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Abstract

In this paper, we derive several soliton solutions of the generalized Davey-Stewartson equation with the complex coefficients. First we
use the travelling wave transformation to reduce the initial system to ODE. The equivalent ODE is then solved, giving several classes of
solutions, depending on the values of the parameters. Finally, the Extended Tanh-Coth method and Modified simple equation method.
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1. Introduction

The analysis of some physical phenomena is investigated by the
exact solutions of nonlinear evolution equations (NLEES). Partial
differential equations which arise in real-world physical problems
are often too complicated to be solved exactly [1]-[10].

In this study, we try to solve the Davey-Stewartson (DS)
equations in the following [2]

iQt+§02(qxx+02qyy)+7\|q|2q —dyg=0 1
(P = 02®yy) =22 (lg1))x =0 @

where q(x, y, t) and O(x, y, t) are unknown functions.

DS equation arises in fluid dynamics. In fact, this equation
particularly studies the long-wave-short-wave resonances and
other patterns of propagating waves.This equation describes the
evolution of a 2-dimensional wave-packet on water of finite depth
too [5-8].

The system of equations (1) and (2), when o = 1 the system is
called the DS-I system, and on the other hand for o = i the system
is called DS-II system. The focusing or defocusing case is
characterized by parameter A [9].

Recent analytical methods of solving NLEEs have been developed
which will be applied to obtain the soliton solutions to the
equation. Some of these methods are (GG )-expansion method [6,
10, 11], Exp-function method [12,13], the tanh method [14],
homogeneous balance method [15], the extended Weierstrass
transformation method [16-19] the trial equation method [20-23].
In this paper, we find several traveling wave solutions of (2 + 1)-
dimensional DS equation. We first reduce the general form of the
equation to the corresponding ODE (Ordinary Differential
Equation) using the traveling wave transformation. After that, the
solutions are obtained from the ODE. We distinguish total 5 cases,
depending on the solution and the equation parameters. Finally,
we use extended Tanh-Coth method and Modified simple equation
method to obtain additional soliton solutions, which are also valid
under certain conditions on the parameters of the input equation.

2. Traveling Wave Transformation and
Reduction to ODE

Consider the nonlinear partial differential equation in the form
F(u, U, Uy, Uy, U, Uy, Uyys Uyyy ooe ees oo )=0 3)

where u(x, y, t) is a traveling wave solution of nonlinear partial
differential equation Eq.(3). We use the transformations,

u(x,y, t) = f(¥) 4)

where & = k(x+ 1y —At) This enables us to use the following
changes:

d 2 d
="M (), 2 O=k 25O =klg() 6

Using Eq. (5) to transfer the nonlinear partial differential equation
Eq. (1) to nonlinear ordinary differential equation

QU f'f " " e e 0) = 0 ®)

The ordinary differential equation (6) is then integrated as long as
all terms contain derivatives, where we neglect the integration
constants.

Let us consider the (2+1)-dimensional system Davey-Stewartson
Equation DS in Egs. (1-2). this equation studied by [2]. With the
transformations

qey,t) = e Pu(®), @xyt)= V() @)
Where:
O=kix+k,y+kst,E=k(x+ly—A1t) (8)

Substituting (7-8) into (5) and (6) with
G = [Ak.uw' () +iks.u(®le'’
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G -= [P (§) + 2 ik ey u (§) — ky? u()]e'®

Qyy = [K22 0" () +2ikk, l.u'(§) - ky* . u(é)]et?

O, =V'()k

Replacing the previous expressions into (1) and decomposing into
real and imaginary parts, yields to

02k?(1 + o?1P) u" +20u3 — {a?(k* + 02 k,* ) +

2 ksbu—2kV'u=0 9)
A= 02(k, + 02l ky) (10)
Eq.(2) transform to

k@P-1DV"+2A(u?) =0 (11)
Integrating (11) with zero constant then

k(@212=1)V' +22u? =0 (12)

Assume :
co =0%k?(1 +021%) ,
o =[0%(k>+0% k% )+ 2ks],

¢ =k(@?12-1) (13)
Then Eqg. (9) and (12) can be written as

cou’+2Au3— cu—2kV'u=0 (14)
V' +2Au? =0 (15)

Fromeq.(15) V' = — 2242 substitute in Eq.(14), then

o
C0C2u”+2)\[C2+2k]u3_C1C2u=0 (16)

multiplying both sides of Eq.(16) by u’ and integrating with
respect to &, we get

o Wi+ A[c, + 2K ut — e ut = (17)

We first obtain the travelling wave solutions of equation (17) by
direct integration. Total five cases are distinguished, depending on
values of the input parameters. That is done in Section 4. After
that, additional soliton solutions of the equation (16) are found in
Section 5 and Section 6 using the extended Tanh-Coth method,
and the Modified simple equation method.

3. Traveling wave solutions

Both ¢, =0and c, =0 lead to the trivial solutions for u (u =0
and u = const.). Therefore, we assume that c,c, # 0 Due to the
fact that u > 0 (sinceu = |q|) and the continuity of u = u(&) and
its derivatives, we can write the equation (17) in the following
way

U = Fu | AL+, (18)
o C2Co

The further analysis of the equation (18) will be divided into the
following 3 cases. Recall that all obtained solutions are valid
under the assumption that

A= c%(ky+0%lky)

3.1Casel

A(cy+2Kk)

1C2

Assume that c,c; > 0 and > 0 . Equation (18) becomes

u =Fu.u /1—%u2 ,,u=\/z:; (29)
ie

u=Fp.uwwl-—a?u? ,a= Gt (20)

T A A(c42K)

Equation (20) has the closed-form solution given by
u(é) = a sech(+ ué + ¢) (21)

where ¢ is an arbitrary real constant. Now replacing pand o
given by (19) and (20) into (21), we get

u@® = |52

A(cy+2Kk)
Furthermore, equation (15) implies

2A
V() = - f SRIGE

sech(i\/g &+ o) (22)

V(g = =4

— |cq
2 tanh(+ - £+ ) (23)

Now by using (7)-(8), we obtain the following closed-form soliton
solutions for q(x,y,t) and ®(x,y, t).

— ol [ky x+k, y+Kks t] C1C2 T |&
qx,y,t) = e st /A(c2+2k) sech(+\£§+cp),

2¢ T [&
O, y,t) = s tanh (F ﬁ— £+ ) (24)

Where cg, ¢;, and c, are defined in (13), and £ is defined in (8).

3.2 Case 2

A(c,+2K)

C1C2

Assume that c,c; > 0 and < 0. Equation (18) becomes

u=Fp.uvl+a?u? ,a= S1%2 (25)

T A2k

Equation (25) has the closed-form solution given by

u(®) = a csch(+ug+ @) (26)
where ¢ is an arbitrary real constant.
Therefore
— __ GG T [S&1
u®) = TS csch(+J; £+ @) 27)

2A
V() = - f S &

_T_2C T (&1
V() = F Lo coth (+\ﬁ £+ (p) +C
Hence we obtain the following closed-form soliton solutions for
q(xy,t) and @(x,y, ).

. ¢, c
— i [ky x4k, y+ks t] _ 1-2 T |1
q(x,y,t) = e' Ka Xt yHa ¢ YY) csch(+ CoE
+¢)
_T_2¢ T (&1
dxyt) =+ @b coth (+ ’Co &+ cp) +C (28)

In fact, solution (28) has the similar form as (24), where sech
function is replaced by csch, and tanh by coth.
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3.3Case 3

Assume that cyc; < 0 and Ale+2h)

< 0 . Equation (18) becomes

1C2

C
I _ T 2,2 _ _ |___©C — &
u =+p.uva?u 1,a= } o2 T ’ o (29)

Its solution is given by:

a(a+b)

U(E) = Vb(a+b)sin(ug)+a cos(uf)

(30)

where b > 0 is an arbitrary real constant. The corresponding
function V (§) is now equal to

2A
w&=—fgw®dz

2 txz)‘((a+b)z sin(2 pE)—Za‘/b(2a+b))
¢, p(aZ—b2-2ab+(a+b)?2 cos(2uE))

V@E) =— +C (31)

Note that u(0) = a+b >0 and hence the expression (30) for
u(®) s valid for [¢] < arctan (a/b(2o + b))

Now the closed-form expressions for q(x,y,t) and ®(x,y,t)are
obtained by replacing (29) and (13) into (30)-(31) and using
q(x,y,t) = elaxtkey+tkstl y(kx —ly—At) and O(x,y,t) =
V(k(x —ly —At). The exact expressions are too clumsy, so we
omit them.

3.4 Case 4

Let c; = 0 Then equation (17) is now reduced to

'—u_2 — |___CC2 _
w=a Y 1’ Alc,+2K] Ikl

under the assumption that c,c, < 0 (otherwise, equation does not
have real solutions). The solution is then given by:

_ Y _ |__ CC 1 (1-0212) 1
U® =55 = T ierzg bt - K Tororig) b (33)

where b is arbitrary real constant. In that case, we have

(1-0212)
(ky+021k;)

(32

_ 20%k
c=3F+c @

22 2¢q
VE = - [TwE di=osint

where C is arbitrary real constant. Finally, the expressions for

q(X! y, t) and q)(x, Y, t)are
q(xy, t) = el kix+ke y+ks t || (1-0212) 1

(ky+02lk,) b—E

q)(X, Yy, t) = b_E +C (35)

202k
Recall that they are wvalid under the assumptions A=

2 2 — CoC2
0°(k; +0%lk;), ¢; =0 and TTeasg <O The second one and

. . . _ o? 2 21 2
the third one are equivalent with ks = —7(k1 +02k,”) ,
Ac?(0? 12 — 1) < 0 respectively.

3.5 Case 5

Let [c,+2k]=0 , ie.c?12=—1. But then Co =
02k?(1 + 6?1?) = 0, so we do not have non-trivial solutions in
this case.

Similarly, under the assumption c4c; < 0 and Aleptald 0, the

1%2
expression in (18), under the square root is always negative (since
u = |q| = 0) and hence the equation (18) has no solutions.

4. The Extended Tanh-Coth Method

Now we use the extended Tanh-Coth method. It is more suitable
to use it on the (more general) equation (16) than the (36). Hence,
it will be applied it on the equation (16) which is here restated:

CoCp U +2A[cy; +2k]ud — cicu=0 (36)

The method consists of using the new independent variable
Y = tanh(§), that leads to the following changes of variables:

du_ g _y2ydu
dg_( )dY

du_ _y2ydu _y2)2du

T 2Y(1-Y )dy+ (1-Y2) e (37)
Assume that the solution is expressed in the form

u® =Y2a; Y + 32, b Y (38)

where the parameter m can be found by balancing the highest-
order linear term with the nonlinear terms in Eq.(17), we

balance U3 with (3272) ,toobtain: 3m=(m+2) ,thenm=1.
The Tanh-Coth method admits the use of the finite expansion for :

u= (ao + alY + b1 Y_l) (39)
N, —b, Y2 40
w317 b1 (40)
Coefficients ay,aq, and b, are to be determined. Substituting

(39)-(41) into (36) yields to:

—2¢oCa,Y + 2¢9Cza1 Y3 + 2 b Y73 — 2¢oc, by YT +
2X[cy +2K] (ag® +3a92a,Y + 3352, 2Y? +a,°Y® +
3b,[ag?Y~1 + 2apa; +a,2 Y] +3b,*[agY "2 +a,Y" 1] +

b ®Y™3) = cic; (@g+a,Y+b, Y1) =0 (41)

Equating expressions at Y!, (i =—3,-2,—1,0,1,2,3) to zero
we have the following system of equations:

[2cocy + 20 (c; +2K) by ’]by =0

6A(c; +2k)b,%ay =0

[6A(cy; +2Kk) (ag2 +bja; ) — (¢ +2co)cy] by =0

[2A (cy + 2K) (2% + 6bya;) — cic]a =10

[6A(c;+2Kk) (ag2+bya; ) — (cq +2¢c)cz]la; =0
6aga?A(c;+2k) =0

[2coc, +2A (c; +2k)a,2 ] a; =0 (42)

The only non-trivial real solution of the system (42) is given by

(1-6212)

CoC2 —

ap=b, = 1’_1(c2+2 o = Kl (K 4021 ky) (43)

. . . CoCy
and is valid under the assumption ¢; = —8¢, and YCRTT 0.
In that case, the expressions for u(&) and V(&)are given by

_ (1-0212)
ma—mda;;@wmmﬁwwmma)

20 2
v© = - [ua
2

v(¥) = 2 0%k [4% —tanh(&) — coth(¥)] + C (44)

where C is an arbitrary real constant. Therefore, the corresponding
expressions for q(x,y,t) and ®(x,y,t) are
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QGoy, B = el syt [ [ETE (oo (52) into the system (50) we get
(ky+021ky)
coth(%)) Y-ty =0
D (x,y,t) = 2 6%k [4% — tanh(&) — coth(&)] +C (45 Y'+py' =0 (53)
Where £ = k(x + ly — 6% (k; + 6?1 k,)t, Recall that this solution ~ Where
is valid under the assumptions A = 6?(k; + 0%1k;), ¢; = =8¢,
and -2 < 0. The second and the third one are equivalent | = [_2%
A(c+2 k) o
with
_ _ The solution of (53) is given by
2 2
= PETRE e w
= 2 a1
(&) et c (54)

5. The Modified Simple Equation Method

Finally, we apply the Modified Simple Equation Method. We also
apply it on the more general equation (16), i.e. equation (36). The
idea is to consider the function u(€) in the following form:

e

u(®) =Ag+ A1$ (47)

Where ¢ is the unknown function and iz # 0. Then, the first
and second derivative of u(%) are given
By

_ 2
ug = A <llJllJzz Ve )

_a (VP Weke—30 Wrebet2 g
uge = Ay ( ¥

(48)
and (36) becomes

3
A, c0c2<”’jji—3"’$—§“"+z“q’l—§)+zx[cz+2k] (Ao +

v\ 3 v
M) — e, (Rg+A, ) =0 (49)
Expanding the equation (49), grouping all terms with the same
power of and equating them to zero, we get the following system
of equations:

2A1[ AP A (e, +2K) +cocy] =0

3AY (ZAAA(c;+2K) Y —coc, ) =0

A (62807 (2 + 20U + ¢ (co Y = cy')) =0
2A0°A (c; +2K) — Agcic, =0 (50)
From the last equation of (50) we have two possibilities: Ay =0
or

C1C2

Ap = 2h[c+2 K]

(51)

Assume that A, = 0, Then the second equation in (50) becomes
—3A1¢c, Y'Y =0

implying either ¢’ =0 or ' =0. The first case leads to the

trivial solution u = const. while the second case implies ' =0

and then the third equation also further implies ¢’ =0 or

u = cons

Assume now that A, is given by (51). From the first equation of

(50) we find ,

CoC2

A = T Alcpt2 K]

(52)

Expressions (51) and (52) are valid under the assumptions that the
expressions under square roots are positive. Replacing (51) and

whereb = 0 and C are arbitrary real constants. Replacing the
previous expression into (47) and using (51) and (52), we get

u(®) = (55)

[ 2 )
2A[cp+2 K] (1+ CyeMs—1

where C; =Cb~Ip 0 is an arbitrary real constant. In that
case, V(%) is given by

2A
V(z>=—;fu2dz

_ G _ 4

V@ =~ (5 ) (56)
therefore

— i [ky x+ky y+ks t] c1C, 2
qxy,t) = et Fre s 2A[c+2 K] (1 + C, el — 1)
and

_ _ _ ¢ _ 4
0oy == 2 (5 ey + € 7)

where C; #0 is an arbitrary real constant. §=k (x+1ly—
o2(ky + 62 k,1)1t), and

_ 2[02(k;*+02 k% )+ 2 k]
H= 02k2(1 +0212)

(58)

A=o0%(k, + 0%lky) ,
(59)

The required conditions are again

CoC2 H 2 212 _
MCZ+2k)<0,(|.e7\o (0“1°=1)<0,) and c4c; <0

6. Conclusion

In this paper, several new soliton solutions of the (2+1)-
dimensional DS equation are found. The obtained solutions are
very useful in the field of nonlinear science. Shown procedure can
be also applied to solve other types of the generalized nonlinear
evolution equations with complex coefficients.
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