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Abstract

The paper deals with modeling and performance evaluation of a series-parallel system using Markov Birth-Death process and probabilis-
tic approach. The system consists of four subsystems arranged in series-parallel with three possible states, working with full capacity,
reduced capacity and failed. Through the transition diagrams, systems of differential equations are developed and solved recursively via
probabilistic approach. Explicit expressions for steady-state availability are de-rived. Availability matrices for each subsystem have been
developed to provide various performance values for different combinations of failure and repair rates of all subsystems. The results from
this paper will enhance the system performance and useful for timely execution of proper maintenance improvement, decision, planning

and optimization.
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1. Introduction

The industrial and manufacturing systems comprise of large com-
plex engineering systems arranged in series, parallel, or a combi-
nation of both. Some of these systems are feeding, crushing, refin-
ing, steam generation, evaporation, crystallization, fertilizer plant,
crystallization unit of a sugar plant, piston manufacturing plant,
etc. The reliability, availability and profit are the most important
factors in any successful industries and manufacturing settings.
Profit of system may be enhancing using highly reliable structural
design of the system or subsystem of higher reliability. Improving
the reliability and availability of the system, the production and
associated profit will also increase. Availability and profit of an
industrial system may be enhancing using highly reliable structur-
al design into the system or subsystem of higher reliability. Avail-
ability and profit of an industrial system are becoming an increas-
ingly important issue. Where the availability of a system increases,
the related profit will also increase. Improving the reliability and
availability of system/subsystem, the production and associated
profit will also increase. Increase in production lead to the in-
crease of profit. This can be achieve be maintaining reliability and
availability at the highest order.

A large volume of literature exists over the issue of predicting
performance evaluation of various systems. Kumar et al [1] dis-
cussed the reliability analysis of the Feeding system in the paper
industry, Kumar el al.[2] discussed the availability analysis of the
washing system in the paper industry, Kumar el al. [3] deal with
reliability, availability and operational behavior analysis for dif-
ferent systems in paper plant. Kumar el al. [4] discussed the be-
havior analysis of Urea decomposition in the fertilizer industry
under the general repair policy. Kumar et al.[5] studied the design
and cost analysis of a refining system in a Sugar industry. Srinath
[6] has explained a Markov model to determine the availability

expression for a simple system consisting of only one component.
Gupta el al. [7] has evaluated the reliability parameters of butter
manufacturing system in a diary plant considering exponentially
distributed failure rates of various components. Gupta et al. [8]
studied the behavior of Cement manufacturing plant. Arora and
Kumar [9] studied the availability analysis of the cool handling
system in paper plant by dividing it into three subsystems. Singh
and Garg [10] perform the availability analysis of the core veneer
manufacturing system in a plywood manufacturing system under
the assumption of constant failure and repair rates.

In the present paper, we study a series-parallel system consisting
of four different subsystems arranged in series. Through the transi-
tion diagram obtained in this study, systems of differential equa-
tions are developed and solved recursively via probabilistic ap-
proach. Availability matrices for each subsystem have been devel-
oped to provide various performance values for different combina-
tions of failure and repair rates of all subsystems. Performance of
each subsystem of series-parallel system is evaluated.

2. System descriptions

The System consists of four dissimilar subsystems which are:

1) Subsystem A: Single units in series whose failure cause
complete failure of the entire system.
2) Subsystem B: consisting of four units in which two are

in operation while the remaining two on standby. Failure of
the system occurs when all the four units have failed.

3) Subsystem C: Single units in series whose failure cause
complete failure of the entire system.
4) Subsystem D: A single unit in series whose failure cause

complete failure of the entire system.
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Fig. 1: Reliability Block Diagram of the System.

3. Assumptions and notations

The assumptions used in models development are as follows:
1) Atany given time, the system is either in operating state or
in failed state.
2)  Subsystems/units do not fail simultaneously
3) Standby units in the same subsystem are of the same nature
and capacity as the active units.
A, B, C, D, represent full working state of subsystem a, b, c,d
represent failed state of subsystem 21,12,13,14 represent failure

rates of subsystems A, B,C,D p,up,u3,14: represent repair rates

of subsystems A,B,C,D Py(t) , Pi(t) , Pp(t) : Probability of the
system working with full capacity at time t Pg(t), P4(t) , Ppo(t):
Probability of the system in failed state Py(t),i=0,12,...,12: repre-

sents the derivatives with respect to time t Av : Steady state
availability of the system

4. Performance modelling of the system

The following system linear differential equations associated with
the transition diagram (Figure 2) are derived:
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Fig. 2: Transition Diagram of the System.

4
[jt+_z M]Po(t) = 2Py (0) + HP3 (D) + 3P4 (D) + H4P5 (D) (1)

4
{:ﬁ Zhi+ uzjﬁ(t) =22Po (1) +
i=1

(2
12P2 (1) + 1 Pg (t) + 1Pz (1) +paPg(t)
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[:t+ A +u2]P2(t) =AoP () +
)

(3)

1P (t) + 3P (1) + 2P (t) +aPr2(t)

[i+ )P (t) = 24Po (1) @)
dat K1 {F3 1F0

(£+ ]P (t) =3Py (t) (5)
dt K3 |F4 3F0

(2414 )P0 =24R00) (6) [ 411 )Po) = 2am100 ™)

(L ]Py(t)=x PL(t) ®)
dt u3 3

[L ]Ps(t>:x PL(Y) ©)
e 4

(L ]Pg(t)=xp (® (10)
dt W 172

(L ]Pl () =23P2(0) (1)
dt u3 0 3r2

(iw ]Pl () =12P5 (1) (12)
dt 2 1 2r2

(5+ )F’l (1) = 14P2 () (13)
dt w4 2 472
. . 1,i=0

With initial condition Pi(t):{o P20 (14)

Setting %:0 as t—ooin equations (1 — 13) and solving them

recursively we obtained the steady state probabilities given below:

PL=X2Rg (15)
P2 = X3Py (16)
P3=X1Ry A7)
P4 =X3Po (18)
P5 =X4Ro (19)
Ps = X1XoPp (20)
P7 =X2X3R 1)
Rg =X2X4P0 (22)
Py = X1><§Po (23)
Pio = X3X%F’o (24)
Pl1= XgF’o (25)

P2 = X4X§F’o (26)
A

Where X3 ==%,1=1,2,3,4
I

The probability of full working capacity, namely, Pq(t) , P(t) and
Po(t) determined by using normalizing condition:

Po (0) + Py (00) + Po(o0) + P3(o0) +...+ Py o(o0) =1 27)

Substituting (15) to (26) in (27) we have

P0(1+x2+x§+x1+x3+x4+...xg+x4x§):1 (28)
: (29)

2 2

Po () = 3
(1+x2 X3 +x1+x3+x4+...x2+x4x2)

The steady state availability A,, is summation of all working and

reduced capacity states probabilities. Thus
Ay =Pp(0) + Py (0) +Pa(0) (30)

2
1+ X2 +X5

- 2 3 2 (31)
(1+X2 + X5+ X1+ X3+ X +.. X5 +X4X2)

5. Numerical example

Table 1 and Figure 3 reveal the effect of failure and repair rates of
subsystem A on the availability of the system. It is observed that
for some known values of failure / repair rates of other four sub-
systems, as failure rate of first subsystem increases from 0.004 to
0.007, the subsystem availability decreases. Similarly as repair
rate of first subsystem increases from 0.35 to 0.5, the subsystem
availability increases.

Table 2 and Figure 4 reveal the effect of failure and repair rates of
subsystem B on the availability of the system. It is observed that
for some known values of failure / repair rates of other four sub-
systems, as failure rate of first subsystem increases from 0.004 to
0.007, the subsystem availability decreases. Similarly as repair
rate of first subsystem increases from 0.005 to 0.2, the subsystem
availability increases.

Table 3 and Figure 5 reveal the effect of failure and repair rates of
subsystem C on the availability of the system. It is observed that
for some known values of failure / repair rates of other four sub-
systems, as failure rate of first subsystem increases from 0.0005 to
0.002, the subsystem availability decreases. Similarly as repair
rate of first subsystem increases from 0.45 to 0.6, the subsystem
availability increases.
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Table 1: Availability Matrix of the Subsystem A of Series-Parallel System

Hy Ay 0.35 0.4 0.45 0.5 pu, = 0.1
0.004 0.9675 0.9689 0.9699 0.9708 A, =0.005
0.005 0.9649 0.9665 0.9678 0.9689 py = 0.5
0.006 0.9622 0.9642 0.9658 0.9670 Ay =0.001
py =01
0.007 0.9596 0.9619 0.9637 0.9651 1, = 0002
0.975
0.97
0.965 m0.35
0.96 m0.4
0.955 0.45 g 0.45
0.95 [ m0.5
0.004 0.005 0.006 E
’ 0.007
Failure Rate
Fig. 3: Impact of Failure 2 and Repair 1 Rates of Subsystem A on Availability.
Table 2: Availability Matrix of the Subsystem B of Series-Parallel System
o Ao 0.05 0.1 0.15 0.2 U, =04
0.004 0.9662 0.9666 0.9666 0.9666 A, =0.005
0.005 0.9658 0.9665 0.9666 0.9666 py =05
0.006 0.9652 0.9665 0.9666 0.9666 A3 =0.001
e = 0.1
0.007 0.9644 0.9664 0.9666 0.9666 A, = 0.002
=
=
= m (.05
S8
g mOo.1
T
W
+ 0.15
o
S
= mQ0.2
o
[
0.004 ——— =
) 0.005 0.006
’ 0.007
Failure Rate
Fig. 4: Impact of Failure A and Repair py Rates of Subsystem A on Availability.
Table 3: Availability Matrix of the Subsystem C of Series-Parallel System
Uy Ag 0.45 05 055 06 p, =05
0.0005 0.9697 0.9698 0.9699 0.9700 A, =0.005
0.001 0.9687 0.9689 0.9691 0.9692 p, =01
0.0015 0.9676 0.9679 0.9682 0.9684 A, =0.005
0.002 0.9666 0.9670 0.9673 0.9676 #y =01

A, = 0.002
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Fig. 5: Impact of Failure A3 and Repair p3 Rates of Subsystem A on Availability.
Table 4: Availability Matrix of the Subsystem D of Series-Parallel System
e Ay 0.05 0.1 0.15 0.2 u, =04
0.001 0.9665 0.9760 0.9792 0.9808 A, =0.005
0.002 0.9482 0.9665 0.9728 0.9760 U, =01
0.003 0.9306 0.9573 0.9665 0.9712 A, =0.005
Uy =05
0.004 0.9136 0.9482 0.9604 0.9665 1, = 0.001
1T .
0.98 Jl// = —
Z 096 + —
= — m0.05
= 094 -l[/
g L B — mO.1
I 092 -llf s - )
- ~ e = 0.15
0.9 _( //./ P4 0.2 ks
~ / 0.15 -
P = mQ0.2
088 +*— 0.1 g
T 0.05 &
0.001 T
0.002 0.003
’ 0.004
Failure Rate

Fig. 6: Impact of Failure 14 and Repair 4 Rates of Subsystem A on Availability

Table 4 and Figure 6 reveal the effect of failure and repair rates of
subsystem D on the availability of the system. It is observed that
for some known values of failure / repair rates of other four sub-
systems, as failure rate of first subsystem increases from 0.001 to
0.004, the subsystem availability decreases. Similarly as repair
rate of first subsystem increases from 0.05 to 0.2, the subsystem
availability increases.

6. Conclusion

Explicit expression in the availability model is developed and used
for the evaluation of performance of different subsystems of the
series-parallel system in this study. Using the model, tables 1-4 are
constructed to show the relationship between failure and repair
rates on system availability. The availability decreases as the fail-
ure rate increases. Similarly as availability increases so also the
repair rates. Models presented within this paper are important to
engineers, maintenance managers and plant management for prop-

er maintenance analysis, decision and safety of the system as a
whole. The models will also assist engineers, decision-makers and
plant management to avoid an incorrect reliability assessment and
consequent erroneous decision making.
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