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Abstract

A set of vertices D in a graph G = ( V, E ) is a dominating set if
every vertex of V — D is adjacent to some vertex of D. If D has the
smallest possible cardinality of any dominating set of G, then D is
called a minimum dominating set — abbreviated MDS. A graph G is
said to be excellent if given any vertex v then there is a y - set of G
containing v. An excellent graph G is said to be very excellent ( VE ),
if there is a y - set D of G such that to each vertex u € V — D there is a
vertex v e DsuchthatD—{v}u{u}isay-setof G. In this paper
we have proved that very excellent trees are subdivision stable. We
also have provided a method of generating an excellent subdivision
stable graph from a non - excellent subdivision stable graph.
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1 Introduction

We consider only simple connected undirected graphs G = ( V, E ). For
graph theoretic terminologies we refer to [ 5]. A set of vertices D in a graph
G = (V, E) is a dominating set if every vertex of V — D is adjacent to some
vertex of D. If D has the smallest possible cardinality of any dominating set of G,
then D is called a minimum dominating set — abbreviated MDS. The cardinality
of any MDS for G is called the domination number of G and it is denoted by
v (G). A y - set denotes a dominating set for G with minimum cardinality. The
subgraph of G induced by the vertices in D is denoted by < D >. The open
neighborhood of vertex v e V (G ) is denotedby N(v)={ueV (G)|uve
E ( G) } while its closed neighborhood istheset N[v]=N(v)uU{v} The
private neighborhood of v € D denoted by pn[ v, D], is defined by pn[v, D ] =
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N(v)-N(D-{v}).Avertex v is said to be a, down vertex if y(G-u)<
vy(G),level vertex if y (G—u )=y (G),up vertex ify (G—-u)>7(G). A
vertex v is said to be selfish in the y- set D, if v is needed only to dominate itself.
We indicate that u is adjacent to v by writing u L v.
A vertex v is said to be good if there is a y — set of G containing v. If there
is no y — set of G containing v, then v is said to be a bad vertex. A vertex inV — D
is k — dominated if it is dominated by at least k — vertices in D thatis| N (v) N D |
> k. If every vertex in V — D is k — dominated then D is called a k — dominating
set. A subdivision of a graph G is a graph resulting from the subdivision of edges
in G. The subdivision of some edge e with endpoints {u, v} yields a graph
containing one new vertex w, and with an edge set replacing e by two new edges,
{u, w} and {w, v}.

2 Preliminary Notes

A graph G is said to be excellent if given any vertex v then there is a y - set
of G containing v. In [ 3], M. Yamuna and N. Sridharan introduced the concept
of very excellent and rigid very excellent graphs. An excellent graph G is said to
be very excellent ( VE ), if there is a y - set D of G such that to each vertex u e
V —D thereisavertexv e DsuchthatD—{v}u{u}isay-setof G. Ay - set
D of G satisfying this property is called a very excellent y - set of G. In this case
we say that u and v are vertex exchangeable.

In all the figures encircled vertices denote a vy - set for G.

2.1 Example for very excellent graph

LT

G

Fig. 1

InFig.1D-{v}u{1},D-{v}iu{2} D-{u}u{3},D-{u}tu{4d}
are y - sets for G.
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Let G be a very excellent graph and D be a very excellent y - set of G. To
eachug D,letE(u,D)={veD/(D-v)u{u}isay-setof G} If
|E (u,D)|=1, for each vertex u ¢ D, D is said to be a rigid very excellent y - set
of G. If G has at least one rigid very excellent y - set then G is said to be rigid very
excellent ( RVE).

2.2 Example for rigid very excellent graph

1

5
G

Fig. 2

In Fig. 2, to each vertex u ¢ D there is a only one possible way to select a vertex v
e DsuchthatD—-{v}u{u}isay-setforG.

If G is a graph, then S ( G ) denotes the subdivision graph of G obtained
from G by subdividing each edge of G once. A graph H is said to be a subdivision
of G, if it is obtained from G by subdividing each edge of G at most once. In other
words, to obtain H, it is not necessary to subdivide each edge of G.

In [ 6], they have proved the following results

1. Type 1 operation: If G is very excellent and u is a level vertex of G, then
the graph H obtained from G by attaching a path P, at u is very excellent.

2. Type 2 operation: Let u be a vertex of a graph G. A graph H is obtained
from G by attaching a tree path P3 at u. Then H is very excellent if and
only if G is very excellent and there is a very excellent y - set D of G such
that u € D and D — u dominates G — u.

3. Type 3 operation: Let G be a very excellent graph and u be a vertex of G.
Assume that there exist a very excellent y - set D of G such that for some v
e D,(D—v)isay-set for G—u. Then the graph H obtained from G and
a disjoint path w; w, ws ws ws of length four by joining ws and u by an
edge is very excellent.

4. Atree T is very excellent if and only if T is obtained by applying type 1, 2
and 3 operation any number of times.

5. Every very excellent tree is rigid very excellent.
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6. If a graph G is not excellent, then there is a subdivision graph H of G
which is excellent.

In [ 7], M. Yamuna and K. Karthika have introduced the concept of
domination subdivision stable graphs. A graph G is said to be domination
subdivision stable ( DSS ) if the y - value of G does not change by subdividing
any edge of G. We shall denote the graph obtained by subdividing any edge
e=(uv) ofagraph G, by G ¢4 uv. Let w be a vertex introduced by subdividing
uv. We shall denote this by G s uv = w.

2.3 Example for DSS graph

u u
w
v v
&

Geauv

Fig. 3

INFig. 3,y (G)=v(Ggsuv)=3.Thisis true foralle =(ab)e E (G) which
implies that G is a DSS graph.

In [ 7], they have proved the following results
1. Agraph G is DSS if and only if for every u, v € V ( G), either there is a
y - set containing u and v or, there is a y - set D such that either
» pnf[u,D]={v}or
» Vis2—dominated.
2. Forany graph G,y (Gguv)>y(G)foralle=(uv)eE(G).
3. Every graph is an induced subgraph of a DSS graph.
They also have discussed properties satisfied by the vertices of a DSS graph and
obtained methods of generating new DSS graphs from existing ones.

3 Main Results

In the following theorem we provide a method of generating an excellent DSS
graph from a non — excellent DSS graph.

Theorem 3.1 Let G be a DSS and non — excellent graph. Then there is a
subdivision graph H of G which is excellent and DSS.
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Proof: Let G be a non — excellent and DSS graph. Let B be the set of all
bad vertex of G. Let x € B. Among the y - sets of G select one y - set S; such that
N (x)n Sp]|is maximum. Foreachy € N ( x ) n Sy, subdivided the edge xy.
Let wy be the vertex introduced while subdividing edge xy. Let H; be the graph
thus obtained.

In [ 4] it has been proved that,
1. Hjis asubdivision of G.
2. The set of all bad vertices of Hy is a proper subset of the set of all bad

vertices of G.

3. InHy, {wy/yeN(x)nS:inG } are good vertices. X is also a good

vertex in Hj.

4. Du{x}isay-setforH;.
We observe that { wy /'y € N (X ) n S in G } is 2 — dominated. Hence
Y(Hisaxwy)=y(H1)=y(G)+ Ll Let{Syc Si/y e N(Xx)nS;} betheset
of verticesin S; L xinG.y (HisawysSy) =y (H1)=7y(G) + 1. Since G is DSS
graph, Hj is also a DSS graph.
If Xo is a bad vertex of Hy and S, is y - set of Hy such that | N ( X0 ) » Sz | is
maximum, then obtain a subdivision H, of H; by subdividing the edge xgy, y €
N(Xo)(’\Sg, N (Xo)CV(G).
The number of bad vertices in H, < the number of bad vertices in H; < the number
of bad vertices in G.
By the above discussion we know that H; is a DSS graph.
Proceeding like this, we obtain finite sequences Hj, Ho, ..., Hi of subdivision of G
with the following property,

1. Each Hi: is a subdivision of H;.

2. The number of bad vertices of Hi,; < the number of bad vertices of H;.

3. Each H;j ., is DSS.
For some k, (< | B |), we obtain an excellent subdivision stable graph Hy. Denote
this Hy by H. [ |

We prove the following results to prove that VE trees are DSS

Theorem 3.2 Let T be a VE tree. Then every pendant vertex can be
exchanged with its support vertex only.

Proof: Let T be a VE tree and D be a VE vy - set for T. Let v be a pendant
vertex and u be its support vertex. In [ 3 ], it has been proved that, in a VE tree,
every support vertex has exactly one pendant vertex adjacent to it. Suppose there
isoney e D,y#usuchthatD'=D-{y}u{v}isay-setforG,then D" =D’
—{ v } is also a dominating set for G such that | D" | < | D ' | which is a
contradiction. Hence every pendant vertex can be exchanged with its support
vertex only. [
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Theorem 3.3 Let T be a VE tree and D be a VE y- set for T. Then for each
vertex u € D eitherpn[u, D] =1orpnfu,D] = ¢

Proof: Let T be a VE tree and D be a VE vy - set for T and if possible, let
pnfu,D]>2forsomeu e D,saypnfu,D]=2=x,Y.

Claim 1
x and y are internal vertices only.

Proof:

In [ 6] it has been proved that, both x and y cannot be pendant vertices. Let us
assume that, x is pendant and y an internal vertex. By theorem 3.2, we know that
D'=D-{u}u{x}isay-setforT.Buty is not dominated by D’ which is not
possible. Hence if pn[ u, D ] = 2, then both x and y are internal vertices only.

Claim 2
x and y cannot be interchanged with u.

Proof:

If possible, let us assume that D' =D —-{u}u {x }isay-setfor G. Then x L u,
ythatisu L x,x L yandy L uwhich is not possible, since T is a tree that is x and
y cannot be interchanged with u.

Since T is VE, thereisonez=u [byclaim (2)]suchthatD'=D- {z}u{x}

is ay - set for T which is a contradiction, since D' — { x } itself is a y - set for T.

Hence pn[ u, D ] is not greater than 2, that is either pn[u,D]=¢ orpn[u,D ] = 1.
|

Theorem 3.4 VE trees are DSS.

Proof: Let T be a VE tree and D be a VE vy - set for T. By theorem 3.3, we
know thatany v € V ( T) is either 2 — dominated or pn[ u, D ] = v for some u € D.
Letu,ve V(T).
Casel u,veD
Let Tsguv =w. D itself isay - set for T g4 uv.
Case2 ueD,vegD
LetTquv=w.Ifpnfu,D]=v,thenD'=D-{u}u{w}isy-setforT s uv.
If pn[u, D] =¢,then D itselfisay - set for T sguv.
Case3 u,veD
Let T sguv=w.Since Tis VE thereisonezsuchthatD'=D-{z}u{u}isa
y-setfor T.Here D' isy - set for T g uv also.
Inall casesy (T sguv ) =y ( T) that is VE trees are DSS. [
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Theorem 3.5 Let G be DSS and y be a level vertex of G. Then the graph H
obtained from G by attaching a path P, at y is DSS.

Proof: Let G be DSS and y be level vertex for G. Consider a path
P, : wiw,ws. Attach a path P, to a vertex y, to obtain a graph H. Label the vertex
yw; as u.
y(H)=v(G)u{w;}thatisy(H)=vy(G)+1.
Consider H ¢g uw,. Let H sg uw, =w. Hence y (H) =y (H sq uwy).
Consider H ¢g wows. Let H g wowsz =w. Hence y (H sgwaw3) =y (G)u {w}
thatisy (H) =v (H sg Waws) .
Alsoy(Hguv)=y(H), uuveV (G).Ingeneraly(H)=y(Hgyab)=

vy(G)+1forall a,b eV (H).HenceH is DSS. ]
Example
y
G H
Fig. 4

In Fig. 4, Gis DSS and y is a level vertex of G,y (G )=3,y (H)=4 =
Yy(Hsguv). Thisistrue foralle=(ab)e E(H).

Theorem 3.6 Let u be a vertex of a graph G. Let H be the graph obtained
from G by attaching a path P3 at u. Then H is DSS if G is DSS and there is a y —
set D of G such that u € D and D — u dominates G — u.

Proof: Let G be DSS and D be y —set for G. Letu € D suchthatD —{ u }
dominates G — { u }. Consider P3: wi;w,wsw,. Attach a path P3 to u, to obtain a
new graph H. Label the vertex uwi asy. y (H)=y(G)u {ws }.y(H) includes
y which is a selfish vertex.

Consider H g yw,. Let H sgywo =w. y (Hsgyw2) =y (H).

Consider H ¢y Wows. Let H sg Wows =W. v (H g WoW3) =y (H).

Consider H ¢ wawy. Let H oo waw, =w. Hence y (HsgwWows) =y (H)—-{ws} U
{w} Alsoy(Hguv)=y(H),forallu,veV(G).

Inall casesy (Hsuv)=vy(H)forallu,v eV (H).Hence His DSS. [
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Example

Fig. 5

In Fig. 5, u is a selfish vertex in G,y (G )=2,y(H)=3=7y(Hguv). Thisis
true foralle=(ab)e E (H) which implies H is DSS.

Theorem 3.7 Let G be a DSS graph and u be a vertex of G. Assume that
there exist a y- set D of G such that for somev e D, (D — v ) is a y- set for G — u.
Then the graph H obtained from G and a disjoint path w; w, ws wa ws of length
four by joining w3 and u by an edge is a DSS graph.

Proof Let G be DSS and u € V ( G) such that there is a y — set D of G so
that for some v e D, D — { v } is ay — set for G — { u }. Consider a path
P4 : wiwows waws of length four with V (G ) nV (P ) = ¢. Let H be a graph
obtained from G by joining the vertex u and w3 by an edge thatisGu Pu {e}.
vy(H)=y(G)u {w}u{ws}thatisy (H)=y(G)+2.
LetHguws=w.y(Hguwz)=y(H)-{v}u{u}.
LetHgwiw,=w.y (Hsgwiwo) =y (H)-{w2}u{w}

Let H g Wows =w. vy (HsgWows3) =y (H).

Let H g Waws =wW. v (HsgWsws) =y (H).

LetH ggWaws =W. vy (HsgWaws) =y (H)—-{ws}u{w}
Alsoy(Hguv)=y(H),forallu,ve V(G).Inallcasesy (Hgsab)=vy(H)
foralla,b € V (H). Hence H is DSS. [

Example
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Fig. 6

INnFig. 6, GisDSS,y(G)=2,y(H)=4=vy (Hguv). Thisis true forall e =
(ab) e E(H)thatis His also DSS.

4 Conclusion

By theorems 3.2 — 3.7, we observe that
1. VE trees are DSS.
2. If G is DSS, then the graph obtained by applying type 1, 2 and 3
operations are DSS.
Using VE characterization and the results in page [ 3 ], we conclude that
“VE trees and RVE trees are DSS ™.
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