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Abstract

The analytical solutions of the Thomas equation are investigated. The wave transformation is
exploited to simplify the Thomas equation from a form of partial differential equation (PDE) to
an ordinary differential equation (ODE). Both of the generalised tanh and the travelling wave
hypothesis methods are applied to obtain exact solutions for the Thomas equation.
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1 Introduction

The study of nonlinear PDEs has become the subject of theoretical attention due to its applications
on many natural and physical sciences like fluid dynamics, plasma physics, ocean and atmospheric
waves, mathematical biology, chemistry, etc.

In the last decade, A search of analytical exact solutions to the nonlinear equations has been
the interest of many authors. Therefore, many effective methods such as Darboux transforma-
tion [5, 15], Backlund transformation [13, 8], the F-expansion method [7, 14], Exponent function
method [6, 4], sine - cosine method [16, 17], and Jacobi elliptic function method [3, 2], the tanh-
function method [9, 17], etc, are introduced to obtain different types of exact solutions for nonlinear
equations.

Recently, the improvement in the tanh method with the use of the solution ansatz of a well-
known equation, like Riccati equation, has become physically natural idea to obtain new efficient
solutions for nonlinear PDEs. Moreover, several types of travelling wave solution can be con-
structed with the aid of hyperbolic auxiliary functions.

The Thomas equation is one of the important equations in physical sciences. This equation has
application in the study of chemical exchange processes [10]. There are some authors who dealt
with the Thomas equation intensively. For example, [10] scoped into the Lie-Backlund algebra of



2 International Journal of Applied Mathematical Research

the Thomas equation to obtain analytic solution. Furthermore, [18] studied the Thomas equation
by modifying the Thomas—Rosales transformation to find more general solutions. Using auto-
Bécklund transformation which is more general than both of the Wei-Gao-Zhang transformation
and the Thomas—Rosales transformation, [19] investigated the Thomas equation and obtained
some new solutions.

In this paper, we study the Thomas equation to obtain exact solutions. This equation is solved
by using the generalised tanh and the travelling wave hypothesis methods to find analytic solutions.
The paper is organised as follows. In the next section we analyse the idea of methods. In Section 3
we carry out the analytical study of the problem using the proposed methods. Section 4 contains
our conclusions.

2 Mathematical Analysis

Consider a nonlinear PDE, in two independent variables, given in the form
P(uautauafaul’xa"') :Oa (]‘)

where P is a polynomial in its arguments.

In order to obtain travelling wave solutions, we introduce the wave transformation
u(z,t) =U(§), E=a+ M, (2)
where A is a constant. Applying Equation (2), Equation (1) reduces to an ODE
PU, U U",---)=0. (3)

where prime denotes the derivative with respect to &.

2.1 The Generalised Tanh Method

The generalised tanh method (see, [1, 11]) is experessed in the following series expansion as a
solution of Equation (3):

U(f) = Zai¢i’ (4)

where the variable ¢ = ¢(§) satisfies the Riccati equation
o =0 +k, (5)

and the integer m can be determined by balancing the highest derivative term with nonlinear
terms in Equation (3). Substituting Equations (4) and (5) into Equation (3) and then equating
all coefficients of ¢' to zero, we obtain a system of algebraic equations that determines the value
of constants a;, A, and k.
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The Riccati equation (5) has different types of solutions given by

(-1 k=0,
VEtan(vVk €), k>0,
(&) =< —Vkcot(VEE), k>0, (6)

—v/—ktanh(v/—k¢), k<0,
| —V—kcoth(v—=k¢&), k<O.

2.2 The Travelling Wave Hypothesis Method

One of the well-known solution to the nonlinear equations is the solitary wave solution. Some
of solitary wave types are called bright and dark waves and these kind of wave solutions can be
obtained by assuming the following form of solution ansatz (see, [12])

U(§) = o + ptanh(né) + psec(né), (7)

where o, u, n and p are constants which will be determined by substituting Equation (7) into Equa-
tion (3). After substituting, collect coefficients of all terms with the same order of sech(n¢) tanh(n¢)
and set each coefficients to zero. Then, we obtain a system of algebraic equations for which the
solution gives the values of constants o, u, n and p.

In the case 0 = p = 0, the bright solitary wave solution is obtained while in the limit p = 0,
the solution becomes the dark solitary wave solution. The existence of all constants o, p and p
gives the characteristics of both bright and dark solitary waves.

3 Exact solutions of the Thomas Equation
In this section, we aim to find analytic solutions to the Thomas equation which has the form
Ugr + Uy + Puy + ugu, = 0, (8)

where o and 8 are arbitrary constants. Equation (8), by using the wave transformation u(zx,t) =
U(€), € = x + M, reduces to an ODE

U' +wlU +U% =0, (9)

where o

Now, for the sake of simplicity we let v(§) = U(&)’. Consequently, Equation (9) becomes
v+ wu +v? = 0. (10)

Therefore, the exact solution of Equation (8) is obtained by

u:/gvdfl—i—c, (11)
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where ¢ is arbitrary constant.

3.1 Applying the Generalised Tanh Method

The generalised tanh method is applied here to obtain exact solutions to the Thomas equation (8)
which is converted to Equation (10) using the wave transformation. By using the ansatz (4) and
(5), and balancing the term v’ with the term v? in Equation (10), we obtain m = 1 and thus the
solution will be in the form

v(€) = ao + a19(§). (12)

Then, substituting Equation (12) into Equation (10), using Equation (5) and equating all coeffi-
cients of ¢' (i = 0, 1,2), we obtain the system of algebraic equations

coeff. of ¢*: a; +a? =0,
coeff. of ¢! : wa; + 2apa; = 0, (13)
coeff. of ¢°: ark + apw + a3 = 0.

The solution to this system is given as

w = +2vV —k, ap = Y FV—Fk, a; = —1,

)\_ (6%
2 k=

where 8 # +£2v/—Fk. Hence, the use of Equations (6), (11) and (12) gives the solutions of Equation
(8) as follows
u = FvV—ké+1In [cos(\/E@] + ¢, k>0,
uy = FV—ké+1In [Sm(x/%f)} +c, k>0,
us = FvV—k & + In [cosh
ug = FV—k&+1n

(14)
\/—_ké)] +ec, k<0,

V-k&)] +c, k<0,

where { =z 4+ At =2 + ﬁ_k_ﬂt, c is arbitrary constant.

[cosh(
[sinh(

sinh

3.2 Applying the Travelling Wave Hypothesis Method

Now, the solution of the Thomas equation is obtained by exploiting the solution ansatz (7). Ap-
plying the ansatz (7) for Equation (10) and taking the coefficients of sech”(n¢) tanh™(n¢) where
n=0,1,2 and m = 0,1 and then equating coefficients to zero, we obtain the following equations:

coeff. of sech?(n¢) : un — p? + p* =0,

coeff. of tanh(né) sech(ng) :  —pn+ 2up =0,

coeff. of sech(né) : wp +20p =0, (15)
coeff. of tanh(n¢) : w4 20 =0,

coeff. of tanh®(n¢) sech®(né) : wo + o + u? = 0,
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for which the solutions are
1. p=0, = *+o, n = o, w = —20, (16)
2. p= *io, i = Fo, ,n = F20, w = —20. (17)

Hence, the solutions of Equation (8) are given as follows. From Equations (7), (11) and (16), we
obtain the solution

up = o€ + In(cosh(£0§)) + c. (18)

Then, Equations (7), (11) and (17) yield the solution
uy = o€ + In(y/cosh(20¢)) F % arctan(sinh(20¢)) + c. (19)

In Equations (18) and (19), { = x + Xt =z + —5e—g1; B # —20, 1 =+/—1, 0 and c are arbitrary
constants.

In what follows, we display some non-complex analytical solutions obtained by the generalised
tanh method to give more insight into the behaviour of waves. We take the solutions us and wuy
with the positive value of the first term in both of them.

Figure 1: Left: The solution us. Right: The solution uy4. In both cases: k= -1, a =1, =1 and
c=2.

4 Conclusion

In this article, the generalised tanh and the travelling wave hypothesis methods were employed in
order to find the exact solutions of the Thomas equation. There were different types of solutions
that obtained by proposed methods, where some of them were complex solutions. The used
methods are powerful and applicable to a wide range of nonlinear equations.
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