ2qyy) + λ |q|2q − Фxq = 0                          (1) 

(Фxx − σ2Фyy) − 2 λ (|q|2)x  = 0                                              (2) 

 
where q(x, y, t) and Ф(x, y, t) are unknown functions. 
DS equation arises in fluid dynamics. In fact, this equation 

particularly studies the long-wave-short-wave resonances and 
other patterns of propagating waves.This equation describes the 
evolution of a 2-dimensional wave-packet on water of finite depth 
too [5-8]. 
The system of equations (1) and (2), when σ = 1 the system is 

called the DS-I system, and on the other hand for σ = i the system 

is called DS-II system. The focusing or defocusing case is 
characterized by parameter λ [9].  

Recent analytical methods of solving NLEEs have been developed 
which will be applied to obtain the soliton solutions to the 
equation. Some of these methods are (G'/G )-expansion method [6, 
10, 11], Exp-function method [12,13], the tanh method [14], 

homogeneous balance method [15], the extended Weierstrass 
transformation method [16-19] the trial equation method [20-23].  
In this paper, we find several traveling wave solutions of (2 + 1)-
dimensional DS equation. We first reduce the general form of the 
equation to the corresponding ODE (Ordinary Differential 
Equation) using the traveling wave transformation. After that, the 
solutions are obtained from the ODE. We distinguish total 5 cases, 
depending on the solution and the equation parameters. Finally, 

we use extended Tanh-Coth method and Modified simple equation 
method to obtain additional soliton solutions, which are also valid 
under certain conditions on the parameters of the input equation. 

2. Traveling Wave Transformation and 

Reduction to ODE 

Consider the nonlinear partial differential equation in the form 

F(u, ut, ux, uy , utt , uxx, uxy , uyy , … … … ) = 0                               (3)  

 where u(x, y, t) is a traveling wave solution of nonlinear partial 
differential equation Eq.(3). We use the transformations, 

 u(x, y, t) = f(ξ)                                                                            (4) 

 where ξ = k(x + ly − λt)  This enables us to use the following 

changes:  

 
𝜕

𝜕𝑡
(. ) = −𝜆𝑘

𝑑

𝑑𝜉
(. ) ,  

𝜕

𝜕𝑥
(. ) = 𝑘 

𝑑

𝑑𝜉
(. ) , 

𝜕

𝜕𝑦
(. ) = 𝑘 𝑙

𝑑

𝑑𝜉
(. )       (5) 

Using Eq. (5) to transfer the nonlinear partial differential equation 

Eq. (1) to nonlinear ordinary differential equation  

𝑄(𝑓, 𝑓′ , 𝑓′′ , 𝑓′′′ , … … … … … . ) = 0                                              (6) 

The ordinary differential equation (6) is then integrated as long as 
all terms contain derivatives, where we neglect the integration 
constants.  
Let us consider the (2+1)-dimensional system Davey-Stewartson 
Equation DS in Eqs. (1-2). this equation studied by [2]. With the 
transformations 
 

𝑞(𝑥, 𝑦, 𝑡) =  𝑒𝑖 𝜃 . 𝑢(𝜉),      Ф(𝑥, 𝑦, 𝑡) =  𝑉(𝜉)                             (7) 

 
Where: 
 

𝜃 = 𝑘1 𝑥 + 𝑘2 𝑦 + 𝑘3 𝑡 , 𝜉 = 𝑘 (𝑥 + 𝑙 𝑦 − 𝜆 𝑡)                          (8) 

 
Substituting (7-8) into (5) and (6) with 

𝑞𝑡 = [−𝜆 𝑘 . 𝑢′(𝜉) + 𝑖 𝑘3 . 𝑢(𝜉)]𝑒𝑖 𝜃 
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𝑞𝑥𝑥  . = [𝑘2𝑢′′(𝜉) + 2 𝑖 𝑘 𝑘1 . 𝑢′(𝜉) − 𝑘1

2 𝑢(𝜉)]𝑒𝑖 𝜃  

𝑞𝑦𝑦 = [𝑘2 𝑙2 . 𝑢′′(𝜉) + 2 𝑖 𝑘 𝑘2 𝑙 . 𝑢′(𝜉) − 𝑘2
2 . 𝑢(𝜉)]𝑒𝑖 𝜃 

Ф𝑥 =  𝑉′(𝜉) 𝑘 
Replacing the previous expressions into (1) and decomposing into 
real and imaginary parts, yields to 

𝜎2𝑘2( 1 + 𝜎2𝑙2) 𝑢′′ + 2𝜆 𝑢3 − {𝜎2( 𝑘1
2 + 𝜎2 𝑘2

2 ) +

 2  𝑘3}𝑢 − 2𝑘 𝑉′ 𝑢 = 0                                                                (9)  

𝜆 =  𝜎2( 𝑘1 + 𝜎2𝑙 𝑘2)                                                                (10) 

 
Eq.(2) transform to 
 

𝑘 (𝜎2 𝑙2 − 1)𝑉′′ + 2 𝜆 ( 𝑢2 )′  = 0                                           (11) 

 
Integrating (11) with zero constant then   
 

𝑘 (𝜎2 𝑙2 − 1 )𝑉′ + 2 𝜆 𝑢2  = 0                                                  (12) 

 
Assume : 

𝑐0 = 𝜎2𝑘2( 1 + 𝜎2𝑙2)  , 

𝑐1 = [𝜎2( 𝑘1
2 + 𝜎2 𝑘2

2 ) +  2 𝑘3] , 
 

𝑐2 = 𝑘 (𝜎2 𝑙2 − 1 )                                                                    (13) 

 
Then Eq. (9) and (12) can be written as 
 

 c0 u′′ + 2λ u3 − c1 u − 2 k V′ u = 0                                       (14) 

 

c2 V′ + 2 λ u2  = 0                                                                     (15) 

 

From eq.(15)  V′ = − 
2 λ

c2
u2   substitute in Eq.(14), then 

 

c0c2 u′′ + 2 λ [ c2 + 2 k] u3 − c1c2 u = 0                               (16) 

 
multiplying both sides of Eq.(16) by u′  and integrating with 

respect to ξ , we get 
 

c0c2 u′2 + λ [ c2 + 2 k] u4 − c1c2 u2 = 0                                 (17) 

 
We first obtain the travelling wave solutions of equation (17) by 
direct integration. Total five cases are distinguished, depending on 
values of the input parameters. That is done in Section 4. After 
that, additional soliton solutions of the equation (16) are found in 
Section 5 and Section 6 using the extended Tanh-Coth method, 
and the Modified simple equation method. 

3. Traveling wave solutions  

Both c2 = 0 and  c0 = 0  lead to the trivial solutions for u (u = 0 

and u = const.). Therefore, we assume that c2c0 ≠ 0 Due to the 

fact that u ≥ 0  (sinceu = |q|) and the continuity of u = u(ξ) and 

its derivatives, we can write the equation (17) in the following 
way 
 

u′ = ∓u√
c1

c0
−

λ (c2+2 k)

c2c0
 u 2                                                       (18) 

 
The further analysis of the equation (18) will be divided into the 
following 3 cases. Recall that all obtained solutions are valid 
under the assumption that 

 𝜆 =  𝜎2( 𝑘1 + 𝜎2𝑙 𝑘2) 

 

3.1 Case 1 

 

Assume that c0c1 > 0 and   
λ (c2+2 k)

c1c2
> 0 . Equation (18) becomes 

𝑢′ = ∓𝜇 . 𝑢√1 −
𝜆 (𝑐2+2 𝑘)

𝑐1𝑐2
 𝑢 2    ,  𝜇 = √

𝑐1

𝑐0
                              (19) 

i.e 

u′ = ∓μ . u√1 − α−2 u 2    ,  α = √
c1c2

λ (c2+2 k)
                             (20) 

 
Equation (20) has the closed-form solution given by 
 
𝑢(𝜉) =   𝛼  𝑠𝑒𝑐ℎ (∓ 𝜇𝜉 + 𝜑)                                                      (21) 

 
where φ is an arbitrary real constant. Now replacing μ and  α  

given by (19) and (20) into (21), we get 
 

u(ξ) =  √
c1c2

λ (c2+2 k)
  sech (∓√

c1

c0
 ξ + φ)                                     (22) 

Furthermore, equation (15) implies 

V(ξ) = − ∫
2 λ

c2
u2(ξ)  dξ 

 

V(ξ) =
2 c1

(c2+2 k)
tanh(∓√

c1

c0
 ξ + φ)                                             (23) 

 
Now by using (7)-(8), we obtain the following closed-form soliton 
solutions for q(x, y, t) and Ф(x, y, t). 

𝑞(𝑥, 𝑦, 𝑡) =  ei [k1 x+k2 y+k3 t]. √
c1c2

λ (c2+2 k)
  sech (∓√

c1

c0
 ξ + φ),   

Ф(𝑥, 𝑦, 𝑡) =
2 c1

(c2+2 k)
tanh(∓√

c1

c0
 ξ + φ)                                    (24) 

 
Where c0 , c1 , and c2 are defined in (13), and 𝜉 is defined in (8).   

 

3.2 Case 2 

 

Assume that c0c1 > 0 and   
λ (c2+2 k)

c1c2
< 0 . Equation (18) becomes 

 

u′ = ∓μ . u√1 + α−2 u 2    ,  α = √−
c1c2

λ (c2+2 k)
                         (25) 

 
Equation (25) has the closed-form solution given by 
 
u(ξ) =   α  csch (∓ μξ + φ)                                                        (26) 

 
where φ is an arbitrary real constant.   

Therefore 
 

u(ξ) =  √−
c1c2

λ (c2+2 k)
  csch (∓√

c1

c0
 ξ + φ)                                 (27) 

 

V(ξ) = − ∫
2 λ

c2
u2(ξ)  dξ 

V(ξ) = ∓
2 c1

(c2+2 k)
coth (∓√

c1

c0
 ξ + φ)  + C       

Hence we obtain the following closed-form soliton solutions for 
q(x, y, t) and Ф(x, y, t). 

q(x, y, t) = ei [k1 x+k2 y+k3 t]    × √−
c1c2

λ (c2 + 2 k)
  csch (∓√

c1

c0
 ξ

+ φ) 

 

 Ф(x, y, t) = ∓
2 c1

(c2+2 k)
coth (∓√

c1

c0
 ξ + φ) + C                        (28) 

 
In fact, solution (28) has the similar form as (24), where sech 
function is replaced by csch, and tanh by coth. 
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3.3 Case 3 

Assume that c0c1 < 0 and   
λ (c2+2 k)

c1c2
< 0 . Equation (18) becomes 

 

u′ = ∓μ . u√α−2 u 2 − 1  , α = √−
c1c2

λ (c2+2 k)
 , μ = √−

c1

c0
        (29) 

 
Its solution is given by: 
 

u(ξ) =
α(α+b)

√b(2α+b)sin(μξ)+α cos(μξ)
                                                 (30) 

 
where b > 0 is an arbitrary real constant. The corresponding 

function V (ξ) is now equal to 

V(ξ) = − ∫
2 λ

c2
u2(ξ)  dξ 

 

V(ξ) = −
2 α2λ((a+b)2 sin(2μξ)−2α√b(2α+b))

c2 μ(α2−b2−2αb+(a+b)2 cos(2μξ))
 + C                         (31) 

 
Note that  u(0) = α + b > 0  and hence the expression (30) for 

u(ξ) is valid for ⌈ξ⌉ < arctan (α√b(2α + b))  

Now the closed-form expressions for q(x, y, t) and Ф(x, y, t)are 

obtained by replacing (29) and (13) into (30)-(31) and using 

q(x, y, t) = ei [k1 x+k2 y+k3 t] u(k(x − ly − λ t)  and Ф(x, y, t) =
V(k(x − ly − λ t). The exact expressions are too clumsy, so we 

omit them.     
                       

 3.4 Case 4 
 
Let  c1 = 0 Then equation (17) is now reduced to 

 

 u′ =
u2

γ
 ,     γ = √−

c0c2

λ [ c2+2 k]
= |k|√

(1− σ2 l2 )

( k1+σ2l k2) 
                       (32) 

 
under the assumption that c0c2 < 0 (otherwise, equation does not 

have real solutions). The solution is then given by: 
 

u(ξ) =
γ

b−ξ
= √−

c0c2

λ [ c2+2 k]
 

1

b−ξ
= |k|√

(1− σ2 l2 )

( k1+σ2l k2) 

1

b−ξ
              (33) 

 
where b is arbitrary real constant. In that case, we have 
 

V(ξ) = − ∫
2 λ

c2
u2(ξ)  dξ =

2 c0

(c2+2 k)

1

b−ξ
+ C =  

2σ2k

b−ξ
+ C           (34) 

 
where C is arbitrary real constant. Finally, the expressions for 
q(x, y, t) and Ф(x, y, t)are 

q(x, y, t) = ei [k1 x+k2 y+k3 t] |k|√
(1− σ2 l2 )

( k1+σ2l k2) 

1

b−ξ
     

 

Ф(x, y, t) =
2σ2k

b−ξ
+ C                                                                  (35) 

 
Recall that they are valid under the assumptions  λ =

 σ2( k1 + σ2l k2),  c1 = 0   and 
c0c2

λ [ c2+2 k]
< 0. The second one and 

the third one are equivalent with k3 = −
σ2

2
( k1

2 + σ2 k2
2 ) ,    

λσ2(σ2 l2 − 1 ) < 0 respectively. 
 

3.5 Case 5 

 
Let [ c2 + 2 k] = 0 , i.e. σ2 l2 = −1. But then   c0 =
σ2k2( 1 + σ2l2) = 0, so we do not have non-trivial solutions in 

this case. 

Similarly, under the assumption c0c1 < 0 and  
λ [ c2+2 k]

c1c2
> 0, the 

expression in (18), under the square root is always negative (since  
u = |q|  ≥ 0 ) and hence the equation (18) has no solutions. 

4. The Extended Tanh-Coth Method 

Now we use the extended Tanh-Coth method. It is more suitable 
to use it on the (more general) equation (16) than the (36). Hence, 
it will be applied it on the equation (16) which is here restated: 
 

c0c2 u′′ + 2 λ [ c2 + 2 k] u3 − c1c2 u = 0                               (36) 

 
The method consists of using the new independent variable 
Y = tanh(ξ), that leads to the following changes of variables: 

 
du

dξ
= (1 − Y2)

du

dY
   

 
d2u

dξ2
= −2Y(1 − Y2)

du

dY
+ (1 − Y2)2 d2u

dY2
                                    (37) 

 
Assume that the solution is expressed in the form 
 

u(ξ) = ∑ ai Y
i +m

i=0 ∑ bi Y
−im

i=1                                                  (38) 

 
 where the parameter  m  can be found by balancing the highest-
order linear term with the nonlinear terms in Eq.(17), we 

balance U3 with  (
d2U

dY2
) , to obtain:  3 m = (m + 2)  , then m = 1 .  

The Tanh-Coth method admits the use of the finite expansion for : 
 

u = (a0 + a1Y + b1 Y−1)  (39) 

 
du

dY
= a1 − b1 Y−2  (40) 

 
Coefficients   a0 , a1, and b1 are to be determined. Substituting 

(39)-(41) into (36) yields to: 
 

 −2c0c2a1Y + 2c0c2a1Y3 + 2 c0c2b1Y−3 − 2c0c2 b1Y−1 +
2 λ [ c2 + 2 k] (a0

3 + 3a0
2 a1Y + 3a0 a1

2Y2 + a1
3Y3 +

3b1[a0
2Y−1 + 2a0 a1 + a1

2 Y]  + 3b1
2[a0Y−2 + a1Y−1]  +

b1
3 Y−3) −  c1c2 (a0 + a1Y + b1 Y−1) = 0 (41)  

 

Equating expressions at  Yi , (i = −3, −2, −1, 0, 1, 2, 3)  to zero 
we have the following system of equations: 
 

[2 c0c2 + 2 λ (c2 + 2 k) b1
2]b1 = 0  

6 λ (c2 + 2 k) b1
2a0 = 0  

[6 λ (c2 + 2 k) (a0
2  + b1a1 ) − (c1 + 2c0)c2] b1 = 0  

[2 λ (c2 + 2 k) (a0
2 + 6b1a1) − c1c2] a0 = 0  

[6 λ (c2 + 2 k) (a0
2 + b1 a1 ) − (c1 + 2c0)c2]a1 = 0  

6 a0 a1
2 λ (c2 + 2 k)  = 0  

[2c0c2 + 2 λ (c2 + 2 k)a1
2  ]  a1 = 0 (42) 

 
The only non-trivial real solution of the system (42) is given by 
 

a1 = b1 = √−
c0c2

λ (c2+2 k)
= |k|√

(1− σ2 l2 )

( k1+σ2l k2) 
   , (43) 

 

and is valid under the assumption c1 = −8c0  and 
c0c2

λ (c2+2 k)
< 0 . 

In that case, the expressions for u(ξ) and V(ξ)are given by 

 

u(ξ) = |k|√
(1− σ2 l2 )

( k1+σ2l k2) 
 (tanh( ξ) + coth( ξ))         

v(ξ) =  − 
2 λ

c2
∫ u

2

dξ 

v(ξ) =   2 σ2k [4ξ − tanh ( ξ) − coth ( ξ)] + C  (44) 
 
where C is an arbitrary real constant. Therefore, the corresponding 

expressions for q(x, y, t) and Ф(x, y, t) are 
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q(x, y, t) =  ei [k1 x+k2 y+k3 t] |k|√
(1− σ2 l2 )

( k1+σ2l k2) 
 (tanh( ξ) +

coth( ξ))                        
Ф(x, y, t) = 2 σ2k [4ξ − tanh ( ξ) − coth ( ξ)] + C      (45) 
 

Where ξ = k(x + ly − σ2( k1 + σ2l k2)t, Recall that this solution 

is valid under the assumptions λ = σ2( k1 + σ2l k2) ,  c1 = −8c0  

and 
c0c2

λ (c2+2 k)
< 0. The second and the third one are equivalent 

with 
 

 k =
1

2
√

σ2( k1
2+σ2 k2

2 )+ 2 k3

−2σ2( 1 +σ2l2)
 ,   λ σ2 (σ2 l2 − 1 ) < 0 (46) 

5. The Modified Simple Equation Method  

Finally, we apply the Modified Simple Equation Method. We also 

apply it on the more general equation (16), i.e. equation (36). The 
idea is to consider the function u(ξ) in the following form: 
 

u(ξ) = A0 + A1
ψξ

ψ
  (47) 

 
Where ψξ is the unknown function and  ψξ ≠ 0. Then, the first 

and second derivative of u(ξ) are given 

By 
 

uξ = A1 (
ψ ψξξ−ψξ

2

ψ2
)  

uξξ = A1 (
ψ2ψξξξ−3ψ ψξξψξ+2 ψξ

3 

ψ3
)  (48) 

 
and (36) becomes 
 

A1 c0c2 (
ψξξξ 

ψ
−

3ψξξψξ 

ψ2
+ 2

 ψξ
3 

ψ3
) + 2λ [ c2 + 2 k] (A0 +

A1
ψξ

ψ
)

3

− c1c2  (A0 + A1
ψξ

ψ
) = 0  (49) 

  
Expanding the equation (49), grouping all terms with the same 
power of   and equating them to zero, we get the following system 
of equations: 
 

2 A1[ A1
2 λ (c2 + 2 k) + c0c2] = 0  

3 A1ψ′(2 λ A0A1(c2 + 2 k) ψ′ − c0c2 ψ′′) = 0  

A1 (6λA0
2 (c2 + 2 k)ψ′ + c2(c0 ψ(3) − c1ψ′)) = 0  

 2A0
3λ (c2 + 2 k)  − A0c1c2 = 0  (50) 

 
From the last equation of (50) we have two possibilities: A0 = 0 

or 
 

A0 = √
c1c2

2λ [ c2+2 k]
  (51) 

 
Assume that A0 = 0 , Then the second equation in (50) becomes  

−3 A1c0c2 ψ′ψ′′ = 0 
implying either  ψ′ = 0  or  ψ′′ = 0.  The first case leads to the 

trivial solution u = const. while the second case implies  ψ′′′ = 0  

and then the third equation also further implies ψ′ = 0   or 

u = cons   
Assume now that A0 is given by (51). From the first equation of 

(50) we find  ,  

 

 A1  = √−
c0c2

λ [ c2+2 k]
   (52) 

 
Expressions (51) and (52) are valid under the assumptions that the 
expressions under square roots are positive. Replacing (51) and 

(52) into the system (50) we get 
 

ψ′′′ − μ2 ψ′ = 0 
ψ′′ + μ  ψ′ = 0  (53) 

 
Where 
 

μ = √−
2  c1

c0
    

 
The solution of (53) is given by 
 

ψ(ξ) =  −
b

 μ 
 e−μξ + C  (54)  

 
where b ≠ 0 and C are arbitrary real constants. Replacing the 

previous expression into (47) and using (51) and (52), we get 

 

u(ξ) =    √
c1c2

2λ [ c2+2 k]
   (1 + 

2 

C1 eμξ − 1
)  (55) 

 

where C1 = C b−1μ  ≠ 0  is an arbitrary real constant. In that 

case, V(ξ) is given by 

 

V(ξ) = − 
2 λ

c2
∫ u2 dξ 

V(ξ) = − 
c1

 c2+2 k
  (ξ −  

4

μ(C1 eμξ − 1)
) + C  (56) 

 
therefore    
 

q(x, y, t) = ei [k1 x+k2 y+k3 t]  √
c1c2

2λ [ c2+2 k]
   (1 + 

2 

C1 eμξ − 1
)  

 

and  
 

Ф(x, y, t) = − 
c1

 c2+2 k
  (ξ −  

4

μ(C1 eμξ − 1)
) + C (57) 

 
where C1 ≠ 0  is an arbitrary real constant. ξ = k (x + ly −
σ2( k1 + σ2 k2l )t), and  
 

μ = √−
2[σ2( k1

2+σ2 k2
2 )+ 2 k3] 

σ2k2( 1 +σ2l2)
   (58) 

 

The required conditions are again  λ = σ2( k1 + σ2l k2) , 
c0c2

λ (c2+2 k)
< 0, ( i.e λ σ2 (σ2 l2 − 1 ) < 0,)  and  c0 c1 < 0 (59) 

6. Conclusion 

In this paper, several new soliton solutions of the (2+1)-
dimensional DS equation are found. The obtained solutions are 
very useful in the field of nonlinear science. Shown procedure can 
be also applied to solve other types of the generalized nonlinear 
evolution equations with complex coefficients.  
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