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Abstract
The purpose of this research is to provide an effective numerical method for solving linear Volterra integral equations of the second kind. The mathematical modeling of many phenomena in various branches of sciences lead into an integral equation. The proposed approach is based on the method of moments (Galerkin- Ritz) using orthonormal Bernstein polynomials. To solve a Volterra integral equation, the approximation for a solution is considered as an expansion in terms of Bernstein orthonormal polynomials. Ultimately, the usefulness and extraordinary accuracy of the proposed approach will be verified by a few examples where the results are plotted in diagrams, Also the results and relative errors are presented in some Tables.
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1. Introduction
Basically, a Volterra integral equation is an initial values problem. We consider then the numerical solution of the following non-singular Volterra integral equation of the second kind
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where 
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the unknown is function on
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; these conditions will ensure that a unique continuos solution to the problem [image: image15.wmf](1)

 exists. The Volterra integral equations occur in many physical and biological problems.

Many different researchers, provide numerical solutions to [image: image16.wmf](1)

using one of the existing methods, i.e. least squares, or Galerkin, in which expansion coefficients are determined 
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In general, these numerical methods transform the integral equation into a linear system of algebraic equations, which can be solved easily. The accuracy of the proposed numerical method of solution depends on the degree of the polynomial Bernstein. The desired accuracy can be achieved by increasing the polynomial degree only. On the one hand, the increase in the degree of computational costs increases, but on the other hand, the accuracy can be achieved, Other techniques do not have this feature and it has a fixed accuracy, Therefore, the proposed technique is better than the available techniques. The second part describes the basic concept of Bernstein polynomials and orthonormal Bernstein polynomials and some of the results. In the third section, the solving method is defined. In the fourth section, accuracy is shown with some numerical examples. A comparison of the exact answer with the numerical method and the relative error analysis is presented in this section. Finally, the fifth part contains the conclusion.

2. Preliminary concepts
In this section, some basic concepts and definitions associated with Bernstein polynomials are presented, then orthonormal Bernstein polynomials will be determined via the Gram- Schmidt's Process. About 100 years ago, Bernstein's polynomial was introduced by a Russian mathematician, Sergei Natanovinch Bernstein. The Bernstein polynomials are written as an expansion in terms of basis Bernstein polynomials. A stable numerical method for calculating these polynomials is the de casteljau algorithm. With the advent of computer graphics, Bernstein polynomials on 
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A function 
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 when approximated by Bernstein’s polynomial is defined as
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So that 
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 is defined as follows 

	
[image: image23.wmf](

)

,

()(1),

nknk

knk

Bsss

-

=-

      
[image: image24.wmf]0,...,,

kn

=

 
	
[image: image25.wmf](3)




Here 
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 is the degree of polynomial and 
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 is an index. Bernstein's polynomials are very effective in various mathematical fields and a sequence of linearly independent sentences that can be used as the basis for continuous functions in a vector space. Bernstein's polynomials were first used by Bernstein to prove the usefulness of Weierstrass Approximation theorem 
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 The Bernstein polynomials defined in 
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 has the following properties, 
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2.1. The Gram- Schmidt's Process for obtaining orthonormal Bernstein polynomials
Schmidt's process: 
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So that 
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In general, let functions 
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We now consider the Bernstein polynomials introduced in
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using the Schmidt's process, we find orthonormal Bernstein polynomials of some degrees. Notation 
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The main coefficients of these polynomials are as the following.
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General form of these coefficients can be recognized as follows.
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and the general form of orthonormal Bernstein polynomial is equivalent to 
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Following 
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 we can have the same result for orthonormal Bernstein. The next theorems are well-known result of the convergence rate.

Theorem 2.1. For all functions
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From Theorem 2.1 it follows that, for any 
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Satisfy 
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 is bounded and has the first and second derivatives at  Some 
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if 
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3. Proposed approach
In this section, we use orthonormal Bernstein polynomials for numerical solution to 
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 In fact, by using the method of moments (Galerkin- Ritz), we find the approximate solution of linear Volterra integral equations of the second kind.
3.1. Method of moments for Volterra integral equations of the second kind
Consider the numerical solution of the Volterra integral equations of the second kind to 
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can be approximated by an expansion of orthonormal Bernstein polynomials 
[image: image115.wmf](16).

 Using the (Galerkin-Ritz) method, expansion coefficients in 
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Consider the integral equation
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 is an approximate solution to the equation, and residual is as the following
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	Moreover let us consider the following linear operator.
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Having the vector 
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 based on
[image: image132.wmf](21)

, the expansion coefficients are derived. Then we can find an approximate solution based on orthonormal Bernstein polynomials. 
4. Numerical examples
In this section, we will be prove that the approximate solution obtained from the proposed method converges to the exact solution of the integral equations 
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 a comparison of the exact solution and the approximate solution obtained from the numerical method is presented to demonstrate the efficiency of this method, so that 
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4.1. Relative error
	[image: image137.wmf]()()

(),

()

n

n

usOBs

es

us

-

=

  
	                 
[image: image138.wmf](22)





[image: image139.wmf](22)

 is the relative error obtained using a polynomial of degree 
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 is an exact solution, and 
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 Computations are performed by Math Lab.
Example 1. Consider the following linear Volterra integral equation
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The numerical results of this example by the proposed method are shown in Table 1 and Table 2.
     TABLE 1. Numerical results of Example 1.
	points      Exact solutions                                                          approximate solutions
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	0.999056281195290
	1.013085427968032
	0.87111111111111
	1.000000000000000
	0.0

	1.105379332090889
	1.106573771170649
	1.040000000000000
	1.105170918075648
	0.1

	1.221798663434117
	1.216845418029732
	1.208888888888889
	1.221402758160170
	0.2

	1.349986009394116
	1.343900368545281
	1.377777777777778
	1.349858807576003
	0.3
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	0.4
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	0.5
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	0.6
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	0.8
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	2.459603111156950
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	2.718281828459046
	1


	points      Exact solutions                                                            approximate solutions
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  TABLE 2. Relative errors of the results for Example 1.
	Points                                                                                                     Relative errors
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Example 2. Consider the following linear Volterra integral equation 
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The numerical results of this example by the proposed method are shown in Table 3 and Table 4.

    TABLE 3. Numerical results of Example 2.
	points      Exact solutions                                                 approximate solutions

	[image: image230.wmf]3

()

OBs


	[image: image231.wmf][image: image232.wmf]2

()

OBs

 
	[image: image233.wmf]1

()

OBs

 
	[image: image234.wmf]()

us

 
	[image: image235.wmf]s

 

	0.999633926955816
	0.994854691128702
	0.948180838242837
	1.000000000000000
	0.0

	0.904932580780617
	0.904689349671238
	0.884968782359981
	0.904837418035960
	0.1

	0.818875353509198
	0.820742307624633
	0.821756726477125
	0.818730753077982
	0.2

	0.740844808077004
	0.743013564988887
	0.758544670594269
	0.740818220681718
	0.3

	0.670223507419479
	0.671503121764002
	0.695332614711414
	0.670320046035639
	0.4

	0.606394014472068
	0.606210977949976
	0.632120558828558
	0.606530659712633
	0.5

	0.548738892170214
	0.547137133546810
	0.568908502945702
	0.548811636094027
	0.6

	0.496640703449362
	0.494281588554503
	0.505696447062846
	0.496585303791410
	0.7

	0.449482011244956
	0.447644342973056
	0.442484391179990
	0.449328964117222
	0.8

	0.406645378492440
	0.407225396802468
	0.379272335297135
	0.406569659740599
	0.9

	0.367513368127258
	0.373024750042740
	0.316060279414279
	0.367879441171442
	1


	points      Exact solutions                                                 approximate solutions

	[image: image236.wmf]6

()

OBs


	[image: image237.wmf][image: image238.wmf]5

()

OBs

 
	[image: image239.wmf]4

()

OBs


	[image: image240.wmf]()

us


	[image: image241.wmf]s

 

	0.999999964641625
	0.999999079504802
	0.999979713747279
	1.000000000000000
	0.0

	0.904837426052839
	0.904837772572798
	0.904845662861104
	0.904837418035960
	0.1

	0.818730741637220
	0.818730577826576
	0.818733298758151
	0.818730753077982
	0.2

	0.740818221862245
	0.740817962061603
	0.740812367774209
	0.740818220681718
	0.3

	0.670320056346815
	0.670320141390043
	0.670314116516492
	0.670320046035639
	0.4

	0.606530659023189
	0.606530946677938
	0.606531291863637
	0.606530659712633
	0.5

	0.548811625685966
	0.548811688982380
	0.548818140965703
	0.548811636094027
	0.6

	0.496585303928115
	0.496585024988692
	0.496590411244172
	0.496585303791410
	0.7

	0.449328975464044
	0.449328822447605
	0.449325350391949
	0.449328964117222
	0.8

	0.406569650839717
	0.406570025612431
	0.406561706373363
	0.406569659740599
	0.9

	0.367879476529817
	0.367878520676245
	0.367899727424164
	0.367879441171442
	1


    TABLE 4. Relative errors of the results for Example 2.
	Points                                                                                  Relative errors                            
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Example 3. Let us the following linear Volterra integral equation 
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The numerical results of this example by the proposed method are shown in Tables 5, and 6.

    TABLE 5. Numerical results of Example 3.
	points      Exact solutions                                                approximate solutions
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   TABLE 6. Relative errors of the results for Example 3.
	Points                                                                                     Relative errors                            
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Example 4. Consider the following linear Volterra integral equation 
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Numerical results of this example by the proposed method are reported in Tables 7, and 8.

    TABLE 7. Numerical results of Example 4.
	points      Exact solutions                                                 approximate solutions
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  TABLE 8. Relative errors of the results for Example 4.
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5. Conclusion 

The results of this study showed that this method is very accurate for linear Volterra integral equations of the second kind. The important thing is that as the degree of the orthonormal Bernstein polynomials increase the accuracy of approximate solution also will   increase. Moreover, by examining the relative error, we conclude that, as the degree of polynomials is raised the relative error is decreased. It should be noted that its computational cost is high. By making some changes, this method can be used for solving two-dimensional linear Volterra integral equations.
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                                  FIG. 1. Exact and approximate solutions of Example 1, for n=1.
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 FIG. 2. Exact and approximate solutions of Example 1, for n=7.
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FIG. 3. Exact and approximate solutions of Example 2, for n=1.
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 FIG. 4. Exact and approximate solutions of Example 2, for n=6.
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FIG. 5. Exact and approximate solutions of Example 3, for n=1.
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FIG. 6. Exact and approximate solutions of Example 3, for n=3.
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FIG. 7. Exact and approximate solutions of Example 4, for n=1.
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FIG. 8. Exact and approximate solutions of Example 4, for n=2.
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