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Abstract 
 

In the current times, landscape works in general, and locating points in particular, depend on modern software and survey techniques, 

since they adopt AI (artificial intelligence) in calculations, thus the results are better if compared to manual calculations which have er-

rors and mistakes. Here, the need to invent methods to check the accuracy of results has emerged, in order to reduces mistakes and errors. 

Additionally, these methods are adopted to find the unknown coor-dinates or check the calculated coordinates for those points using dif-

ferent methods, whether they were traditional or use the modern survey devices. 

The process of calculating the coordinates with the use of engineering drawing featured by the dependence on pixels when they locate 

any point on the drawing screen, so, it is a very accurate method compared to visual devices and manual calculations. And depending on 

the above concept, the research depended three known points, and the unknown location of a point was found through these points using 

(Resection) method. The point was located in three different locations and its position was calculated using four different methods (man-

ual cadastral computations, modern devices, engineering drawing software and websites). The results obtained from the three methods 

were compared in the end of the research, the comparison showed that the use of (manual cadastral computations), which depends the 

accuracy of 3 ranks after comma (millimeters) in calculations and for distance of approximately half kilometer between the known points 

and the unknown point, caused various errors among the four methods, while the methods that depend on software and websites gave a 

great match in their coordinates. The reason behind that was excluding the distance calculation as in manual and instruments methods. It 

was shown that distance and distribution of points play an important role in locating the unknown point accurately. Also it’s shown that 

the use of devices and manual calculations are not proportional for finding precise results, where one of them was better than the other if 

right steps are followed. 
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1. Introduction 

Engineering surveys have witnessed many developments, which 

made the process of locating points on Earth’s surface a very easy, 

and the importance of this field increased due to the development 

of techniques represented by survey devices and software used for 

location detection. Yet, the common attribute of all techniques is 

that they all depend on the concept of finding the coordination of a 

certain point with the dependence on two or more known points 

even in those new modern devices that relay on satellites tech-

nique represented by (GNSS), where the static observation con-

cept that uses Single receiver, in fact, is related to three Reference 

Stations or three (or more) satellite locations are depended, these 

satellites represent the lines links them and the required point 

(Base Lines) (NISTOR and BUDA 2015) . Note that these tech-

niques are featured by providing more accurate coordinates than 

others. 

This paper studies the possibility of finding the coordinates of the 

unknown point through the three known points by depending on 

different methods, and the two angles (α, β) represent the concept 

of work to determine the direction from the unknown point to-

wards the three points with resection method. The two directions 

which are represented by two straight lines will have an intersec-

tion point, which represents the required one. The difference 

among the four methods depends on cancel the measures of dis-

tance (CP), (BP) and direction (θ & ω) between the known and the 

unknown points which will have some errors. On the other side, 

the unknown coordinates were calculated through using cadastral 

survey equations first, total stations second and websites at last to 

compare them and show if they can be adopted as reference points 

that can be used in other surveys. 

This paper aims to evaluate the accuracy of smart calculation 

methods and visual survey devices in finding the unknown coor-

dinates of points. 

2. Resection 

Resection refers to the calculation of a certain point location 

through three points of known coordinates and (α , β) angles 

which are resulted from the observation of the three points. Typi-

cally, resection is used to link the coordinates of newly construct-

ed region to an old established city, or to start a certain project 

through point of know coordinates that surround the region… etc.  

There are three cases of resection depending on the point that its 

coordinates are required as the following figures (1- A,B,C) show 

(Milburn and Allaby 1987) : 

1) The required point (P1) out of the triangle towards the base. 

2) The required point (P2) out of the triangle towards the ver-

tex. 

http://creativecommons.org/licenses/by/3.0/
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3) The required point (P3) inside the triangle. 

 
Case (A) 

 
 

Case (B) 

 
 

Case (C) 

 
Fig. 2: Illustrates the Cases of Three Points Resection. 

 

The concept of resection in survey works depends on determining, 

at lease, three points in the study area, which are depended to find 

the coordinates of the unknown point. And since the three points 

form a triangle where its sides, their directions and its internal 

angles can be calculated using inverse calculations, the location of 

the required point may occupy one of three possible locations, 

case (A) the point is opposite to one of the triangle sides, case (B) 

opposite to one of the triangle vertex or case (C) inside the triangle. 

It is required to find the coordinates of point (P) through the vertex 

of the triangle (A, B, C) using different methods to compare the 

results and determine the optimum method. Where, the coordi-

nates of vertexes are known, and the unknown point (P) can be 

occupied, hence, from which the angle (α) between directions (PC 

& PA) and (β) between the direction (PA & PB) can be calculated, 

the main requirement is locating (P) from these parameters. 

3. The procedure 

Due to figure (1), the locations of points (P1, P2, P3) in the three 

cases (A, B and C) will be detected using four different methods. 

The first method uses equations for survey engineering after ob-

serving the three direction angles (α, β, γ) using Total Station 

Leica 06 plus device of accuracy (1") as a theodolite device, and 

the second method uses smart survey visual devices through the 

pervious device and its resection function, the reason of using the 

same device is to avoid differences result from the repeated instal-

lation of device on the point, its accuracy and the technical errors 

of devices. The third method depends on engineering drawing 

software represented by Autodesk programs of survey works such 

as (Civil 3D) and through creation button with resection method. 

While the last method depends on a website specialized with cal-

culating the coordinates of unknown points based on Tree points 

resection (Tienstra's Method). 

3.1. Text font of entire document 

The mechanism of this method involves processing the location of 

the unknown point depending on parameters like observation sup-

plied by coordinates. There are lots of mathematical methods with 

which the coordinates of an unknown point can be calculated 

(Joseph and Joaquim 2009) . But the most common methods that 

include all cases are KAESTNER-BURKHARDT METHOD and 

Tienstra's Method. But Tienstra's Method has a problem cleared 

by Professor K. Snelgrove in Memorial University (St. John's, 

Newfoundland & Labrador). He explained the limitation of 

Tienstra's Method that has caused some unexpected Results for his 

students when using this method. The problem is that unless point 

(P) located within the triangle (A, B and C), there are two Possible 

locations of (P) that will satisfy the given data. Tienstra's Method 

will find that only one of is to be the wrong one. The method spec-

ifies the wrong location when the angle covered by points A, B 

and C is more than 180 degrees, as well as if all four points are 

located on (or sufficiently close to) a circle, or the 3 known refer-

ence points located on a straight line. All these will causing errors 

in the results (Mike 2017). 

1) Kaestner-Burkhardt Method. 

Trigonometric functions method: this method will be adopted in 

cases (1 and 2) because two angles are required (α & β). This 

method is as following (eBook): 

a) Length (a, b and c), directions of triangle sides and then the 

internal angels of triangle are calculated from the coordi-

nates of the its vertexes. 

 

a, b, c = √(x2 −x1 )
2 + (y2 −y1 )

2                                                (1) 

 

 Az = tan−1[
(x2 −x1 )

(y2 −y1 )
]                                                                   (2) 

 

b) To calculate the angles (ω, θ), (tan φ, < S) are calculated 

through: 

 

< S = θ + ω = 360 – (α   + β + < A)                                                (3) 

 

tan φ = 
sin ω

sin α
 = 

c .sin β

b . sin α
                                                                   (4) 

 

tan θ = 
sin < S

tan φ+ cos < S
                                                                       (5) 

 

tan ω = 
sin < S

cot φ+ cos < S
                                                                       (6) 

c) AP1 side length is calculated using sine rule  

 

Right triangle 
AP1

Sin ω
 =

b

Sin β
  

 

Or                                                                                              (7) 
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Left triangle 
AP1

Sin θ
 =  

c

Sin α
  

 

d) calculating the direction of side AP1 from (AZAC and angle 

A1) or (AZAB, angle A2).  

 

< A1 = 180 – (θ + α)                                                                     (8) 

 

< A2 = 180 – (ω + β)                                                                     (9) 

 

AZAP1= AZAC ±<  A2  

Or                                                                                                 (10) 

 AZAP1= AZAB ±<  A1  
 

e) P1 coordinates are calculated from the direction AZAP1 , AP1 

length and A Coordinate .  

 

EP1 = EA + (AP1) Sin AZAP1                                                     (11) 

 

NP1 = NA + (AP1) Cos AZAP1                                                   (12) 

 

The required mathematical relations to calculate the unknown 

coordinates in the second case match the five mentioned steps 

except for one relation represented with angle value (S) which is 

shown in the next point as follows:  

< S = θ + ω = 360 – (α + β + 360 + < A)  

 

→ < S = < A - α – β                                                                     (13) 

 

2) TIENSTRA'S METHOD (Harvey 2017 ) 

Quantum equations method, it is more accurate since it requires 

the measurements of three angles towards the known points (γ, α, 

β), where the required point is inside the known triangle and as the 

following equations: 

 

𝑎 = 𝑡𝑎𝑛−1[
𝐸𝐶 −𝐸𝐴 

𝑁𝐶 −𝑁𝐴 
]  − 𝑡𝑎𝑛−1 [

𝐸𝐵 −𝐸𝐴 

𝑁𝐵 −𝑁𝐴 
]                                        (14) 

 

𝑏 = 𝑡𝑎𝑛−1[
𝐸𝐴 −𝐸𝐵 

𝑁𝐴 −𝑁𝐵 
]  − 𝑡𝑎𝑛−1 [

𝐸𝐶 −𝐸𝐵 

𝑁𝐶 −𝑁𝐵 
]                                        (15) 

 

𝐶 = 𝑡𝑎𝑛−1[
𝐸𝐵 −𝐸𝐶 

𝑁𝐵 −𝑁𝐶 
]  − 𝑡𝑎𝑛−1 [

𝐸𝐴 −𝐸𝐶 

𝑁𝐴 −𝑁𝐶 
]                                        (16) 

 

𝐾1 =
1

𝐶𝑜𝑡 𝑎 −𝐶𝑜𝑡 𝛾
   

𝐾2 =
1

𝐶𝑜𝑡 𝑏 −𝐶𝑜𝑡 𝛼
                                                                          (17) 

𝐾3 =
1

𝐶𝑜𝑡 𝑐 −𝐶𝑜𝑡 𝛽
   

 

𝐸𝑃3 =
𝐾1∗𝐸𝐴 +𝐾2∗𝐸𝐵 + 𝐾3∗𝐸𝐶

𝐾1 + 𝐾2  + 𝐾3 
                                                           (18) 

 

𝑁𝑃3 =
𝐾1∗𝑁𝐴 +𝐾2∗𝑁𝐵 + 𝐾3∗𝑁𝐶

𝐾1 + 𝐾2  + 𝐾3 
                                                          (19) 

3.1.1. The point (p) is opposite to the side 

This case is represented by placing a visual survey device in point 

(P1), then angles (α , β) between the three known points and the 

occupied point are observed, and using the lengths and directions 

of triangle sides, the location of the unknown point can be deter-

mined. Note that in order to reach the optimum possible accuracy 

to compare the results to those of other methods, the work will be 

through setting the lengths data to closest (Mm), and angles to 

closest (second). 

Depending on pervious relations, and field survey illustrated in 

figure (2) which shows (case 1: the location is below the triangle 

base), the calculations were performed and they were as following: 

 

 
Fig. 2: Illustrates the Location of the Required Point is Below the Triangle 

Base Opposite to CB Side. 

 

• Length, Azimuth of a triangle Sides:  

By formula (1), a = 483.516 m, b= 369.377 m, c= 358.439 m 

By formula (2), AzCA= 46o 16' 18", Az AB= 143o 01' 22", and from 

both directions determine <A >  

< A = (46o 16' 18" + 180o) – 143o 01'22" = 83o 14' 56" 

• The angles (θ & ω): 

• By formulas (3, 4, 5, 6) 

< S = 190o 23' 38", 𝜑 =  45 𝑜10′ 37" , θ = 97o 04' 50", 𝜔 = 93o 18' 

08" 

• The length (AP1) by Sin Law. 

• By formula (7), 𝐴𝑃1 =  529.496 𝑚 (or)  𝐴𝑃1 =  529.399 𝑚 

Avg. of AP1 = 529.448 m 

• The direction (AP1). 

By formula (8), < A1 = 40o 42' 53" 

By formula (10), AzAP1 = 185o 33' 25" 

• Coordinate of point (P1). 

By formula (11), EP1 = 448.731 m 

• By formula (12), NP1 = 223.04 m 

3.1.2. The point is opposite to the vertex 

The case is represented by placing one of the visual survey devic-

es which are not programmed at (P2), then the angles (α, β) be-

tween the three known points and the occupied point are observed. 

Using the lengths and directions of Sides of triangle, the location 

of the unknown point can be obtained. Note here that we will 

work on setting the data of lengths and angles (Mm and seconds) 

as in case (1) to reach the optimum possible accuracy. 

Depending on the previous mathematical relation and the field 

work shown in figure (3), that illustrates the second case (the loca-

tion of the point is above the known triangle), the calculations 

were as following: 

 

 
Fig. 3: Shows the Location of the Required Point above the Triangle (Op-

posite to the Vertex). 

 

• Compute the length, Azimuth of the triangle Sides, (by the 

same formulas) : 

𝑎 =483.516 m, 𝑏 = 369.377 m, 𝑐 =358.420 m 
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𝐴𝑧𝐶𝐴 = 46o 16' 18", 𝐴𝑧𝐴𝐵 =143o 01' 23" , < A = 83o 14' 55" 

• The angles (θ & ω): 

< S = 36o 11' 58", 𝜑 =  45 𝑜25′ 09"  

𝜃 = 17𝑜57′37" , 𝜔 = 18𝑜14′21" 

• The length (AP2) by Sin Law:  

𝐴𝑃2 =  283.247 𝑚 (or) 𝐴𝑃2 =  283.320 𝑚 

Avg. of AP1 = 283.284 m 

• The direction (AP2)  

< A1 = 139o 04' 23", AzAP2 = 365o 20' 41"  

AzAP2 = 5o 20' 41" 

• The Coordinate of point (P2) 

EP2 = 526.387 m, NP2 = 1032.052 m 

3.1.3. The point inside the triangle 

This case is represented by placing the thiolate device at (P3), then 

angles (α, β) between the three known points and the occupied 

point are observed. Using the lengths and directions of sides of 

triangle, the location of the unknown point can be obtained. Note 

here that we will work on setting the data of lengths and angles 

(Mm and seconds) as in previous cases (1 & 2) to reach the opti-

mum possible accuracy. 

Depending on the previous mathematical relation and the field 

survey shown in figure (4), that illustrates the second case (the 

location of the point is above the known triangle), the calculations 

were as following: 

 

 
Fig. 4: Shows the Location of the Required Point Inside the Triangle. 

 

By formulas (14, 15, 16) we find: 

𝑎 = 83.249 , 𝑏 = 47.407 , 𝑐 = −130.655 

By formula (17): 

𝐾1 = 0.912 , 𝐾2 = 0.739 , 𝐾3 = 0.791 

By formulas (18, 19): 

𝐸𝑃3 =  483.336 𝑚 , 𝑁𝑃3  =  580.445 𝑚 

The results were as shown in table (1). 

 
Table 1: The Coordinates of (P1, P2, P3) Using Mathematical Calculation 

Method. 

Y 

(m) 

X 

(m) 
Case Resection Method 

223.04 448.731 (P1) opposite the side 

Cadastral Formulas 1032.052 526.387 (P2) opposite the vertex 

580.445 483.336 (P3) inside triangle 

3.2. Instruments (total station) 

The device Total Station type (Leica 06 Plus) of accuracy (5”) was 

used. It is the same device that was used to measure the angles in 

the previous method (as a thiolate device). And through resection 

function, the coordinates were calculated and they were as follows: 

 

 

 

 

Table 2: The Coordinates of (P1, P2, P3) Using Smart Survey Devices 

Method. 

Y (m) X (m) Case Resection Method 

223.142 448.057 (P1) opposite the side 
Instruments 
T.S (Leica 06 plus) 

1032.065 526.294 (P2) opposite the vertex 

580.414 483.372 (P3) inside triangle 

3.3. Programs (civil 3D) 

Civil 3D was adopted to calculate the coordinates of (P1, P2, P3) 

through the angles (α, β, γ) that where observed using the men-

tioned device. The process of finding the data of the unknown 

points requires inserting the field coordinates of the three points 

and observing the two angles between these points, this is done 

through installing a thiolate device on the unknown points and 

find the angles (α, β) along with the coordinates of points (A, B, C) 

in three cases. But, to work on this program it is required deter-

mining the coordinates of the three known points, the angle be-

tween the first and the second point and the angle between the first 

and the third points. After these requirements are provided, the 

program will determine the unknown point on a drawing board 

through moving the sides right and left with fixed (B, C) until the 

angles (α = 42o 12' 17") and (β = 44o 09' 09") match as it is shown 

in figure (5) that illustrates case (1) and table (3). 

The idea of the program (Civil 3D) is inspired by the concept of 

determining the unknown point depending on the intersection of 

straight lines through direction angles. Josep M. Font-Llagunes 

and Joaquim A. Batlle worked on this methodology in their study 

(New Method That Solves the Three-Point Resection Problem 

Using Straight Lines Intersection) (Joseph and Joaquim 2009). 

 

 
Fig. 5: An Example on How the Program Works on Finding Point (P) 

Case (1). 

 
Table 3: The Coordinates of (P1, P2, P3) Using Civil 3D 

Y (m) X (m) Case Resection Method 

223.118 448.173 (P1) opposite the side 
Programms 

(Civil 3D) 
1032.060 526.378 (P2) opposite the vertex 

580.373 438.315 (P3) inside triangle 

3.4. The websites 

The website is made by (Mesa Mike), it depends on the mathemat-

ical relations of (Tienstra's Method). The coordinates of an un-

known point (P) can be calculated after providing the website with 

the data of the three points and angles (α, γ) as the following fig-

ure shows (6). 
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Fig. 6: A Model to Sort the Data by the Mentioned Website. 

 

After the website is provided with required data, the following 

reports were obtained, see figure (7-A) point : 

a) Point Opposite the side  

b) Point Opposite the vertex  

c) Point Inside the triangle  

 

 

 
Fig. 7: The Reports from Website. 

 

And according to the above reports, the results of the unknown 

point coordinates (P1, P2, P3) as table (4) shows. 

 
Table 4: The Coordinates of (P1, P2, P3) Using the Website 

Y (m) X (m) Case Resection Method 

223.118 448.173 (P1) opposite the side 

web sites 1032.06 526.378 (P2) opposite the vertex 

580.373 483.315 (P3) inside triangle 

 

According to what mentioned above, the detected coordinates of 

the unknown point (P), which represents the point location below 

the triangle base, (P2) is opposite to the vertex and (P3) is inside 

the triangle using the four methods (mathematical, devices, pro-

grams and websites) as illustrated in table (5). 

 
Table 5: The Coordinates Detected Using Four Methods 

Y (m) X (m) Case Resection Method 

223.04 448.731 (P1) opposite the side Cadastral Formulas 

1032.052 526.387 (P2) opposite the vertex 

580.445 483.336 (P3) inside triangle 
223.142 448.057 (P1) opposite the side 

Instruments 
T.S (Leica 06 plus) 

1032.065 526.294 (P2) opposite the vertex 

580.414 483.372 (P3) inside triangle 
223.118 448.173 (P1) opposite the side 

Programms 
(Civil 3D) 

1032.060 526.378 (P2) opposite the vertex 

580.373 483.315 (P3) inside triangle 
223.118 448.173 (P1) opposite the side 

web sites 1032.060 526.378 (P2) opposite the vertex 

580.373 483.315 (P3) inside triangle 

 

The similar coordinate values in both websites and program indi-

cates the accuracy of the unknown coordinates data, considering 

that the error values are minimized because the work is not affect-

ed by closing the values, the distances are not affected by the 

striped measures or by the slop of device reflector and the effect of 

the weather condition in observation (when the devices are used). 

Depending on the assumption above, the values calculated using 

the program and websites represent reference values, while other 

values are subsequent that should be checked and reasons behind 

errors should be identified. The coordinates can be graphically 

represented as in figures (8, 9 and 10): 

 

 
Fig. 8: Illustrating the Data of Point (P1) with the Four Methods. 

 

 
Fig. 9: Illustrating the Data of Point (P2) With the Four Methods. 

 

 
Fig. 10: Illustrating the Data of Point (P3) with the Four Methods. 

 

In the three figures above, the symbol (∆) refers to the coordinates 

of observation of unknown points (P1, P2, P3) using (Civil 3D) 

program and website, while the other symbol (X) of the point 
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refers to observation which uses mathematical manual calculations 

method and Instrument method which is based on (Total Station 

Leica 06 Plus) device. It is conducted by the previous results that 

these errors are resulting from neglecting values after the comma 

which are the most common reasons with the accurate survey. In 

addition to technical mistakes resulted from the use of survey 

devices. It is noticed that the error values decreased in the third 

method (inside triangle) due to the distribution of points around 

the unknown point and detecting points through angles, which 

features this method than the other two. 

4. Conclusion 

It was conducted by this study that despite the small size of obser-

vation area, the observation process may have many errors of 

large values relatively. It was shown that the values of these errors 

are decreased if the points around the required point were distrib-

uted in a geometric homogenous pattern, in other words, as the 

angles (α, β, γ) surrounding the point are smaller; the error value 

are increased, similar to the distribution of satellites around obser-

vation point (DOP). 

The results indicated that calculations depended on software, in 

fact, were relatively more accurate compared to those of other 

methods used to find the coordinates of an unknown point; the 

reason behind that is the process of locating these points depends 

on direction only while the measures between the unknown point 

and the known ones are excluded compared to the use of device 

and mathematical relations represented by KAESTNER-

BURKHARDT and Tienstra's Methods, where many errors may 

be occurred when the process of calculation is performed using 

devices, errors like invertor inclination, the effect of weather con-

ditions on laser distances measurements and errors of manual 

calculations.  

This means that if high accuracy is required, the resection method 

to calculate coordinates using software is the best method. In addi-

tion, this method is utilized to check the work when the first two 

methods used. Also, a periodic check can be performed on all 

known points in work field using resection method, and for a more 

accurate field work, the points may be increased in this method 

through forming triangles with (inside triangle and opposite to 

side) methods since better results were obtained compared to 

(point opposite to vertex) method. 

Acknowledgements 

The author would like to thank the (survey department / institute 

of technology-Baghdad) for moral support and in providing exper-

imental instruments and program concerning to prepare this paper. 

References 

[1] eBook "THREE POINT RESECTION PROBLEM " Surveying 

Engineering Department, Ferris State University: 175-201  
[2] Harvey, R. (2017). "Survey Computation, Surveying & Geospatial 

Engineering " School of Civil and Environmental Engineering, 

University of New South Wales, SYDNEY N.S.W 2052 1-287  
[3] Joseph, M. and A. Joaquim (2009). "New Method That Solves the 

Three-Point Resection Problem Using Straight Lines Intersection." 

JOURNAL OF SURVEYING ENGINEERING 135(2): 39-45. 
https://doi.org/10.1061/(ASCE)0733-9453(2009)135:2(39). 

[4] Mike, M. (2017). "Point Resection Solver Using Tienstra's Meth-

od." web site: http://mesamike.org/geocache/GC1B0Q9/tienstra/. 
[5] Milburn, P. and R. Allaby (1987). "A Field-Ready Solution to the 

resection problem given two coordinated points" Research Station, 

Canadian agricultural engineering 29(1): 93-96  
[6] NISTOR, S. and A. S. BUDA (2015). "ANALYSIS OF GNSS 

DATA USING PRECISE POINT POSITIONING." Mathematical 

Modelling in Civil Engineering 11(3): 31-37. 
https://doi.org/10.1515/mmce-2015-0013. 

https://doi.org/10.1061/(ASCE)0733-9453(2009)135:2(39)
https://doi.org/10.1515/mmce-2015-0013

