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Abstract

In this paper, we generalize and prove common fixed point theorems of generalized contractive maps in complete cone
metric spaces. Our theorems improve and generalize of the results [7].
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1 Introduction

Recently, Huang and Zhang [1], replaced the real numbers by an ordering Banach space, and defined a cone metric
spaces(X, d) of contractive mappings and also discussed some properties of convergence of sequences; many authors
have established and extend different types of contractive mappings in cone metric spaces see for instance [3-10]., and
also generalized the results [1] by [2].The author [7] proved fixed point results in cone metric spaces.

The purpose of this paper is to obtain the generalization of results in [1] and 2.1, 2.2 of [7], by using non-normality of
cone.

2  Preliminary notes
First, we recall some standard notations and definitions in cone metric spaces with some of their properties [1].

Definition 2.1 [1]: Let E be a real Banach space and P be a subset of E. P is called a cone if and only if:

(i) Pisclosed, non —empty and P # {0},

(if) ax + by e P forall x, y € P and non — negative real number a, b;

(iii) xePand-xe P =>x=0<=>P n (-P) = {0}.
Given a cone P c E, we define a partial ordering < on E with respect to P by x <y if and only if y — x € P. We shall
write x < y if y —x €intP, where int P denotes the interior of P.
The cone P is called normal if there is a number K> 0 such that x, y € E, 0 <x <y implies || X || < K|y ||
The least positive number satisfying the above is called the normal constant P. The cone p is called regular if every
increasing sequence which is bounded from above is convergent .that is , if { x,} is sequence such that x; < x, < ... x,
< ...<yforsomey € E, then there is x € E such that ||x,, _x|| — 0 (n —o0). Equivalently the cone p is regular if and
only if every decreasing sequence which is bounded from below is convergent.

Lemma 2.2[2, 8]
(i) Every regular cone is normal
(if) Foreach k > 1, there is a normal cone with normal constant K > k.

Definition 2.3 [1]: Let X be a non — empty set. Suppose the mapping d: X xX — E satisfies

(i) 0<d(x,y)forallx,yeXandd(x,)=0ifandonlyif x =y,

(i) d(x,y)=d(y, x) forall x, y € X;

(i) d (x, y) < d (x,2) +d (z, y) for allx, y € X.
Then d is called a cone metric, on X and pair (X, d) is called a cone metric space. It is obvious that cone metric spaces
generalize metric space.


mailto:sk10tiwari@gmail.com

International Journal of Applied Mathematical Research 353

Example 2.4: Let E =R? P = {(x, ») €E: x, »>0}, X =R and d: X x X — E defined by
dix,v)=(x—-y|,alx,y|), where a>0 isa constant. Then (X, d) is a cone metric space.

Definition 2.5 [1]: Let (X, d) be a cone metric space, x € X and {x,},> a sequence in X. Then,
(i) {xn}n>1 converges to x whenever for every ¢ € E with 0 « ¢, there is a natural number N such that d (x,, x)
«c for all n > N. We denote this by lim,_,., xn = x or x, = x, (n = ).
(if) {x.}n> is said to be a Cauchy sequence if for every c € E with 0 « c, there is a natural number N such that d
(2ny xm) < c forall n, m>N.
(iii) (X, d) is called a complete cone metric space if every Cauchy sequence in X is convergent

Definition 2.6 [8]: Cone P is called minihedral cone if sup {x, y} exists for all X, y € E and strongly minihedral if
every subset of E which is bounded from above has a supremum.

Lemma 2.7 [9]: Every strongly minihedral normal cone is regular.

3  Main results

Theorem3.1: Let (X, d) be a complete cone metric space and suppose the mapping T; T,: X — Xsatisfy the contractive
condition,

d(Tix , T2y) <K[ (Tyx,x) +d(x,y) +d(T,y,y) forallx,y € X,where 0 < k §§ .
Then T, and T,have a unique fixed point in X. And for any x € X , iterative sequences {T;**"* x} and {T,*™*? x} converse
to the common fixed point.

Proof: Fpr 9ach X9 EXandn>1, set2x+12: Ty %o and Xppyq = TyXon = Ta ety
Similarly x,,41 = ToXonst = To- - xo . Then we have

d (x2n+1,x2n) = d(T1x2n,T2x2n—1)
< K[d(T1x2n,x2n) + d(xX2p, Xap-1) + d(TZxZn—1:x2n—1)]

= K[d (22041 Xan) + d(2n, X2n-1) + d(ap Xop-1)]
So,d (x2n+1,x2n) = % d(xan , X2n-1)
= hd(Xyp, X3n—1) Where h = %
Forn >m

d(x2n,x2m) < d(x2n,x2n—1) + d(X2p-1, X2n—2) +---+d(x2m+1,x2m)

< (th—l + h2n-2 + .4 th) d(xljxo)
p2m
< n d(xq,%0)

2m
Let 0 « ¢ be given, choose a positive integer N such that ';_—h d(xq,x9) < ¢. For allm =N;Thus d(xy, , X2m) <K,
for n > m .Therefore {x,,} is a Cauchy sequence in (X, d).Since (X, d) be a complete cone metric space, there exist

c(1-k) « c(1-k)
= d(xg, , x™) K =

x™ € X such that x,,— x*. Now choose a positive integer N, such that d (x2n+1,x2n) &

and d(xpp41,X7) < @for alln > N,. Hence forn = N, we have,
d(Tyx*,x*) < d(Tlen'Tlx*) + d(Tlen, x*)

<K [d(Tlen‘xZn) + d(xgp, x*) + d(Tlx*,x*)] + d(x2n+1,x*)

<K [d(x2n+1_x2n) + d(xgp, x*) + d(Tlx*,x*)] + d(x2n+1,x*)
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d(Tyx™,x") < ﬁ [k d(x2n+1,x2n) + kd(xn, x") + d(x2n+1_x*)]

< +

1
wla
wla
wla

+
c
Thu, d( Tyx*, x*) < i forallm > 1.s0, % -d(Tyx*, x*) € P forallm > 1.

Since im—>0 (asm — o)and P is closed, - d(T;x*, x*) € P. But d(T;x*,x*) € P.Therefore d(T,x* x*) = 0 and

s0,Tyx*=x". So x™ is a fixed point of T;.
Now if y*is another fixed point of Ty, Then

d(x"y") < kld(Tyx", x7) + d(Tyy", y") + d(x",y7)]
=0.
Hence x* =1y* . Therefore the fixed point of T, is unique.
Similarly, it can be established that T,x* = x*. Hence T;x* = x* = T,x"*. Thus x* is the common fixed point of T,
and T,.

Theorem3.2: Let (X, d) be a complete cone metric space and suppose the mapping T; T, : X — X satisfy the
contractive condition,

d(Tx, Ty) <K[(Tyx,y) +d(x,y) +d(x,T,y) forx,y € X,where 0 < ks%.

Then T, and T,have a unique fixed point in X. And for any x € X , iterative sequences {T;**"* x} and {T,*"*? x} converse
to the common fixed point.

Proof: Foreach x, € X andnz= 1, set X = Tyxo and Xpp41 = TyXon = T1 2" X0
Similarly x;,,41 = ToX2p41 = T2™" X, . Then we have

d (x2n+1,x2n) = d(T1x2n,T2x2n—1)

< K[d(T1x2n‘X2n_1) + d(xX2p, X2n-1) + d (X2, szzn—1)]

= K[d(x2n+1,x2n—1) + d(xzn, x2n—1)]
= K[d(x2n+1 ern) + d(x2n» x2n—1) + d(xZn» x2n—1)]

2k
SO, d (x2n+1 ,xZn) < Tk d (x2n» x2n—1)

= h d(xzp, X2n-1), Where b = %

Forn>m
d(x2n,x2m) < d(xpnx2n-1) + d(Xon-1,Xan-3) +..d(X2ms1%2m)

< (th—l + h2n—2 + 4 th) d(xl‘xo)

2m

h
ST d(xq,%0)

2m
Let 0 « ¢ be given, choose a positive integer N; such that ';_—h d(xq,x0) < c. for allm =Ny Thus, d(x,, , X2m) <,

for n > m .Therefore {x,,} is a Cauchy sequence in(X, d).

Since (X, d) be a complete cone metric space, there exist x* € X such that x,,— x*. Now choose a positive integer N,

such that d (%) « <2 and foralln > N,. Hence forn > N, we have,
4

d(Tyx*,x*) < d(Tlen,Tlx*) + d(Tlen_ x*)
<K [d(Tlen‘x*) + d(xgp, x™) + d(Tyx*, x*) + d(x2n+1_x*)

< K[d(xan41x") + d(xon, x*) + d(Tyx", x)+d (0, x™) + d(Xgne1 x7) ]
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d(Tyx™,x*) < ﬁ [2kd(xzn, x™) + kd(x2n+1‘x*)] + d(x2n+1_x*)

2c c c
< e + " + e

=c

Thus, d ( Tyx*, x*) « i for all m > 1.so,i— d(Tyx*,x*) € P forallm > 1.
Since Lm—>0(asm —s oo)and P is closed, - d(T,x*, x*) € P.Butd(Tyx*, x*) € P.
Therefore d(T;x*, x*) = 0 and so, Tyx*=x".
Now if y*is another fixed point of Ty, Then

d(x"y") < kld(Tyx", x7) + d(Tyy", y") + d(x",y)]
=0.
Hence x* =1y* . Therefore the fixed point of T, is unique.
Similarly, it can be established thatT,x* = x*. Hence T;x* = x* = T,x". Thus x* is the common fixed point of T,
and T,
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