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Abstract

Our aim in this article is to study the existence and the uniqueness of solution for
Cahn-Hilliard hyperbolic phase-field system, with initial conditions, Dirichlet boundary ho-
mogeneous conditions, polynomial potential in a bounded and smooth domain.
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1 Introduction

G. Caginalp introduced in [3] the following phase-field system

E—Azu—Af(u) = —Ad (1.1)
00 ou
o5 A0 = (1.2)

where u is the order parameter and 6 is the (relative) temperature. These systems model
phase transition processus such as melting solidification processes and have studied ( see [1] and
[9] ) for a similar phase-field model with a nonlinear term.
These Cahn-Hilliard phase-field systems are known as conserved phase-field system (see |7] and
[16] ) based on type III heat conduction and with two temperatures (see [15] ), the authors have
proven the existence and the uniqueness of the solutions, the existence of global attractor and
exponential attractors.

In [19], Ntsokongo and Batangouna have studied the following Cahn-Hillard hyperbolic
phase-field system

ou 9 B Oa Oa

S+ A% = Afw) = —A(E—ﬁAE> (1.3)
0 0 Oa ou
T AT (14)



where 0 = 1, u is the order parameter and « is the temperature. They have proven the
existence and the uniqueness of solution with Dirichlet boundary condition and the regular
potential f(s) = s —s.

In [13], Jean De Dieu Mangoubi and al. have studied the following Cahn-Hillard hyperbolic

phase field system

0*u  Ou 9 Oa .
6(_A)@+E+A u—Af(u) = _AE in Ry xQ (1.5)
0*a  da Oa ou .
ulpn = Aulpg = alpg = 0
u(0, ) = up(z), %(O,x) = wu(zx) Ve e
oo
a(0,2) = ap(x), E(O,a}) = ay(z) Vel

They have proven the existence and the uniqueness of the solution with Dirichlet boundary

condition and the potential f(s) = s — s.

In this paper, we consider the following Cahn-Hilliard hyperbolic phase-field system

0*u  Ou 9 O Oa , .
6(_A)ﬁ+E+A u—Af(u) = —-A ((%_Aﬁt> in R} xQ (1.7)
0?a O oo ou , N
w—FE—AE—Aa = u- o in R x Q (1.8)
ulog = Aulog = alsg = 0 (1.9)
u(0,x) = up(x), ?;:(O,x) = ui(z), Yz el (1.10)
a(0,z) = ap(z), %—?(O,x} = ai(z), Ve e (1.11)

where € is a relaxation parameter and €2 is a bounded and regular domain of R™ with n = 1,2
or 3 and f is a polynomial potential of order 2p — 1.

2p—1

f(s)= > a;s', agp—1>0,p>2.
=1

In this paper we prove the existence and the uniqueness of solution of the hyperbolic system
(1.7)— (1.11).
The potential f satisfies the following properties

1 3
§a2p_182p —c1 < f(s)s < iagp_lsQP 4+c, 1 >0, VseR, (1.12)
2p—1
—k < p2 azp—15P7% — o < f(s) < 3pasy_15P "% +coik, 2 >0V sER,
(1.13)
1 3
@a2p7152p —C3 < F(S) < @a2p7152p +c3, c3 > O,V ENS ]R, (1.14)
S
where F(s)= [ f(r)dr .
0



2 Notations

We denote by (.,.) the scalar product in L?*(€), |.|| the associated norm usual and |.|-; =
I (—A)7Tl .||, where —A denotes the minus Laplace operator Dirichlet boundary conditions. More
generally, ||.||x denote the norm of Banach space X.

Throughout this paper, the letter C; > 0, denote (generally positive) constants wich may change
from line to line, or ever or same line.

3 A priori estimates

Multiplying (1.7) by (—A)_1 2—1: and (1.8) by <88(: — A%?), integrating over ) and adding
the two resulting differential equalities, we find
d oo oo el
By +2 2 2——A—2:—2 —A—
D222, 42 H (w5 - 2%5)
O
< 2||U||H* —Ad
< ul® + ||* - A*HQ
d oo 804
2 2 — < C 2
Do o) 202, + 122 - 2% < 0w
where
ou
By = 8\\@”2 +[[Vul|* +2 (F(u) +c3,1) + H !!2 + HV H2 +[IVal? + [|Aal?.
Thanks to the propertie (1.14), we have
(F(u)+c3,1) >0,
which implies
d foJel
M LT R LA NN TR Y

Applying the Gronwall’s lemma, we obtain

+z/n|hm+/n—Awd B (0)e"17

for all t € [0, 7.
Using again the propertie (1.14), E; satisfies

a>c(ﬂW+m%ﬁ+wu%ﬂw HZWAwﬁ+0'c>o

Finally, we deduce that
w e L (0,T; L*(Q) N Hj(Q)), a € L= (0, T; HX(Q) N Hi())
O € 12 (0,73 L2(Q)) N 12 (0,73 HL(®)

and

9o ¢ 1°°(0,T; HY(Q)) N L2 (0,T; HX(Q) N HY(Q)), ¥V T > 0.



4 Existence and the uniqueness of the solution

Theorem 4.1. (Existence) We assume that (ug,u1, ag, 1) €
(L?(Q) N Hg () x L2(Q) x (H*(Q) N H{(Q)) x Hj(Q). Then the system (1.7)-(1.11)
possesses at least one solution (u,a) such that w € L™ (0,T; L**(Q) N H}(Q)) ,
a € L (0,T; H2(Q) N HY(9)), g“ e L= (0,T; L3(Q)) N L2 (0, T; H~(2))
and
G ¢ 120 (0,75 HY () N L2 (0,T; HXH(Q) N HY(Q), ¥ T > 0.

The proof is based on a priori estimates obtained in the previous section and on the standard
Galerkin scheme.

Theorem 4.2. (Uniqueness) Let the assumptions of theorem 4.1 hold. The system (1.7)-(1.11)
possesses a unique solution (u,c) such that w € L™ (0,T; L*(Q) N H}(Q)) ,

a € L (0,T; HA(Q) N HL(Q)), (,71; € L (0,T; L2(Q)) N L2 (0, T; H-1(Q))
and
9o ¢ 120 (0,75 HY () N L2 (0,T; HX(Q) N HY(Q))Y T > 0.

Proof. Let (v,a') and (w, a?) be two solutions of the system (1.7) — (1.11), with initial data
(vo,vl,aéja}) and (wo,wl,ao,al) (LQP(Q) ﬂH&(Q)) x L?(Q) x (HQ(Q) ﬂH&(Q)) X H&(Q),
respectively.

We set u = v —w and a = o' — a?, then (u, ) is a solution of the following system

0?u  Ou 9 O O
e(— A)8t2 +E+A u—Af(v) —Af(w) = —-A ((‘%_Af)t> (4.1)
0?a  Oa foJel ou
— —A——-Aa = —u— — 4.2
oz "o o~ T ot (4.2)
ulpn = Aulpn = alspe = 0
li—o = v0 — @’ — _
Ult=0 = Vo — Wo , o =0 = v — w1
foJe
ali—o = o — a? ’E’t:(] = al —a2
. _1 0u oo oo .
Multiply (4.1) by (—A) 5 and (4.2) by 5 AE, integrate over Q and add the two
resuling differential equalities. We find
d 9 ou Oac o Oa Oa
GE G w2 [ (1) - ) e+ 2158 - a8 = -2 (w5 - A5
where
By = 6|| ||2 + | v + || ||2 + ||V ||2 +[|val® + [|Aal?.
Applying Holder and Young inequalities, we get
d
B+ 2|| H2 + H* - A*HZ / [f(v H \dfﬂ + [Jul . (4.3)



We know that

2p—1
f) = flw) = Y ap(w® —uwb)
= 2p—1 k—

= (v—w)(al +az(v+w) + Z ag
k=3

1
kazflwz)

—
which implies

-1

@) = )] < Jul(lar] + laal (o] + w]) + Zraerrv\k ).

Applying Young’s inequality, we obtain

TPNT k—1—1 k=1 ) -
| ]t < ﬁ(‘v‘k—l—l)k,ki + 1(\w[’)ki1
k—1—1, ,_ i B
< ﬁ‘ k 1+m’w|k 1
which implies
= k-1 - k=1 .
; ; k—i—1 i
(o~ wl) < D0l ot
k=1 |~ 1
=0 i=0 e
k
< 5 (W )
2
Then we obtain
1 - —
F0) = f)l < Jul(jar] +laal (5 o™ 4 o w2 + 0)
2p—1 k
3 gl )
k=3
1 - J—
< ‘U|(|a1‘+‘a2|(2p_2|v‘2p 2+2pi_2|w‘2p 2+C)
2p—1
-2, (k=Dk 9 5 C’)
+ Z’k! )ll +ip=n PO
Clul(—— o[~ |22 072 + Jw|>P2 Qilk(k )
= u(iv o w —1)+1)
% =2 2p =2 -1 &
which implies
() = ()] < Clul(o[~2 + o]~ + 1),
Hence
ou
/’f Wl W<C/ [ul (o2 + w2 + 1)| 5| da.

In order to obtain the estimate of [, [f(v) — f (w)\|§:|d:v, we consider the two following cases.
If n=1.



We know that H'(€2) C L*(€2). Since v,w € L™ (0,T; H}(2)), then v,w € L= ((0,T) x Q),
there exists C,Cy > 0 such that sup  |v(t,z)] < Cy and sup  |w(t,x)| < Cq,

(t,z)€(0,T)xQ (t,z)€(0,T)xQ
then
2 2 2 2
/|f )iz < Ol + w2 +1/|u|r da
< Clulls H
< Cllulm oo,
If n=2 or 3.
We have
ou
/ o2 T dar < ol 2?2 S
and
_ 2p—2
o212 = 0%,

1
Since 3(2p — 2) < 6p, [|[v|zer = |||[v]P||}s and H'(Q) € L5(€2) ( the continuous embending), we

1
have [|v]|e» < Cf[ofP|[» < C'[ollpa-
Since v € L>(0,T} H&(Q we have

8u 29—2
/IUI|v|2p 2|57 Sl < Cllollg e H ||
< CHuHLeH H
< CHUHmH H

We have the same estimate for w.
Finally, we have forn =1, 2 or 3

L1 - sl < clulmi )
< <\UHH1 G-
Iserting the above estimate into (4.3) we have
iy Ey +2|| ||2 H— — Aaﬁ‘”? < KBy, K > 0.

dt
Applying Gronwall’s lemma, we obtain for all ¢ € [0, 7]
Es(t) < Eq(0)eXT.
Then we deduce the continuous dependence of solution wich respect to the initial conditions, and

the uniqueness of the solution is proven. O

The existence and the uniqueness of the solution of problem (1.7) — (1.11) being proven in a
larger space, we now establish the solution with more regularity.



Theorem 4.3. Assume (ug, u1, 0, 1) € (L*(Q) N H(Q) N H2(Q)) x Hj (Q) x (H?(Q2) N Hg(2)) %
(H2(Q) N H ().
Then the system (1.7) — (1.11) possesses a unique solution (u, ) such that

we L>®(0,T; (L*(Q) N HY(Q) N H2(Q)), a € L= (0,T; H3(Q) N Hi(Q)),

?;: € L™ (0,T; Hj()) N L* (0, T; L*()),

2
G ¢ 1°°(0,T; H*(Q) N HE(Q)) N L2 (0,T; H3(Q) N HE(Q)), th € L%(0,T;L*(R)) and
(%2 € L?(0,T;L*(Q)V T >0.

Proof. According to the theorems 4.1 and 4.2, the hyperbolic system (1.7) —(1.11) possesses
the unique solution (u, ) such that

we L™ (0,T; L*(Q) N Hg(Q) N H*(Q)) ,a € L™ (0,T; H*(Q) N H()),
ou

% ¢ L (0.7, 200) 122 (0.7 5 (@)

and 92 € L (0,T; H}(Q)) N L2 (0,75 H(Q) N HY(Q)), ¥ T > 0.

Multiplying (1.7) by 7 and integrating over €, we have

4 Ou 2 Ouys 9u Ou Gda  p\O
i (v 5 +||Auu)+2||8t|| —2(vrw. 5 ) 2 (VoG - a5h).

(4.4)
Multiplying (1.8) by —A (8—0‘ — Aa—o‘) and integrating over 2, we get
(oo’ el
||V ||2+ ||A ||2+||A04||2ﬂL IVAal? ) +2[V —A-)|?
ot ot
oo foJe ou Oa e
= (V , V(= T A&t)> -2 <v8t’v(8t - Aat)) : (4.5)
Now summing (4. 4) and (4.5), and applying Holder and Young inequalities, we get
d 9 Oa oo 1o 9 / ou
= _ < —\d 4.
GEHAG IV - AZDP < VP2 [ [Vi@IVide (40

where
E3=€||V ||2+||A H2+HV ||2+||A !\2+!\Aa\|2+\IVAa||2
We know that
L raieGiide = [ 17valv i

Using (1.13), we have

ou
/|f’(u)Vu|V8t]dx < /(3pa2p 1]u\2p 2—1—02) |Vu\|V |d:c
Q
9
< 04/ \u|2p2\VuHV]dx+02/ Vul|v 5 dr
2p—2 2 2
< 04/\u| |Vu|\V—]dx+02HVu|| +CQ\|V L]
2p—2 2 2
< 04/\U| |VUHV*’dl’+C2HAUH +C2HV ”

7



Now, we need the estimate of
0
/ |22 V||V e |da
Q ot

Similary to the proof theorem 4.2 we have

ifn=1,
2p—2 Ou 2p—2
[l Vul[Vorlde < lullfe ™| Vu HHV H
Q
< CHVUHHV H
< 2 ou 9
< oflau+ v 2hP)
If n=2 or 3,
2p—2 u 2p—2
Q!UI VullVorlde < [Vl zolllul ||L3||V H

ou
< COVulpslV
< CHAUHIIV H
< c(lau+ v 2P,
Then for n = 1,2, 3,(4.6) can be written as
d 9 Oa Oa 2
GE G P19 (5 - AT P < KB Ki>0,

Appling the Gronwall’s lemma, we deduce that

we L™ (0,T; L*(Q) N H*(Q) N H(Q)), o€ L™ (0,T; H*(Q) N H{(Q)) ,
9u ¢ L (0,T; H{(Q)) N L2 (0,T; L*(R))

and

9o ¢ 12 (0,T; H*(Q) N HE(Q)) N L2 (0,T; H3(Q) N H()).

Multipplying (1.8) by 2 atg and integrating over €2, we get

FoRzeY P ou O«
2 2 2 _ _
& (152 + 19501 + 21551 =2 (80, 22) + 200 58 +2- 52, 22

Appling Hélder and Young inequalitiess, we find the following estimate

ou
& (1521 + 195217) + 15317 < O (llalfe + ali + 15217)



whi

ch implies
Oa g2 (0,75 L*(2)) .
ot
Multiplying (1.7) by (—A)_l% and integrating over €2, we obtain
d Ou o 9 0u Oa da 0%u 0u
+ 2 = 2(A 2( = A ) —2 e
algrl=+ ” a1 a < " 8752) - (6t at’ ot 1),
d Ou o 0u 9 9
- < i, W
N+ el Tl < (Il + I+ 150 — a%22),

which yields, using the fact that v € L (0,T; H*()) and H*(Q) C L>(%),

82

5 € L* (0,75 L*()) .

Then the proof of theorem 4.3 is complete.
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