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Abstract

The idea of replacing the first derivative in time by a fractional derivative of order a, where 0 < a < 1, leads to a fractional generaliza-
tion of any partial differential equations of integer order. In this paper, we obtain a relationship between the solution of the integer order
equation and the solution of its fractional extension by using the Laplace transform method.
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1. Introduction

As a generalization of the integer order partial differential equa-
tion, fractional partial differential equation is used to model im-
portant phenomena in various fields such as fluid flow, electro-
magnetic, acoustics, electrochemistry, cosmology, and material
science. To find the explicit solutions of linear and nonlinear frac-
tional partial differential equations, many powerful methods have
been used such as the variational Iteration method, the homotopy
perturbation method [10], the Laplace transform method [5], the
Mellin transform method, the fractional complex transform meth-
od [3], [4] and the exponential function method [11].

In this paper, by Laplace transform method, we will obtain a rela-
tionship between the solution of the integer order partial differen-
tial equation and the solution of its fractional extension. In the
following section we discuss the preliminaries. In Section 3, we
apply the Laplace transform method to prove the main theorem of
this paper, then we solved the time fractional Black-Scholes equa-
tion in Caputo’s sense as an application for our results.

2. Preliminaries

2.1. Caputo’s fractional derivative

Let 0 < a < 1 and f(t) € AC[a, b], then the Caputo’s fractional
derivatives °DZ,f(t) and “DE_f(t) are exist almost everywhere
on [a, b], and they are defined respectively by

Cha _ 1t f®

DI = 1o Ja g €6 )
And

Cha _ 1 b f@®

DE_f() = — o . oo 96 @

If a =n €N and the usual derivative f®(t) of order n exists,
then DI, f(t) coincides with f™(t), while “D}_f(t) coincides

with £ (t) with exactness to the constant multiplier (—1)™. Thus,
Cpn,f(t) = fM () and “DR_f(t) = (—1)"f™(t). In particular,
CDLLf(t) = f'(t) and °Di_f(t) = —f'(t). For more detailed in-
formation on the Caputo’s fractional derivative, one can refer to

[1], [8].
Now, we’re going to introduce a lemma, but we’ll use it later in
section 3.

Lemma 2.1: °DE_,f(t) = a® D& ,g(w) where f(t) = g(u)
withu=a(T —t)such that0 <t <T,0<a<landa €R-—

{0}.

Proof:
Case (1): If0 <a< 1.
Let f(t) = g(u) with u = a(T — t). Then by (2), we get

Cro _a T g'(a(T-9)

DT—,tf(t) T Tr(1-a) T_E G_[T_ﬂ)a (3)
Now let z = a(T — &), thus
D) = i fy @

r(1-o) 0 (u-z* "

Thus, from (1), we get “D$_.f(t) = a* “DY, ,g(u) where 0 <
a<l.

Case (2): If a = 1.
Then,

a CD%+,ug(u)-
Therefore, “D$_.f(t) = a* “DE, ,g(u) where f(t) = g(u) with
u=a(T—t)suchthat0 <t<T,0<a<1landa€eR-—{0}.

DI_ef(®) = —f'(t) = ~[~ag' (W] = ag'(w) =

2.2. Laplace transform

The Laplace transform of a function f(t) of a real variable t € R*
is defined by

f(s) = L{f(®); s} = [;” e~H(t)dt, (s € ©). (5)
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If the integral (5) is convergent at the point s, € C, then it con-
verges absolutely for s € C such that Re(s) > Re(sy). The infi-
mum c; of values s for which the Laplace integral (5) converges is
called the abscissa of convergence. Thus the Laplace integral (5)
converges for Re(s) > c¢ and diverges for Re(s) < c¢. In other
words, if the function f(t) be continuous or piecewise continuous
over every finite interval in [0, ) and of exponential order e3t,
i.e., there exist constants M > 0 and T > 0 such that |f(t)] < Me?"
for all t > T, then the Laplace transform L{f(t); s} of f(t) exists
for all s provided Re(s) > a.

The original f(t) can be restored from the Laplace transform (s)
with the help of the inverse Laplace transform

“i(s); t) = — [ esti(s)ds, (6)

f(t) =L 7 Jecico
Where ¢ = Re(s) > c¢. The integral in (6) is also called Bromwich
integral [1].

Now, we review some of the basic properties and results of the
Laplace  Transform.  Suppose  that  L{f(t);s} = f(s)
and L{g(t); s} = g(s), then the following statements hold [2]:
L{t"; s} = Where (n = 0,1,2,3, ...) ©)

sn+1r’

r(a+1)
sa+1l

L{t% s} =

Where (a > —1) @)

Laplace Transform of the n — th Derivative:

L{F™(0); 5} =

s™f(s) = s"7Hf(0) — s™2f(0) 9)
—sf®=2(0) — f™=1(0),

Where £((0) is the value of fM(t) att =0,r=0,1,...,(n —
1)andn € N.

Convolution Theorem:

L{F() x g(t); s} =

£{[s Ft = Dg@dr; s} = F©)F(s). (10)
Laplace Transform of the Caputo’s fractional derivative
“D§f(©):

L{ D& f(©); s} = s%f(s) — s*1f(0), (11)

Where0 <a <1
2.3. Abel’s integral equation
The Abel’s integral equation for any 8 € (0, 1) is given by

ff <P(T)

0 Gt dr x>0,

f@) = (12)

Where the function f(t) has a continuous derivative on some
interval [0, 8] [9].
However, the only solution of equation (12) is given by [6]

ft f@

) dr). (13)

1 d
O = roras E(

3. Method of Laplace transform

In this section, we introduce a new method for finding closed-
form solutions to boundary and initial value problems for time-

fractional partial differential equations based on the Laplace trans-
form method.
Consider the following initial value problem

6u(x t)

+ Lyu(x,t) =0 (14

With

u(x,0) = f(x),

(15)
Where L, is an arbitrary linear differential operator in x (of any
order in the derivatives) and u(x,t) be a function of apace and
time, suchthat0 < x < ccand 0 <t < T.

Now, by taking the Laplace transform (5) for equation (14) with
respect to t and using (9), we get

sti(x,s) = f(x) —

L,ii(x,s), (16)

Where L{u(x, t); s} = ii(x, s).

Now, consider the following time-fractional initial value problem

“D§, g (x, 1) + Lytg (x, ) = 0 1)
With
ug(x,0) = f(x), (18)

where L, is the same linear differential operator as before, CDg+,t
is the Caputo’s fractional derivative of order a (0 < a < 1), and
uq (x, t) be a function of apace and time, such that 0 < x < oo and
0<t<T.

By applying the Laplace transform (5) for equation (17) with re-
spect to t and using (11), we get

s iy (x,5) = s (%) = Lyily (x,9), (19)

Where L{u, (x, t); s} = iz (x,s).
Since the L, operator is the same in the two equations (14) and

(17), therefore by the uniqueness of the Laplace transform, we
conclude that

L, ii(x,s) = Lyiig(x,s). (20)
Then, from (16), (19) and (20), we get
fi(x,s) = f(x)[s™! —s%72] + s* 1 (x, 5). (21)

Theorem 3.1: Suppose that u(x, t) is the solution of the initial
value problem (14) subject to the condition (15), and u, (x, t) is
the solution of the time-fractional equation (17) subject to the
condition (18), then the solutions u(x, t) and u, (x, t) are related

by

ug(x, ) = F(a) . :t (fot (tu(:)?“ d‘[) +f() [1 - $] (22)

Where 0 < a < 1.

Proof:

Case (1): If0<a < 1.

By using the Laplace inverse (6), (7), (8), and the convolution
theorem (10), equation (21) becomes

fy e dr = (1 - ) [ulx, ) - F00 +

— @l @

F(2 a)

And thus an Abel’s integral equation for any a € (0,1).Hence,
from (13), we get
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U, (x,t) = Now, we need to reverse the direction of time, so that the terminal
condition (31) becomes the initial condition for the given equation
ra-o)  d ftu(x,r)—f(x)+%-f(x) 4 o4 (30). Sety(x, t) = v(x, z),. wherez =T —t; is a new time coor-
Ta-or@ ac\ Jo (—n)i-a T | (24)  dinate which runs over the interval (0, T).
Thus, the boundary value problem becomes
Thus,
PED § Lw(x,2) =0 (32)
Ug(x,t) =
With
1 i t u(xt) (x) a-1
r(a) dt (fo (t-7)1-@ dT) r@ R (25) v(x,0) = g(x). (33)
L. — a— 1 —-a+1 H - . _ . )
oD (f (t—1) dr) E&w, consider the following time-fractional boundary value prob
T
Let z = —, then —DE_ gy (x,t) — Lyug(x,t) = 0 (34)
Jy(t = D)* 1=y = (26)  With
tfol sz—l(l _ Z)(—a+2)—1dz =t- B(a, 2 — a,), ua(x, T) = g(x), (35)
. . Where L, is the same linear differential operator as in (30)
Where B(-,) is the famous Beta function? X . L ’
) CD%_I is the Caputo’s fractional derivative of order (0 < a < 1),
reory) and u, (x, t) be a function of apace and time, such that 0 < x < o
We know B(x,y) = o) , therefore equation (25) becomes and0 <t <T.
We need to reverse the direction of time, so that the terminal con-
L4 (it _ukxD) ot dition (35) becomes the initial condition for the given equation
ug(x, t dr)+ f(x 27
o) = F(“) dt (f" (t-or= ) A )[ ra )] @7) (34). Set u,(x,t) = v,(x,z), where z=T —t; is a new time

Case (2): If a = 1.

We have CD3+u(x, t) = , since @« = 1. Therefore, equation
(14) and equation (17) are the same subject to the same initial
condition. Thus, must u, (x,t) = u(x,t). Hence, the result valid
fora = 1.

Therefore, equation (27) is true for any a € (0,1].

du(x,t)

Corollary 3.1: If 0 < @ < 1, then u, (x,t) =
u(x, 0).

‘Dit%u(x,t) +

Proof:
When 0 <@ <1, we have D& y(t) = D& y(t) — s -

a)~%, where Dg, is the Riemann-Liouville fractional derivative
operator of order a (0<a<1),anditis given by DZ, y(t) =
1 d(rt y@
r(i-a)dt (fa (t-&)« df)'
Therefore, equation (27) becomes

f(@)

Ug(x, t) =

D3 %u(x,t) — u(?(;)t (1-a) 4 y(x, 0). (28)
Thus,

Ug(x,£) = “DEF%ulx, t) + u(x,0). (29)
Now, consider the following boundary value problem

R Leu(x,t) =0 (30)
With

u(x, T) = g(x), @31)

Where L, is an arbitrary linear differential operator in x (of any
order in the derivatives) and u(x,t) be a function of apace and
time, suchthat 0 <x < cand0 <t <T.

coordinate which runs over the interval (0,T). Hence, by lemma
2.1, we have “D§_,u,(x,t) = °D§, ,vq(x,2).
Thus, the given time-fractional boundary value problem becomes

CD(‘)ﬂ'Zva (x,2) + Lyv,(x,2) =0 (36)
With
Ve (x,0) = g(x). (37)

Theorem 3.2: Suppose that u(x, t) is the solution of the boundary
value problem (30) subject to the condition (31), and u,(x, t) is
the solution of the time-fractional equation (34) subject to the
condition (35), then the solutions u(x, t) and u, (x, t) are related

by

1 d T-t u(x,T-1)
e t) =~ () e dr)
T-t)*7!
+900 [1 -], (39)

Where 0 < a < 1.

Proof:

From theorem 3.1, we know that the solution of the initial value
problem (32) subject to the condition (33), and the solution of the
time-fractional equation (36) subject to the condition (37) are
related by

__1 4z _v&xD) _z
ve(02) =250 0 (fo -o'- adT) +9(x) [1 F(a)]’ (39)
Where 0 < a < 1.
Since u, (x,t) = v,(x, z), where z = T — ¢, then

__;.i T—t u(x,T-1)
Ug(x,t) = r(a) dt(fo (T-t-1)1- zdr )

(T_t)a—l

+g(x) [1 @ ] (40)
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Corollary 3.2: If 0 <a <1, then u,(x,t) = “Di%ux,t) + ,-ia- t)(a+ 1
u(x' T). * Tt f 9( e‘(cr\/T—t)y) e(g_az)(U‘/ )Y —— ]/- (48)
Proof: ® Now, Iet z=—-y+ (E - é) (a\/T - t). Thus
When 0 < a < 1, we have °DZ y(t) = D y(t) — F{l—a) b -
t)~%, where DZ_ is the Riemann-Liouville fractional derivative p(S,t) =
operator of order @ (0 < @ < 1), and it’s given by Df_y(t) =
1 d (b y@ o-T(T=) T +Hr-Z\ -0\ _z2
F(l a) dt (ft (&- t)adf)' \/_ f 9( Z(U ) (7‘ 2) e zdz. (49)

Now, let ¢ = T — 7, then equation (38) becomes

uy (x,t) = DF-%u(x, t) — ur(? T)) (T -0+ uxT). (41)
Hence,
ue(x,t) = “DIZ%ulx,t) + ulx, T). (42)

The applicability of theorem 3.2 shall be demonstrated by the
following example.

Example 3.1: Let S denote the price of the stock, K denote the
strike of the option (exercise price), r denote the risk-free interest
rate, o denote the volatility of the stock’s returns, and t denote a
time in years (assuming expiry t = T). In such setting, the time
fractional Black-Scholes equation for the price of European put
option p, (S, t) reads as

2 0%pa(S,t)
— “Df_pa(S,t) + 252D
+ 5"’””‘5 D rpa(S,t) =0, 43)

Where 0 <t < T and 0 < S < oo subject to the boundary condi-
tions
S, T)=6(5) = (K-,
Pa(S,T) = 6(S) _(T_ ) (44)
pa(ort) = Ke 7( t)'

Where limg_,. pe (S, t) = 0 and CD%_'t is the Caputo’s fractional
derivative with respectto t; 0 < a < 1.

Solution:
Consider the following Black-Scholes equation for the price of
European put option p(S, t),

ap(S.t) —52 %p(S.t)
at as?

+7S ap(S t)

p(S,t) =0, (45)

Where 0 <t < T and 0 < S < oo subject to the boundary condi-
tions

{p(s, T)=6(S) = (K- 9", (46)

p(0,t) = Ke "(T-0),
And limg_, p(S,t) = 0.

From [7], we know that the exact solution of the above problem
(45) is given by

p(S,t) =
sr-0(oy) 5-5) ey e
a'— ,m f B(u)u 2 o2)e T202(T-0) odu. (47)

Letu = Se‘("‘/ﬁ)y, then

p(S,t) =

Therefore, by theorem 3.2, equation (43) has a unique solution of
the following form

pa(S,t) = ——-=(

T-t p(S5,T-1)
[‘(a) dt f d)

0 (T-t-1)1-@

+6(5) [1 - (T;g;”],

) =)+ (r-2) (7 22
Where p(S, t) = “— "t — [, ( Z(”‘/ﬁ)"(r ) t))e_TdZ.

(50)

4. Conclusion

If we know the solutions of the integer order partial differential
equation, then by our results it is easy to obtain an exact and ex-
plicit analytic solutions of its fractional extension in Caputo’s
sense.
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