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Abstract 
 

Different studies have been conducted for radio wave propagation in troposphere using different numerical modelling approaches. The 

most reliable approach is based on parabolic wave equation (PWE). The modelling of PWE is approached using different numerical 

schemes that include Split-step Fourier Transform Method (SSFM), Finite Element/Difference method and Wavelet based numerical 

method. The conventional Finite Element/Difference method are less accurate and/or computationally more expensive. While in compar-

ison, split-step wavelet method (SSWM) is highly accurate and computationally very efficient. The SSWM has been previously used for 

modelling of PWE with smooth terrain. However, the real conditions are completely different as they contain variable terrain. The irregu-

larities in surface of terrain have considerable influence because of reflection and diffraction on radio-wave propagation. In order to de-

velop an effective communication system, a model that properly incorporates the reflection parameters from the variable terrain. In this 

research work, the SSWM is proposed for modelling of PWE for radio wave propagation over variable terrain. In SSWM, compactly 

supported wavelet of Daubechies 6 are used as bases. Obtained results accurately accounts the reflection from rough terrain surface and 

shows good agreement with SSFM. 
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1. Introduction 

Band of frequencies in EM spectrum used for wireless communi-

cation starts from 9 KHz to 275 GHz. The frequency of wave less 

than 9 KHz are not used because of limited bandwidth and large 

antennas size. Similarly, the frequency of wave for more than 

275 GHz are not used because of very high attenuation [1], [2]. 

The propagation of radio wave in any medium is characterized in 

terms of parameters such as frequency, wavelength, electric field 

strength (E), magnetic field strength (H), electric polarization, 

velocity of propagation (v), refractive index and Poynting vector 

[3], [4]. In order to analyze the properties of an antenna, an iso-

tropic antenna is required. Ideally, the radiation of radio waves 

with isotropic antenna propagates in all directions. Let the power 

radiated by an isotropic antenna indicates by Pt and received pow-

er P0 after covering a distance d can be obtained as [5], 
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where Pt  is transmitted power in Watt, E0  is magnitude of electric 

field in V/m, d is distance from the transmitter antenna in m meter 

and
0  120      is free space intrinsic impedance. The received 

power can be expressed as, 
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Where Gt  and Gr are the transmitter and receiver antenna Gain 

respectively,   c f  is wavelength and  c  is the speed of light. 

Equation that is required to compute free space loss Lfs can be 

expressed as, 
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Substituting 8  3 10 / secc m  into Eq. (3) to obtain the expres-

sion for Lfs  in terms of decibel as [6]. [7], 

         r t fs t rdBW dBW dB dBiP P L G dBiG      (4) 

where Pt is transmitter output power in dBW (decibel watt), Lfs  is 

free space loss in decibel dB, Gt is transmitting antenna gain in dBi 

(decibel of isotropic radiator), Gr is receive antenna gain in dBi 

[6],[7]. Molecular constituents in air determines the radio refrac-

tive index that is indicated by n. Numerically, there is a very small 

difference compared to unity. Subsequently, to suitably magnify n 

a modified refractivity index, N is introduced as [8], 
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where atmospheric pressure and atmospheric temperature are indi-

cated by P measured in mpa and indicate by T measured in Kelvin 

respectively. Similarly,   evpe  is water vapor pressure (in mbar). 

The refractivity index decreases linearly as 40 N-unit per kilome-

ter. Radius of curvature of radio wave path at low elevation angle 

is [8], [9], 
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where  and n are radius of earth curvature and refractive in-

dex of the atmosphere respectively. Similarly,  dn dz  is vertical 

gradient of refractive index. Effective Earth radius 
eR  can be 

given as, 
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In Eq. (7),   6375ea   Km is Earth radius,   faceK  is coefficient 

of terrestrial radius. Let assume the earth is a flat plane to modify 

the earth curvature. Subsequently the modified refractivity can be 

expressed as [1], 
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Using Eq.  (8) for gradient of modified refractivity index as, 
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The different refractive conditions have been discussed in litera-

ture namely sub-refraction, standard refraction, super reflection 

and trapping. Ray with different refractive gradient conditions (N-

gradient and M-gradient) are discussed in [5], [10]. The trapping 

conditions of radio wave propagation creates reflection, refraction 

and diffraction. The most reported tropospheric ducts are ground 

based ducts, surface-based duct, elevated duct and evaporation 

duct as shown in Fig 1.  The lower boundary of 1st two ducts are 

the surface of the Earth. However, in elevated and evaporation 

duct, both top and bottom boundaries are upside from the earth 

surface as discussed in [11]. From the aforementioned trapping 

duct, the surface-based duct, surface duct and elevated duct occurs 

for very short time [12]. 

 
Fig.1. Rays under various refractive conditions 

In communication, the irregular terrain surface enables hetero-

geneity that creates considerable influence on radio wave propaga-

tion. Consequentially, the directed EM field will reflect and dif-

fract in a complex way. Because of heterogeneous medium, its 

need to design an effective communication system that incorpo-

rates the refractivity and terrain factors. In order to model radio-

wave propagation for such complex environment various attempts 

have been made by researchers. The most challenging task is to 

model the vast variability of medium electrical properties that 

allows to re-direct the EM propagation. Previously, Split-step 

Fourier Transform (SSFM), Finite Element (FE) and Finite Dif-

ference methods have been used to predict the radio wave propa-

gation. These methods are computationally inefficient. However, 

the Split-step Wavelet Transform method (SSWM) is more accu-

rate and computationally efficient [16]. In this research work, the 

SSWM is proposed for modelling of PWE assuming rough sea 

surface. 

Maxwell's notations are initially assumed that defines the rela-

tion of time-varying EM fields travelling through the troposphere. 

In subsequent section, standard PWE is derived from the Helm-

holtz’s equation. 

2. RADIO wave Propagation 

Basic theory of time varying electromagnetic field is driven from 

Maxwell's equations. To analyse each component of propagated 

radio wave, one requires a coordinate system. Subsequently, here 

we consider spherical coordinate system    , ,r    as discussed in 

[4]. Let consider the earth centre and source is positioned along z-

axis. Hence Maxwell's equations can be expressed as [13], [15], 
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where n is refractivity index of atmosphere, 𝑍𝑜 = 120𝜋Ω is im-

pedance of vacuum, 𝑗 is imaginary constant and 𝑘𝑜 = 2𝜋/𝜆 is the 

wave number, where 𝜆 is the wavelength. In order to obtain the 

governing field equation for vertical propagation and horizontal 

propagation, following assumption are made. Let the EM field 

components (𝐸𝑟 , 𝐸𝜃 , 𝐻𝜙) = 0 for horizontal polarization and re-

sultant equation can be expressed as [15],  
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where 0  sink r E and transforming from spherical plane    ,r   

to rectangular plane    ,x z  as, 
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Similarly, the governing field equation for vertical polarization is 

as [14], 
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where in Eq. (16),  can be computed as [15], 
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In Eq. (17), terms      
22 2 2[ 2 / / 1/ / ]n n n n r       can 

be modified as in [15] and expressed as, 

 

2 22 2

2 2 2

2 1 log logn n n n

n n r r r

      
      

      
  (18) 

 

Subsequently Eq. (17) can be rewritten as, 
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Let assume a stratified atmosphere where n is the function of 

height then, 
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Then Eq. (20) can be modified as, 
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where log( )n  with respect to r  is very small so, 
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Eq. (16) can be expressed as, 
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Transforming Eq. (16) into  ( , )x z coordinates to obtain expres-

sion for vertical polarized field as, 
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where  0 sin /v k r n H   Eq. (15) and (16) are the 2D 

scalar EM wave equations for propagation of horizontally and 

vertically polarized field respectively. 

3. Methodology 

Split-Step Wavelet Method (SSWM) and Wavelet Galerkin 

method have relatively same features excepts for boundary han-

dling [1]. Image theory method based on periodic wavelet function 

is used to handle the boundary condition in SSWM. Subsequently, 

geometry of the problem is modified as shown in Fig. 2. Now the 

range of actual domain with respect to z is changed from 

 max  0    Z to  max max     Z Z . The symmetric extension of both 

field and absorbing layer can be written as, 

max max( , ) ( , ) 0u x Z u x Z     (25) 

 
Fig. 2. Extension of solution domain with rough surface using image 

theory method. 

Domain extension satisfies the periodic boundary condition. The 

periodicity restricts the spatial domain for interval [−𝑍𝑚𝑎𝑥 𝑍𝑚𝑎𝑥] 
. Now using wavelet expansion of function ( , )u x z  as, 
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where 𝑎𝑙(𝑥) are coefficients which are needs to compute, 𝜑(𝑧) are 

the scaling function. By adopting a procedure that is similar to the 

Wavelet Galerkin Method to obtain equivalent numerical expres-

sion as, 
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Substitution of Eq. (26) into Eq. (27) as, 
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The matrix notation of Eq. (28) can be expressed as 
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In above equations, 𝛿𝑘,𝑙 is the Kronecker delta function and Γ𝑙
0,2

 

are known as connection coefficient as discussed in [17]. Now 

using the modified refractivity constant on an element then 𝑆𝑘,𝑙 

can be expressed as [19], 
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Eq. 27) is an initial value problem. The split-step method derives 

from the fact that the solution of problem Eq. (27) satisfies the 

identity 
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The exponential operator given in Eq. (31) can be split in two 

different ways as, 
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where the form in Eq. (32) in known as asymmetric splitting and 

the other form given in Eq. (33) in called symmetric splitting. It 

has been discussed in [20] as asymmetrical splitting is accurate to 

the order  𝒪(∆𝑥2), where form of symmetric splitting is accurate 

to the order 𝒪(∆𝑥3).In Eq. (29), 𝑆𝑘,𝑙 is a diagonal matrix, the ex-

ponential of 𝑆𝑘,𝑙 , is required in Eq. (31) that can be solved with 

less computational time.  However, 𝑆𝑘,𝑙 is a circulant matrix, sub-

sequently its need to compute the exponential of operator 𝑆𝑘,𝑙 . 

Let, 

; 2 Q xP e Q L                                                                 (34) 

Using the fact that 𝑆𝑘,𝑙  is circulant, one can compute Eq. (30) by 

using Fast Fourier Transform (FFT) as discussed in [18], 

 1 exp qP  F F                                                              (35) 

where, Λ𝑞 = 𝑑𝑖𝑎𝑔(𝑞̂), 𝑞̂ = ℱ𝑞 and 𝑞 is first column in Q matrix, 

and ℱ is FFT. 
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4.  Numerical Implementation of SSWM 

In order to obtain the solution of Eq. (16) with proposed method, 

the computational domain is assumed to be periodic for an interval 

of [−𝑍𝑚𝑎𝑥 𝑍𝑚𝑎𝑥]. The matrices of Eq. (28) needs to be properly 

scaled as defined in physical space. Detailed procedure for scaling 

the solution matrix is provided in [18]. Assuming the solution 

domain is classified in to 𝑁𝑧 number of grids points then the indi-

ces  𝑙 = 𝑘 = 0, ⋯ , 𝑁𝑧 − 1  and the dimensions of resultant ob-

tained linear system of Eq. (28) will be 𝑁𝑧 × 𝑁𝑧. The organization 

of solution matrix provided in Eq. (28) gives the following struc-

ture where length of compactly supported Daubechies wavelet is 

6, 

0,2 0,2 0,2 0,2 0,2
0 1 4 4 1
0,2 0,2 0,2 0,2
1 0 3 2

0,2 0,2 0,2
4 3 0

0,2 0,2
4 1

0,2 0,2
1 4

0,2 0,2 0,2
4 0 3

0,2 0,2 0,2 0,2
1 2 3 0

0

0 0

0 0 0

, 2

max 0 0 0

0 0

0

1

(2 )
k lL

Z

 





 

 

    

   

  

 

 

  

   






 


z zN N







 
 
 
 

 

0,0

,

1, 1

,

z z
z z

k l

N N
N N

S

S diag

S  


 
 

  
 
 

 

 ,   .k l Nz Nz
I I


   

  

and   0 1 1[  ]
z z

T

l N Na z a a   . 

A symmetric extension of refractive profile is taken in extended 

domain as shown in Figure 2 and we can write, 

ˆ ˆ , 2 2,

ˆ ˆ; , ( ),..., -1;  , ( 1),...,0z zN N

k l zk l
S S k l N k l      (36) 

Initial field is computed at 𝑥 = 0 and in order to satisfy the BCs 

over perfectly conducting surfaces in SSWM, the unknown coeffi-

cients 𝑎𝑙(𝑥)  are computed for Dirichlet and Neumann BCs as 

shown in Fig. 2. In order to reduce computational time, the sine 

and cosine transforms are used for Dirichlet and Neumann BCs, 

respectively. Since, Split-Step wavelet transform is inspired from 

Split-step Fourier transform. 

Table I: Modified refractive index at certain height from surface 

Height (m) 0.00 0.13 0.23 0.37 0.61 1.00 2.72 4.48 

M(Units) 334 332 331 329 328 327 325 325 

Height (m) 7.39 11.76 12.18 20.08 33.12 54.59 300.00  

M(Units) 324 324 324 324 324 325 328  

In order to radiate radio waves through troposphere under evapo-

ration duct phenomenon, the propagation losses are computed at 

frequency of 3.8 GHz and 7.8 GHz because of prominent trapping 

conditions in such range. In simulation, rough terrain type is ob-

tained through MATLAB function rand in which the maximum 

height of the rough terrain is assume 4 m as illustrated in Fig. 2. 

The height, polarization and beam-width are assumed 10 m, hori-

zontally and 2  respectively. Grid sizes along the 𝑥-axis and 𝑧-

axis are 200 m and 0.054 m respectively. The height verses modi-

fied refractive index for evaporation duct is provided in Table 1. 

The solution for field governing equation is obtained through 

SSWM and SSFM for comparison. The parameters used in this 

simulation are summarized in Table II 

The propagation of radio waves over variable terrain includes 

vertically open region. In order to truncate the domain vertically 

along 𝑧 -axis, the absorbing boundary conditions are used for 

yielding non-physical reflection from the top boundary. It is 

achieved by using window called hamming window. The bottom 

boundary is assumed to be perfectly electrical conducting earth 

surface. 

Results obtained from proposed method are compared with those 

from PETOOL under evaporation duct. The PETOOL is a Graph-

ical User Interface developed in MATLAB environment to solve 

parabolic equation model for one-way and two-way communica-

tion. The obtained propagation pattern of radio waves can be seen 

in Figure 3. It shows the propagation path loss in dB at frequency 

of 3.8 GHz computed using SSWM and SSFM. Figure 3(a) and 

(b) shows the comparison of results from SSWM and SSFM for 

specified height and range respectively. Similarly, the propagation 

path loss in dB at frequency of 7.8 GHz computed using SSWM 

and SSFM. Figure 3(c) and (d) shows the comparison for specified 

height and range respectively. 

Table II: Simulation Setup for rough surface 

Parameters Value Value 

Frequency  3.8 GHz and 7.8 GHz 

Range along x-axis  100 Km 

Range along z-axis  300 m 

Altitude grid size  0.054 m 

Grid size  100 m 

Beam width  2 Degrees 

Antenna Height  10 m 

Polarization Horizontal Horizontal 

Elevation angle  0 Degree 

Bottom Boundary PEB PEB 

Atmosphere parameters  Evaporation Duct 

In Figure 3(a) and (c), results show a strong agreement with those 

from SSFM of PETOOL. The strong interference and deep nulls 

can be seen for the first few kilometers because of strong reflec-

tion from variable terrain. The transmission range is extended to 

several kilometers with very smooth attenuation because of the 

ducting phenomenon. The percentage of occurrence of evapora-

tion duct is more frequent as compare to another surface-based 

duct and elevated duct. 
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Fig.3: Path loss in dB for radio wave propagation over the range of 100 

km at 3.8 GHz using (a) SSWM (b) SSFM, at 7.8 GHz (c) SSWM (d) 
SSFM. 

5. Conclusion 

In this manuscript, SSWM is discussed for modelling of radio 

wave propagation over rough terrain to estimate path loss in tropo-

sphere. The performance of SSWM is demonstrated for standard 

ducting environment and results are compared with those from 

PETOOL. It has been concluded that the SSWM allows to esti-

mate reflection and refraction of radio waves because of rough 

terrain. The obtained results from SSWM for variable terrain 

shows that the overall pathloss will increase because of roughness, 

where the increment in loss is proportional to the roughness length. 

The attenuation with selected modelling parameters is increased 

about 3 – 4 dB because of variable terrain. The proposed method 

also allows to use larger range steps that provides more accurate 

solution almost as fast as SSFM. In conclusion, the SSWM for 

radio wave propagation over rough terrain is significant step to-

wards the improvement of propagation model to predict the anom-

alous propagation in troposphere. 
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