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Abstract

In this paper, new distribution so called the Kumaraswamy — Kumaraswamy (KW-KW) distribution, as a Special model
from the class of Kumaraswamy Generalized (KW-G) distributions, is introduced. the probability density function (pdf),
the cumulative distribution function (cdf), moments, quantiles, the median, the mode, the mean deviation, the entropy,
order statistics, L-moments and parameters estimation based on maximum likelihood are obtained. A numerical
illustration is used to studying the properties of the parameters.
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1. Introduction

Cordeiroa and Castro (2010) presented the class of KW-G distributions where the CDF of the class of KW-G
distributions was presented as follows:

a)b
F(X)=1—{1—G(X) } a,b,>0,—00 <X <0 O
and the pdf is:
_ b—1
f)=abg()6()" H{1-6()"} " jab >0, -m<x <o @)
Then, if a is real non-integer, an expansion of density function of the class of KW-G distributions will be
o
Fx)=g0) X Yw ;G
i,j=0k=0
Where,

i+j+ a(i +1)-1)(b -1 j
e

Simplified expansion of F(x)" was used, as follows:
FX)' = £ dg , (@b)G(x,)"

q=0
Where,

4, @b ¥ (f)<-1>w 5 (yymeee (““’JU(")
’ w=0\W m=0 p=q m p q

It is noted that if b > O is integer, the index i stops at b-1 and if a > 0 is integer the index j stops at a (i+1)-1
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2. The Kumaraswamy Kumaraswamy distribution

The CDF and PDF of the Kumaraswamy (KW) distribution with two shape parameters a > 0 and 3 > 0, respectively
are:
B

G(x):l—(l—xa) 1 0<x <1; a,8>0 (3)
and

b1
g(x):aﬂxa&(l—xa) ;0<x <1; a, >0 (4)

Substituting from equation (3) and (4) into equation (1), yields cumulative distribution function of the KW-KW

distribution.
b

ﬂ a
F(x)=1-4 1- 1—(1—x“) ;0<x <1;a,b,a,8>0 (5)
Substituting from equation (3) and (4) into equation (2), yields probability density function of the KW-KW distribution.
a-1 b-1
p-1 B B
f(x):abaﬂx“’l(l—x“) [1—(1—#") } 1{1—(14“) } 0<x <1:ab,a f>0 (6)

It is noted that, at a=1 and b=1 equation (5) and (6) give the CDF and PDF of the ordinary KW distribution and when
b=1 they give the CDF and PDF of the exponentiated KW distribution, see Cordeiroa et al. (2013).
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Fig. 1: KW-KW Densities of Selected Values of a and B; (i) « =1 and f = 3; (ii) « =0.5 and = 0.5; (iii) « =2 and p = 2.5; (iv) e =5and B = 2

A General Expansion of the KW-KW Density Function:
A general expansion of the KW-KW density function can be yielded, if a is real non-integer using binomial Expansion
yields:

a(l+i)-1

o0 -avam(1x%) () [bf 1) {1‘(1”“)/5}

Then using the following expansion in the last equation:

0 — J f
(1_2)071: z MZJ;|Z|<1 (7)
=0T -j)j!
Will be as follows:
- - NG
0= 2w x (1—x ) ®)
Where,
) i+] 3 .
R A )
j! r@l+i)-j)
and
_fowua‘ls(l,ﬂ(uj)):l 9)
i,j=

It is noted that if b > O is integer, the index i stops at b-1

3. Some properties of the KW- KW distribution

In this section some properties of the KW- KW distribution will be calculated as follows:

3.1. Moments

If X has the pdf (6), then its r'" Moment can be given simply from (8) as follows:
r 2 T oriaa a A

i :i‘szowi’jgx (1—x ) dx
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o0
U= 3 Wija_lB
ij=0 "

7~ N\

r+1,,6’(1+j)j

o

Wi a'B (1,ﬁ(1+ j)) and from equation (9), #o =1,

We can see that x° = i

;:M8

i,j=0

o 1 oo 2
p= X W, a15(+1,/3(1+j)j and 4° = ¥ w, alB(+1,ﬂ(l+j)j
[04 o

i,j=0 i,j=0

3.2. The moment generating function

The moment generating function of the KW-KW distribution can be got by:

o Ly oua N
Mx(t):i,jzzowi’j ée X (l—x ) dx
using epansion in equation (7) yieids:
0 1
M )= 2w, fe' x kL gy
i,jk=0 "o
Then,
M@= 3w, IFi(a@+K), al+k)+11)
k=0 M g1+ k)
Where,
1F1 is the confluent hypergeometric function; see Prudnikov et al. (1986).
And

Wik =abap

(- (b —1) F@@+i)  r(pa+i)
jlk! i JT@A+i)-j)T(BA+])-k)
3.3. Quantile function and the median

Starting with the well-known definition of the 100 g-th quantile, it is clear that
qg=P(X sxq)zF(xq); Xq >0,0<q<l1

Quantiles of the KW-KW distribution can be yielded by equating the cdf with g:
b

B
qg=1-<1- 1—(1—x“) :0<x <1l;a,b,a, >0

Then,

a ﬂ 2 -
X, = \1- \1-y1- 41—q

q
Obviously, by substituting q by 1/2 (the second quartile) the median will be got. So, the median is

a
X = \/— 1- \1- o5

3.4. The mode

The mode of the KW-KW distribution can be got by:
Differentiating the normal logarithm of equation (7) with respect to x as follows:
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d [logf 0] a-1 a(p-x"" ap@-nx“a-x")"
= - +
d X 1-x“ 1-1-x%*

_aapb -Dx Laox P Ta-a-x9)Ft

1-(-@-x“)")
, but the last equation is a nonlinear equation and does not have an analytic solution with respect to x therefore, we
have to solve it numerically, If X, is a root of the last equation it must be f"(X,) <O0.

=0

3.5. The mean deviation

Basically, the mean deviation is a measure of the amount of scatter in X; generally, the mean deviation about the mean
and about the median is expressed respectively by

51(x):T |x —u|f x)ax  and 52(x):0f0 |x =M | (x)dx

Where, | is the mean and M is the median.
These measures can be expressed easily by:

5,(X)=2uF(u)-2T (1) and  &,(X)=u-2T (M)

Where, T(q) = [ x f (X)dx

From equation (8) the last equation will be:

5 d a a i _
T@-= 2 w, i [x*@-x )ﬂ(Hl) Lix
ij=o 1o
Then,
0 qa(1+k)+1
T@= X Wi ———
hik=0 al+k)+1

4. Order statistics and L-moments

A simple random sample Xy, X,..,.X,, given from the KW-KW distribution where X’s are i.i.d random variables, see
Arnold et al.(1992), The density f,.,(x,) of the u-th order statistic, for u=1,2,......,w is given by:
f(xy) u-1 v
foo(x,)=—2"F(x,) 1-F(x,)
e B(u,w —u+1) ! { ! }
Using binomial expansion and the expansion in equation (7), yields:
1 w " ot NS
f X,)=————— 2 h WX, (1-x 10
uw( u) B (U.W —u +1) k.l.mn=0 k,I,m,ni'jZO i,j “u ( u) (10)
Where,
)" (h_1) r@a+i
w, :abaﬂ()( _ )H»
' j! I Jr@@+i)-j)
and

h _(_q)KHHmen w—ulfu+k -1} bl I'(am +1)
chma = 1 < Ut o) or@nnin

Moments of Order Statistics
Basically, moments of order statistics, see Arnold et al. (1992), is defined by:

Eiw (Xur) = | Xur fuw (Xu )dxu

Substituting from equation (10) into the last equation yields:
1 L LA+j+n)-1
W ~IXa+r_ 1_Xa dx
D)

o0

1 ©
B X)) = B g 2

B(uw —u +1) k.I.mn=0 i, ! ! u

0
Then,
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. B(1+L,,6'(1+j+n))

B )= 5 b Sw,
uw u B(U,W _u+1)k,l,m,n=0 k’l‘m’ni,j=0 i,j o

L-Moments
L-moments are linear functions of expected order statistics, and L-moments is defined by, see Hosking (1990):

19 tf @
;Lt9+1 :(9+1) EZO(_]') t E(X€+l—t16+1) ,9:0,1,....
The first four L-moments are:

1 1
A =EXy). 4 =EE(X2;2—2XLZ), A4 :gE(X3:3_2X2:3+X1:3)

1
A4 :ZE(X 44— X 34 +3X 54 = Xpy)

Therefore,

0

© 1 1
/11: > hk,I,m,n._Z Wi,j*B(l"'*uB(l‘*j"'n))

k,lI,m,n=0 i,j=0 o o
Where,
W, :abaﬁ(_l)HJ (b —1) F@a@+i))
' j! i Jr@ad+i)-j)
and

- k+l+m+n [ K |( b1 am +1)
Mt man = (D) (Ij(mjrﬂr(am—nm

Similarly, A,, A3 and A, can be yielded

5. Renyi entropy

According to Meeker and Escobar (1998), the entropy of a random variable is a measure of variation of the uncertainty,
the entropy has been used in various situations in science and engineering, the Rényi entropy is defined by:

1 [ o
eg(p)=——log| | f (X)de}
1-p L=
Substituting from equation (6) into the last equation yields:

p(a-1) a pb-1)

eR (p) =ilog z(abaﬁ)pxp(“_l)(l—x“)p(ﬁ_l) [1—(1—x“) } 1{1_(1_)(0:)'3} "

1-p

Using binomial expansion and the expansion in equation (7) yields:
1 © ) D' rp@-1+ai +1) 1 P(B-1)+ip B
ex (0) - Iog{(abaﬂ)p | J_O(p(b_ 1)) (1) (pa-1)+ai +1) [ x° 1)(1_Xa) (1_)(0:) o

—p i j! T(p(@a-1)+ai +1-j) o
Then,
£ i+]j .
b 0 _ _ _ _
()= Ing (abap) 2 (p(b_ 1))(1). M(pa-Y el +1) B(p("‘ 1)+1,p(/3—1)+m+1ﬂ
1-p a i,j=0 I ji' T(p@a-1)+ai +1-j) a

6. Parameters estimation

The purpose of the present section is to estimate the KW-KW distribution parameters based on maximum likelihood
method.

Given the iid random variables X;, X2... Xn from the KW-KW (a, b, a, B) distribution, Henceforce, let 0 is the
parameters vector, then The likelihood function will be:
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a-1 a)P?t
N AP Ln N n N
L(6;x;) = (abap) El(xi N a-x) iH1|:1—(1—xi) } 1l 1{1—(1—xi) }
Hence, the log likelihood function will be:
a-1 a)Pt

I(H;x):nIog(abaﬂ)+i§_21IOg(Xi“—1)(1—xia)ﬁ1 +i§_:1|ogl:l—(l_xi‘)‘)ﬂ:| +i§::1|og 1{1—(1_)(?)1”}

Differentiating A(@; X) with respect to a yields:

a

B
o1(@:x) n n Plon {1_(1_)(?)} )\’
oo [ ]
1{1—(1—xf‘) }

Differentiating A(€; X) with respect to b yields:

a
a1 (6; NG
( X):E+%Iog 1—{1—(1—xi ) } 12)
ob b i<l
Differentiating A(&; X) with respect to a yields:
ol (0; -1 a -1 a a\ B~
(6:x) =E+ % logx; —%('Bia)ﬁ&xi logx; +%Liﬁxi (L-x; )ﬂ 1Iogxi
da  a i1 i1 (1-x") L% ")
b-1 v ap
5 apb-y _x T @-x ) T logx; (13)

11— 1--x; 9
Differentiating A(&; X) with respect to B yields:

ol@;x) n n «. N (a-1 a\p a
=—+4+ Z Iog(l—Xi )—Z 7M(1—Xi ) |Og(1—Xi )
B B i i=11-(1-x/")
R G a-@a-x)")* a-x")" loga-x) (14)

a

11— - a-x9")
Equating equations 11-14 to zero, yielding a system of nonlinear equations that system needs to be solved numerically
to obtain parameters estimation values.

The Variance Covariance Matrix:
Let 0 is the vector of the unknown parameters (@, b, a, B ), The element of the 4 x 4 information matrix | (a, b, a, )
can be approximated by:
2
n o 1 (6

i (0)=- @)

a6, 0, 10=0
I (a, b, 0, B ) is the variance covariance matrix of the unknown parameters
The asymptotic distributions of the MLE parameters

@ -0)~N,0170)) i =1..4
the approximation 100 (1- o) % confidence intervals of the unknown parameters based on the asymptotic distribution of
the KW-KW (a, b, o, B ) are determined, respectively, as

6, izg,/l’l(é}) =14
2

Where z , is the upper % ™ percentile of the standard normal distribution
2
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7. Simulation study

A simulation experiment is given to illustrate new results of the KW-KW distribution; this example is about MLEs of
parameters of the KW-KW distribution. The algorithm of obtaining the parameters estimates is described in the
following steps:

Step (1): Generate a random sample of size n as follows: ul, u2... UN y, using the uniform distribution (0, 1)

Step (2): transform the uniform random numbers to random numbers of the KW-KW distribution by using the
following Quantile function for the KW-KW distribution:

a
X, = - \1-\1- \/l—u ,O0<u<l1

Step (3): Solve the equations (11-14) by iteration to get the maximum likelihood estimators via iterative techniques
such as Newton-Raphson algorithm and repeat it many times.

Step (4): Calculating variance covariance matrix and confidence intervals of the KW-KW distribution

Numerical illustration:

In this example 50, 30 and 10 random numbers were generated by the Mathcad package which calculated MLEs and
variance covariance matrix of the KW-KW distribution starting with parameters values: a=4 ,b=2,0=3 , =1
for 1000 times as follows

Sample size Parameters Bises RMSEs
a 9.947 15.012
10 b 3.404 7.804
a 0.627 2.765
B 3.113 5.62
a 3.868 6.131
30 b 2.202 4.975
a -0.146 1.611
B 1.17 2.711
a 2.468 4.408
50 b 1.504 3.916
a 0.135 1.349
B 0.78 2.05

We see that the more sample size increases the more Bises and RMSEs decrease.
Also, variance-covariance matrix (inf™*) and confidence intervals at significance level 0.05 were calculated in case n=50
and we got the following results:
1.552 -0.01 -0.867 0.058
inf 1 -0.01 0.368 —0.067 —0.094
inf ~ =
-0.867 —0.067 0.947 0.074
0.058 —0.094 0.074 0.048

and confidence intervals are:

Parameters upper Lower
a 6.442 1.558
b 3.189 0.811
o 4.907 1.093
b 1.429 0.571

8. Conclusion

A new model so called the Kumaraswamy - Kumaraswamy (KW-KW) distribution generalized the exponentiated
Kumaraswamy distribution and the Kumaraswamy distribution and it will be used (like the Kumaraswamy distribution
and the exponentiated Kumaraswamy distribution) in hydrological application and related fields, some of general
mathematical and statistical properties of the KW-KW distribution were calculated, and simulation study were
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experimented to estimate its parameters. Finally, the KW-KW distribution provides a rather flexible mechanism of
fitting a wide spectrum of world data sets.

9. Appendices

Appendix (i)
The condition of the nonlinear mode equation:
If X is a root of the nonlinear mode equation it must be f "(xg) <0

Let: A=(1-x%), B=01-(1-x%)")and C :(1—(1—(1—x“)ﬂ)a)

Then,
1-a a(ﬁ—l)xa_z((a—l)waa) af@-1x*2aft ..
NOEES " + > {B[(a—l)—a(ﬁ—l)x A 1]
e a2, flgad
_[aﬂx“Aﬁ’l]}—aa’B(b 1)XCZ ATB {c[(a—l)—a(ﬁ—nx“A’l

+a,b’(a—1)xaAﬁ_lB_l] raafx A ﬂ‘lsa‘l}

Appendix (ii)
The elements of the observed information matrix

Let: A=(1-x%), B=@1-1-x%)’)and C :(1—(1—(1—x“)”)a)

Then,

o%1(6;x)  —-n n (b -1) (|ogB)2 1 2 2

— = L —— 8" +—2|:C(b—1)(logB) B® +(b -1)(logB ) Bza] ,
oa a i=1 C C

2 a
o 1(0;x) n B logB
[ A, 27

daodb i<l C
°10:x) o A" x“logx  [n b-1 a1, p1 a al,p1 a

=3 - > {C[(IogB)aB PA” X logx; +B7 T BAT Tx; Iogxi]
oada i=1 B i-1 C

+[aﬂ82a_l(logB)A'B_lXia logx; ] }}

2 B

o0 1(0;x n A" log A n b-1 _ _

alex) 3 S {—c I:(IogB)aBalAﬂlogAJrBalAﬁ |ogA]
0ad0p i1 B i1 C

~[aB™™*(log8 )A” 1ogA” ]}}

21ox) —n 1@:x) 3 apB* A Ix M logx; 821 (6:x) L aB* A’ logA
ob? b oboa i-1 c " obop  ixt C '
2
o°1(6;x) -n n (B-1)logx; A1 a 2a B-2
7 =7‘.,T[A Xi logx; +x; (A -DA 'ngi}
oa a” il A

. ﬂ(a_l)cxf S B (- 9A (o )(1ogx; ) - A7 (-0)A7 () (o9 )

i=1
n af@a-1 Iogxi

+Elc—2{c [xf’(logxi )Aﬂfl+(ﬂfl)Aﬂ72xia (Iogxi )}

—[aﬁxizo’AzﬂfzBafllogxi ] }
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2 a
0 |(49:X) n o X. |ng_ o 3
Towop e AT w-oa e

+ é(a_l);i:mgxi{s I:Aﬂ_l + APt IogA} +|:,BA2ﬂ_l |ogA]}

. .%1W{C [A7"+pa" 1ogn ] -[apa® 8  1oga |

and

20 . B
76 |(9£X)=_—zf%7(a l)logA [AﬁB IogA+A2ﬂ IogA]

opt  p 2 B’

n a( -1) logA _ - .
+i§1C72{c [A7B* logA —(a-1)a* B Z loga |-[an™ B 2IogA:|}
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