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Abstract

The spectral radius r(A) of matrix A is the maximum modulus of the Eigen values. In this paper, the studies about the lower and upper
bounds for the spectral radius and the lower bounds for the minimum eigen value of appositive and nonnegative matrices are investigate.
The matrix norm, the spectral radius norm,and the column (row) sums of nonnegative and positive matrices are widely used to establish
some inequalities for matrices. Then several existing results are improved for these inequalities for nonnegative and positive matrix. Fur-
thermore, the lower and upper bounds of the Perron roots for nonnegative matrices are examined, and some upper bounds are computed.
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1. Introduction

The spectral radius function is one of the most important functions
of matrices. It is closely related to matrix norms and the numerical
radius.

Many functionals in matrix analysis are submultiplicative with
respect to ordinary matrix multiplication, but the spectral radius is
not. However, for nonnegative or positive semidefinite matrices
A,B € Mn, the norm ( spectral radius ) of nonnegative and posi-
tive matrices is submultiplicative with respect to the nonnegative
theorems:

1 1
min — » a;%; <1(A) < max— ) a;X;
1<isn X; 4 1<isn X; 4
j=1 j=1

And

n n

. aij ajj
min X; » — <r(A) < maxx; ) —
1<j<n — X 1<jsn — Xj

1= 1=

(See Theorem 5.1.8 and 5.1.9).

This result, among other interesting properties of the spectral radi-
us and the nonnegative and positive matrix, can be found in the
famous book of Halmos [5] and that of Horn and Johnson [6].
Equalities and inequalities for the spectral radii of nonnegative
and positive of matrices have been given by Zhang [15], Cheng,
G-H., [3], Barra and Boumazgour [1].

The material of this research has been arranged, spread out in
three parts. The arrangement of the subject matter is given in such
a way to give a brief survey of results related to the norm of
nonnegative and positive matrix.

Firstly, the study introduces some preliminary results in matrix
theory that will be very useful in this research. These include some
elements of the spectral theory, positive definite matrices,
nonnegative and positive matrices, and matrix norm.

Secondly, the study deals with matrix norms and introduces the
concept of spectral radius. Special emphasis is given to properties

of the spectral radius, and presents several inequalities for the
spectral radii of sums, products, and commutators of matrices.
Finally, the study introduces some basic definitions and properties
of nonnegative matrices and positive matrices. Also it gives and
proves some bounds for the Upper bounds of the Perron roots of
nonnegative matrices.

2. Previous studies

1) The study of (PattrawutChansangiam_, PatcharinHemchote,
PraiboonPantaragphong, 2009) aimed to develop inequali-
ties for Kronecker products and Hadamard products of posi-
tive definite matrices. A number of inequalities involving
powers, Kronecker powers, and Hadamard powers of linear
combination of matrices are presented. In particular,
H older inequalities and arithmetic mean-geometric mean
inequalities for Kronecker products and Hadamard products
are obtained as special cases.

2) The study of (Roger A. Horn and Fuzhen Zhang, 2010)
aimed to prove Zhan’s conjecture (the spectral radius of the
Hadamard product of two square nonnegative matrices is
not greater than the spectral radius of their ordinary prod-
uct), and a related inequality for positive semidefinite matri-
ces, using standard facts about principal sub matrices,
Kronecker products, and the spectral radius.

3) The study of (Dongjun Chen and Yun Zhang, 2015) pre-
sented some spectral radius inequalities for nonnegative ma-
trices. Used the ideas of Audenaert, and then proved the in-
equality which may be regarded as a Cauchy--Schwarz ine-
quality for spectral radius of nonnegative matrices

r(A°B) < [r(A°A)] /2[r(B°B)] /2
In addition, new proofs of some related results due to Horn and

Zhang, Huang were also given. Finally, it interpolated Huang's
inequality by proving
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2 1
r(A1°A2° ... °Ar) < [F(ArAz . A K [r((A1°AY) ... (APA Tk <
r(A1A2 . AK)

On the spectral radius of Hadamard products of nonnegative ma-
trices
4) The study of (Koenraad M.R., 2010) aimed to prove an ine-
quality for the spectral radius of products of non-negative
matrices conjectured by Zhan. And showed that for all n x n

1
non-negative matrices A and B,r(A°B) < r[(A°A)(B°B)]z <
r(AB), in which e represents the Hadamard product.

5) The study of (Maozhong Fang, 2007) aimed to prove an up-
per bound for the spectral radius of the Hadamard product
of nonnegative matrices and a lower bound for the mini-
mum eigenvalue of the Fan product of M-matrices.

6) The study of (M. Goldberg, G. Zwas, 1974) characterized
all nxn matrices whose spectral radius equals their spectral
norm. it showed that for n>3 the class of these matrices
contains the normal matrices as a subclass.

7) The study of (Zejun Huang, 2010) aimed to prove the spec-
tral radius inequality r(A;°A,° ... °Ay) < r(AA, ... Ap)for
nonnegative matrices using the ideas of Horn and Zhang. It
obtained the inequality ||A°B|| < r(ATB) for nonnegative
matrices, which improves Schur’s classical inequality
[|A°B|| < ||AlllIB]|, where ||. || denotes the spectral norm. It
also gave counterexamples to two conjectures about the
Hadamard product.

3. Fundamentals of matrix analysis

3.1. Basic results in matrix theory

Let Mmn denote the space of all m x n complex matrices and let Mn
denote the algebra of all nxn complex matrices.

Definition 3.1.1: Let A € M n, Then a complex number A is called
an eigenvalue of A, if there exists a nonzero vector x € C". Such
that Ax = Ax. Such a vector x is called an eigenvector of A associ-
ated with A.

Definition 3.1.2: If A€ M n, then det(Al — A) = 0 is called the
characteristic equation of A, where det (.) is the determinant func-
tion. The polynomial p(A ) = det (AI — A) is called the characteris-
tic polynomial of A. the set of all eigenvalues of A is called the
spectrum of A, denoted by ¢ (A).

Theorem 3.1.3: If A € M,, thenA € o (A) is an eigenvalue of A if
and only if det(Al—A) =0.
Definition 3.1.4:Let A= [aij] € M. Then

1) The trace of Alis given by trA =}_, aj;.
2) The transpose of A is given by A'[a;;Jand A" =[a,]is called
the adjoint of A.

Theorem 3.1.5: For all A, B eMn
1) o(AB)=0c(BA)
2) Ifo(A)= {\s,...,An }, then det(A) =[T;L, A;, and
tr(A)= XL, Ay
3) oA ={kA€oc (A}

Theorem 3.1.6: Let A,B €M, and let « € C. Then

1) det AB = (det A)(det B)

2) det (aA) = a”detA.

3) (A = (c(A)K = {A%: MEc(A)}, where k is a natural num-
ber.

4) o(AH=c (A).
5) for any matrix A with rank at most 1,6(A)= {trA,0}

Theorem 3.1.7: Let A, B€ M na € C. Then
1) tr(A+ B)=trA +trB.
2) traA=atrA.
3) trAB =trBA.
4) tr0 =0, trln=n, wherelnis the identity matrix of order n.

Theorem3.1.8: Let A.B € Mn ,a € C. Then

1) (A=A

2) (A+B)'=A"+B"
3) (aA*)=TA"

4) (AB)'=B'A"
5) det(A") = det(A)
6) trA"=trA.

7) trA"A>0.

8) o(A")=0(A).

Definition 3.1.9: A.B € M are called similar if there exists in-
vertible S & M n such that

B=S'ASorA=SBS!
Theorem 3.1.10:Similar matrices have the same eigenvalues.

Corollary 3.1.11: Similar matrices have the same determinant and
trace.

Theorem 3.1.12: (The spectral mapping theorem), Let A€ M n.
Then for every polynomial fo( f (A))= f (c(A)).

Theorem 3.1.13:(Cayely - Hamilton). Every matrix satisfies its
characteristic Polynomial (i.e, if A € M nand p is the characteristic
polynomial of A, then P(A) = 0).

Remark 3.1.14: Let A € M nand let k €C.Then o(kA)= ko(A)
Definition 3.1.15: If A € Mn, then

1) Alis called Hermitian if A" = A,

2) Adis called skew-Hermitian if A" = -A.

3) Adiscalled unitary if A"A= AA™= .

4) Adscallednormal if A* A = AA"

It is obvious that Hermitian, skew-Hermitian and unitary matri-
ces are normal matrices.

Remark 3.1.16:
1) The sum of two Hermitian matrices is Hermitian.
2) The product of two Hermitian matrices is Hermitian if and
only if these matricescommute.
3) IfA €M then AA", A"A, A+ A'are Hermitian.
4) If A€ M nis Hermitian, then every eigenvalue of A is a real
number.

Remark 3.1.17:Let A € M. Then
1) If Ais unitary, then |det A |= 1.
2) The product of two unitary matrices is unitary.

3) Aisunitary if and only if Al = A" is unitary.
4) If Alis unitary, then every eigenvalue of A has modulus one.

Definition 3.1.18:1f X = [x1,X2,....X n]',y = [V1,Y2,...,yn]'E C ", then
the Euclidean inner product of xandyis given by: (x,y) = XiL; X7,

Note that,(x,y ) = y*x

Remark 3.1.19:Let x,y,z€ C",a € C Then
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1) ., x=xy)

2)  (oax,y)=a(xy)

3)  (X+y,2)=(x,2)*(y, 2)

4 (x,x)=Y |x |? = 0with equality iff x=0
5 X ay)=a(xYy)

6) @x+y)=@Zx+(2y)

Definition 3.1.20: A matrix B € M  is said to be unitarily equiva-
lent to A € Mnif there is a unitary matrix U € M nsuch that
B=U"AU.

Theorem 3.1.21:(Schur's unitary triangularization theorem). Let
A € M nwith 6(A) = {A1,A2, ... ,An}. Then there is a unitary matrix
U € My such that U * AU = T, whereT = [t j] € M nis an upper
triangular matrix with diagonal entries ti=2;i fori=1,2... n.

Theorem 3.1.22:(Spectral theorem for normal matrices). A € Mn
is normal if and only if A is unitarily equivalent to a diagonal
matrix (that is, A = UDU", where D is diagonal and U is unitary)

3.2.Positive definite matrices

Definition 3.2.1: A Hermitim matrixA € M n is said to be positive
definite, if (Ax,x)> 0 for all nonzero x € C", and it is called posi-
tive semi-definite, if (Ax,x) >0 for all x € C"

Remark 3.2.2:

1) The sum of any two positive definite (semi-
definite)matrices of the same size ispositive definite (semi-
definite).

2) (The product of any two positive definite (semi-definite)
matrices is positivedefinite (semi-definite) if and only if the
two matrices commute.

3) Each eigenvalue of a positive definite (semi-definite) matrix
is a positive) nonnegative) real number.

4) A Hermitian matrix whose eigenvalues are positive
(nonnegative) is positivedefinite (positive semi-definite)

5) The trace and determinant of a positive definite (semi-
definite) matrix are positive(nonnegative) real numbers.

Theorem 3.2.3:Let A €M n be a positive semi-definite (definite)
matrix and let k >1be a given integer .Then there exists a unique
positive semi-definite (definite) matrixB such that A = BX ,written

asB = Al/k.

Theorem 3.2.4:A matrix A €M n is positive semi-definite if and
only if A = BB" for some B € M n . In the positive definite case B
is taken to be invertible.

Definition 3.2.5:The eigenvalues of the matrix (A) = (A*A)1/2 are
called the singular values of A. They are denoted by si (A),
S2(A)...sn (A) and they are arranged in non-increasing order so that
s1(A) > s2 (A) > ... >sn(A).

Theorem 3.2.6: (Singular value decomposition).If A € M n, then
Amay be written in the form A = VDW", where VW € M ; are
unitary, and the matrix D = diag(s1(A),s2(A),...,Sn(A).

Theorem 3.2.7:(Polar decomposition). If A € M 4, then there
exists a unitary matrix U € M  such that A=U(A)

Remark 3.2.8: Let A € M and let U, V €Mn be unitary, then

1) The matrices A"A and AA” are unitarily equivalent, and
hence, they havethe same eigenvalues.

2) The matrices (UAV) and (A) are unitarily equivalent, which
implies that sj(UAV)=sj(A) forall j=1,2...n.

3) If A is normal with eigenvalues A (A) ordered in such a way
that| A 1 (A) > ... 2| An(A) |, then sj (A)=| Xi(A) | for all j=
1,2,....,n.

Definition 3.2.9: A matrix A = [a;] € M nis called diagonally
dominant if |a;;| >X;a;| fori=1,2...n.

Definition 3.2.10: Let Ae M mn For index sets ae{l, 2, ..., m}
and B €{1, 2, .., n}, we denote the sub-matrix that lies in the rows
of A indexed by a and the columns indexed by 8 as A(a, B). If m =
n and B = a, the submatrix A(a, ) is called a principal submatrix
of A and is abbreviatedA(a).

Definition 3.2.11: LetB=[bijje Mnhand A=[aij] € Mn.
We write

B>0ifall b0

B>0ifall bij>0

A>BifA-B>0

A>BIifA-B>0.

IfA > 0, we say that A is a nonnegativematrix, and if A > 0, we
say that A is a positive matrix. We define |A| = [|aij]].

Theorem 3.2.12:Let A, B, C, D € M, Then

1) |A|>0and|A[=0if and only if A =0.

2) |aA| = [a]JA|, for all complex numbers a.

3) |A+B|< |Al+B|.

4) IfA>0,B>0,anda, b>0, then aA +bB >0.
5) IfA>Band C>D,then A+C > B+D.

6) IfA>BandB>C,then A>C.

Theorem 3.2.13:Let A, B, C, D € My, and let x €C". Then.

1) IAXI<IAl [x].

2) |AB|<|A|B.

3) |A™|<|A|™forallm=1,2,...

4) If0<A<Band0<C<D,then0<AC<BD.

5) If0<A<B,then0<A™<B™forallm=1,2, ...

6) IfA>0,then A™>0, and if A > 0, then A™> 0 for all m =
1,2,..

7) IfA>0,x>0,andx #0, then Ax > 0.

8) IfA>0,x>0,and Ax=0,then A=0.

3.3. Matrix norm

Definition 3.3.1:Let V be a vector space over a field F. A Func-
tion|| . ||:V - Riis a vector norm if for all x, y € V.

1) |Ix|| = 0,and||x|]| = 0 if and only if x = 0(Positivity).
2) lex|l = [cllIx]| for all scalars ¢ € F(Homogenity).
3) lIx+yll < x| + llyll(Triangle inequality).

For a vectorx = (X1 ,Xy, ..., Xy) € C?, we define
1
n »
P
Ixll, = Z|x,-| 1<p<oo
j=1

xlleo = lim Il = E{?ﬁlxil'

For each 1< p < oo, |[x]|,, defines a norm on C™. These are called
the p-norms or £, norms. While for 0< p < 1 this defines a quasi
norm. Instead of the triangle inequality we have.

Y
lIx+yll, <27p=1(lIxll, + llyllp),0 <p <1

Definition 3.3.2:A function N:M — R is a matrix norm if for all
A, B € M, it satisfies the following axioms:
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1) N(A) =0andN(A) =0ifandonlyA=0.
2) N(aA) = |a|N(A) for all complex numbers a.
3) N(A+B) < N(A) + N(B).

4) N(AB) < N(AN(B).

Remark 3.3.3: A vector norm onM,,, that is a function that satis-
fies (1) — (3) and not necessarily (4), is often called a generalized
matrix norm.

Examples 3.3.4: Let = |a;;| € M, . Then
1) The ¢;norm is defined byl|All; = XPi_4|ay].

Note that ||. ||; is a matrix norm because

n

1Bl = )

ij=1

< Z |aiibums| = (i | ( Z L™

ijkm=1 ik=1 jm=1

n

Z ajkby

k=1

n

< Z [aikbig|

ijk=1

=llAll11IBIl4

2) The ¢, norm (or the Euclidean norm) is defined by

1
, L
A== |ay |
Note that ||. ||, is a matrix norm because

n 2

lABIZ = )

ij=1

< i(imikm(i D)
m=1

ij=1 k=1

n

Z ajkby

k=1

= [lAlIZ1IBIIZ
This inequality is just the Cauchy — Schwarz inequality. When
applied to matrices, this norm is sometimes called the Forbenius

norm, the Schur norm, or the Hilbert — Schmidt norm.
3) The maximum column sum matrix norm is defined by

n
Al = max > Jay|
i=1

4)  The maximum row sum matrix norm is defined by

n
ATl = max > Jay|
j=1

Note that, the norms |||.|||;,and |||. ||l are induced by the
£;and £, vectors norms, respectively, and hence must be matrix
norms.

5) The spectral norm ( or the usual operator norm )is defined
by

IA]l = max[|Ax] .
llxli=1

Note that, for any matrix A € M,,,

a) lAll= max |[(y,Ax)|.
IIxll=llyll=1

b) IfA € M, is Hermitian, then, ||A|| = ”m”axll(x, Ax)|.
Xli=

c¢) IfA € M, isa unitary, then [|A|| = 1.

d) ||A¥|| < [|a¥|), fork = 1,2, ...

e) If|A| < [B|, then|lAll, < [IB]l, .

6) Thenorm ||Alle = max |a;;| is a generalized matrix norm.
<i,jsn

Definition 3.3.5:Let € M,, . Then the numerical radius w(A) of A
is defined by

w(A) = Ilr}g”zgl (Ax,x)|.

Theorem3.3.6:The numerical radius w(.) is a norm on M,,. That
is, forall A,B € M, and a € C, we have

1) w(A) =0andw(A) = 0ifandonlyif A= 0.
2) w(aA) = |a]w(A) for all complex numbers a.
3) w(A+B) <w(A) +w(B).

Theorem 3.3.7: If € M,, , then
1) w(A) = w(AY).
(2) w(U*AU) = w(A) for every unitary U € M.
(3) w(A) < |lAll.

If A is normal, we have w(A) = ||A]l.

Theorem3.3.8: The norms w(.) and ||. || are equivalent on M,,. In
fact for everyA € M,, , we have

w(A) < ||A]l < 2w(A).
Proof: Note that,
w(A) < Al (By Theorem 3.3.7)

Top prove that ||A]| < 2w(A), note that
1 * *
Al =EII(A+A )+ (A-A)l
< % [|A+ A" + % [|[A—A*|| (By the triangle inequality)
= w(A+A") +-w(A—A") (by Theorem1.3.7)
(Since A + A* and A — A* are normal)
<w(A) + w(A*) = 2w(A) (byTheoreml.3.7)

Remark 3.3.9: w(.) is not submultiplicative, that is it is not true
that

w(AB) < w(A) w(B)

Even if = BA. To see this,

0 0 0 O
1 00 o0 2

LetA = 010 0 andB = A=,

0010
Then

T
AB = BA = A3, w(A) = cos = 0.80901699
w(B) = w(A?) = w(A3) = w(AB) = 0.5

Thus

w(AB) = 0.5 > w(A)w(B) = 0.4045085
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Remark 3.3.10: Let A, B € M,,. Then

1) If A, B are normal, thenw(AB) < w(A)w(B). To see this ,
note that

w(4B) < ||AB|| < |IAllIIBIl = w(A)w(B).
2) If A, B are arbitrary , then w(AB) < 4w(A)w(B). Note that,
w(AB) < [IABIIIIAINIBIl < (2w(4))(2w(B))
=4w(A)w(B)
3) w@fork=12,..
For recent numerical radius inequalities, we refer to Kittaneh

(2003 and 2005).

Definition 3.3.11:A matrix norm || || on M,, is said to be unitarily
invariant if

luavil = 1Al
For all A € M,, and for all unitary matrices,V € M,, .
Theorem 3.3.12: The spectral norm is a unitarily invariant matrix
norm.
Proof:
Let A € M, and U,V € M,be unitary, and let B = UAV. Then
IBIl = IUAVII < IUINANNVIE = [IAll.
Since A = U*BV* it follows that
1Al = lu=BV=Il < IU-[HIBINV=Il = 1Bl
So
1Al = IBIl = [lUAV .

Theorem3.3.13:The Euclidean norm is a unitarily invariant ma-
trix norm.

Proof:
Let A € M,, and U,V € M,, be unitary, and let B = UAV. Then

IBII2 = trB*B = tr(V*A*U*UAV) = tr(V*A*AV)

= trA*A = ||All3
4. Spectral radius inequalities

4.1. Properties of the spectral radius

The following properties of the spectral radius can be found in
horn and Johnson [6].

Definition 4.1.1:The spectral radius r(A) of a matrixA € M,, is
r(A4) =max{|A]: A is an eigenvalue ofA}.

Observe that if A is any eigenvalue of, then |1| < r(4).

Theorem 4.1.2: If N(.)is any matrix norm and if A€ M,,,
then r(4) < N(A).

Proof:

Let L€ o (4) such that |A] = r(4) and let x € C™ be a nonzero
vector such thatdx = Ax.

If X=[x:x:..:x] , then |ANX)=NAX)=N(A4X)<
N(A)N(X). Since N(X) = 0, we have |1] < N(4),and sor(4) <
N(4).

Corollary 4.1.3: If A € M,, then (4) < ||All, and equality holds if
A is normal.

Remark 4.1.4: If A, B € M,,, then r(4B) = r(BA).
To see this, use the fact c(AB) = o(BA).
Theorem 4.1.5: If A,B € M,, and AB = BA, Then
1) r(A+B) <r(4)+r(B).
2) r(AB) < r(A)r(B).

Proof:

(1) Since AB = BA, by schur’s theorem there is a unitary ma-
trix U € M,, such that

U*AUAndU*BU are both upper triangular,

le,
[11 aiz Qi3 Q1n]
| 0 /12 az3 s Qo
T,-U*AU =0 0 A3 . Qszp

]

Where 4;,i = 1,2, ..., n are the eivgenvalues of 4, and

0 0 0

[H1 by bz .. b

| 0w byz .. by
T,=U'BU=|0 0 jus; .. bs,
0 0 0 Un J

Where y;,i = 1,2, ..., n are the eivgenvalues of B.
Note that o(4) =0o(Ty)={1;:i=1,..,n} ,
o(T,) ={u:i=1,..n}

Now, 6(A+ B) € 0(A) + (B),and 0(AB) S d(4)c(B).
So, we have r(A + B) < r(4) + r(B) andr(4B) < r(4A)r(B).

and o(B) =

Remark 4.1.6:1f A, B € M,,do not commute, then Theorem 4.1.5
is false. To see this consider the following example.

Let A = 8 (1)],3 =3 8

Thenr(4A) =0andr(B) =0,butr(4+ B) = 1.
Sor(A+B)=1>r(4)+r(B) =0.

Lemma 4.1.7: If € M,, , then

r(A) = inf {||S71AS||: S € M™ is invertible}.

Proof:
If S € M, invertible, then

r(A) = r(STAS) < ||S714S]| .

So,

r(A) <inf{||S~1A4S||: S € M™ is invertible}.

By the Schur traingularization theorem, there is a unitary matrix U
and an upper triangular matrix T with diagonal entries

A4, ... An(the eigenvalues of A), such that U*AU =T

Set D; = diag(t, t?,t3,..t™) for t > 0, and computD,TD; L.
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Mty tT2dgg t™"d,,
[0 Az t7tdys t_n+2d2n]
D,TD;* = I 0 0 A5 ¢ 3, I
lo o o . o, |

Let S,_UD; . Then S;'AS, = D, U*AUD;* = D, TD;* .
Thus, for t > 0 large enough, we can be certain that the sum of all
the absolute values of the off-diagonal entries of S;7AS,, can be
made arbitrary small. It follows that
[ISF1AS, — diag(Ay, ..., A)|l = Oast — oo.
Thus
ISE2AS Il = lldiag Ry, -, )l = max || = r(A).
Now,
r(4) < inf|ISTAS|| < [IS72AS ||, forall ¢ > 0 .
Letting t — oo, we obtain
r(4) <inf||S71AS|| < r(4), and so
r(4) =inf ||STAS]| .

Theorem 4.1.8: Let € M,,. Then lgim Ak =0, if and only if
r(4) < 1.

Proof: If A¥ - 0 as k — oo, and if x # 0 is a vector such that

Ax = Ax,Then

A¥x = 2¥x - 00nly if || < 1.since this inequality must hold for
every eigenvalue of A,We conclude that v(4) < 1.

Conversely,

Ifr(A) < 1, then by lemma 4.1.7

inf{||S~1AS||: S is invertible} < 1

And so there is an invertible matrix S € M,, such that
[IS~1AS]|| < 1. But then

[|(S~1AS)¥|| < IIS~1AS|I* - Oas k — oo.

Thus(S~1AS)* - 0 as k — oo, which implies that S~*AS —
0 as k - oo, and so

A¥ > 0ask - o
Corollary4.1.9: (Spectral radius formula). If A € M,,, then r(4) =
1
lim || A¥|| k,
k—co
5. Nonnegative and positive matrices

5.1. Nonnegative matrices

Theorem 5.1.1:LetB € M,,. If |A| < B, Then r(4) < r(lA]) <
r(B).

Proof: For every m=1,2...We have | A™ |< |A|™ <B™

And

lam i, < Tal™ ], <lB™], .

Then

fam ™ < Dar < ) moratme 1,2...

If we know let m — oo and apply Corollary 4.1.9, we have that
r(A) < r(A) < r(B).

Corollary5.1.2: Let,B € M,,. If 0 < A < B, thenr(|A]) < r(B).

Corollary 5.1.3: Let A € M,,. If A= 0 and if4 is any principal
submatrix of A, then r(4) = r(4)

Proof:

Let 1 <r<nand let A be an r x r principal square submatrix of 4,
let A denote the n x n matrix formed by placing the entries of 4 in
their former position and Placing 0's elsewhere. Then

r(A) =r(d)and 0 < A < A.
So,

r (A) = r(4) <r(A) (by corollary 5.1.2)

Lemma 5.1.4:Let A € M,,, and suppose that A = 0. If the row
sums of A are constant, then r(A) =|||A] || . If the column sums of

A are constant, then r(4) =|| 1Al ||,

Proof : We know that (A) <|||Al]| for any matrix norm [||.|]|.
But if the row sums are constant, x=[1, 1, ...,1]%is an eigenvector
with eigenvalue |||A] ||, and so r(4) = || Al ]| . The other asser-
tion follows by similar argument.

Theorem 5.1.5: Let A € M,,, and suppose A> 0. Then

n

min a;;i <r(A SmaxZa--
1sisnz Y (4) 1<isn Y

S

j=1 j=1
And
n n
s, oy <) = uax ) ay
i=1 i=1
Proof:

Let a =1msiisr}1§]§’=1 a;j, and let B = |b;;| € M,, Such that A>B >0,
Xi=1bij = aforall,

i = 1,2,....,nThen

rB)= B, =«a
And

r(B) < r(4) (By corollary 5.1.2)

Letp = max Yi-1a;,andlet C = [ci]-J € M,, such that C > A >
<isn
0 And Y%, ¢;; = 8 forall

i=1,2,...,n.Then
r@©) = |icl]l, = 8
And

r(C) = r(4) (Bycorollary 5.1.2)
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The column sum bounds follow form applying the row sum
bounds to A*
Corollary 5.1.6: Let A € M,. IfA = Oand X7, a;; > 0 for all

i = 1,2,...,n,then
r(A) > 0

Proof:
Since A = 0Oand Z};l a;j > 0, we have

min ¥ a;; <7(A)

1<isn

(by Theorem 5.1.5)

So,
r(4) > 0.
Corollary5.1.7: Let A € M,,,and A > 0. Thenr(4) > 0.

Theorem 5.1.8: Let A € M,,, and suppose A = 0. Then for any
positive vector x € C™

We have
1v 1v
min — a;ixi <r(A) < max— a;ix;
1sisnx; £a U ) isisnx; Lo U7
j=1 j=1
And
n n
. aij aij
minx; ) — <r(Ad) < maxx; ) —
1sjsn 7 L X; 1sjsn -~ 4 i
i=1 i=1
Proof:

Since r(S~1 AS) = r(A) whenever S is invertible, if
S=diag(xy, %3, ..., %), all x; > 0, and since A > 0, then

STIAS = |a;xxit] = 0.

So,
1 n
min — » a;;x; <r(STLAS)
151511)([ 4
=1
n
< Irsl%clx—l ' 1a,-]-xj ( by Theorem 5.1.5)
]=

Corollary 5.1.9: Let A € M, letx € R™, and suppose that A >
Oandx > 0. If

a,f = 0aresuchthatax < Ax < Bx, Then
a<r(d) <B
If ax < Ax,then
a < r(4).
If Ax < fx,then
r(4) <p
Proof:
If ax < Ax,then Ax — ax = 0.So

a;jxj— ax; =20, foralli=1.2,..,n
1

n
j=

Then

n
=1
a < min x; Za--x-
1<isn ' e
j=1

We conclude the a < r(4) (by the theorem 5.1.8)

If ax < Ax, then there issome a’ > asuchthata’x < Ax.
In this event, r(4) >a' > a.

If Ax < fx,thenfx — Ax =0.So0

n

Bx; — Z a;jxj =20 foralli=12,..,n
=1

Then

n
B = maxx;? Z a;jx; =1(A) (by theorem 5.1.8)

j=1

If Ax < PBx, then there is some B’ < B such that Ax < B'x, so
we have that

r(4d) < B'<p

Corollary 5.1.10: Let A € M,,, and suppose that A in nonngative.
If A has a postive eigenvector, then the corresponding eingenvalue
is r(A4), that is,

ifAx = Ax,x >0and A = 0,then 1 =r(4).

Proof: Ifx > 0and Ax = Ax,thenl = 0and Ax < Ax <
Ax ,But then
A <1r(4) £ 2 (by corollary 5.1.9)
So,
r(4) = 2

5.2 Positive matrices

Lemma 5.2.1: Let A€ M,, and suppose that A > 0, Ax =
Ax,x # 0and |A] =1(4)

Then
Alx| =r(4)|x| and |x| > 0.
Proof:
Since Ax = Ax and |A| = r(4), we have
(x| = 1Alx| = 1Ax| = |Ax| < |Allx| = Alx|
So that
y = Alx| —r(4A)|x| =0
Since |x| = 0 And |x| # 0 we have
Alx| > 0 by property(7)Theorem 3.2.13
And we have that

r(A) > 0 by corollary 5.1.7
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Soify = 0, we have
Alx| =7r(4)|x|

Ify #0,setz=A|x| >0,Sincey > 0,y #0and4 > 0,
we have

Ay > 0 (by property (7)of theorem 3.2.13)

=Az—1r(A)z> 0,and so Az
> r(A)z. But then by corollary 5.1.9

We have that
r(A) > r(A4). So,y = 0, and this completes the proof.

Theorem 5.2.2: Let A€ M,,, and suppose that A > 0. Then
r(A) > 0,r(4) is an eigenvalue of A, and there is a positive
vectorx such that Ax = r(A4)x.

Proof:

There is an eigenvalue A with || = r(4) > 0 and an associated
eigenvector x # 0 by the Lemma (5.2.1), the required vector is
|x].

Lemma 5.2.3:Let A€ M, , and suppose that A>0,Ax =
Ax,x # 0and |A| = r(A). Then for some real number 8

e Wy =|x|>0

Theorem 5.2.4:Let A € M,and suppose A is a positive. Then
|A] < r(A) For every eigenvalue 1 # r(4).

Proof:
For every eigenvalue 1 of, |1| < r(A4) .Suppose that |A| = r(4) ,
and Ax = Ax,x #0.Then

w = e % > 0 for some real number 6
And

Aw = Aw

But by corollary 5.1.10 we have 1 = r(4)
Theorem 5.2.5: Let A € M,, and suppose that A > 0 and that
w and z are nonzero vectors such that Aw = r(4)w and Az =
r(A)z. Then there exists some a € C such that w = az.
Proof:
Since A > 0, and w, z # 0, there exist real number 6, , 8, such
that p = e~¥1z > 0 and

g=e 2w >0.Setp = min qip;t and definev=—gp .
<isn

It follows that v = 0. For if v <0, then g- fp < 0, iff
e~ Oy < Be 027 iff e‘i(92‘91)g< B. This is a contradiction
with = 1msiisr}1 q;pit. So, v = 0 and at least one coordinate of v is
0. So v is not a positive vector, But

Av = Aq — pAp =1(A)q — pr(A)p =r(A)v
Soifv # 0, then
Av > 0 ( by theorem 3.2.13)
Butsince r(A)v = Av > 0and r(4A) > 0, we have

v = r(4)~! Av > 0 (this is not true)

So,v=0and hence g = Bp and = Be!(®2"9)z Seta =
Lei®2=01) thenW = az.

Now we can define the Perron vector of A € M,, as follow:

If

€M, and A >

0,then there exists a unique vector x such that Ax = r(A)x,

x > 0,

and Y-, x; =

1.This special eigenvector x is called the perron vector for A >

0, and The associated eigenvalue r(A) is called the Perron root of
A.Sinced > 0iff A* > 0, and since r(4) = r(4%Y) itis clear
thatif A > 0, then in addition to Perron eigenpair (r(4), x) for A
there is a corresponding Perroneigenpair(r(4), y) for At.

The vector yt> 0 is called the left hand Perron vector for A.

Remark 5.2.6:1f A € M,, and A > 0, and if there is some z € C™
such that z = 0,z # 0,and Az = Az then z is a multiple of Per-
ron vector of A and that 1 = r(4) .

Lemma 5.2.7: Let € M, , be given, let A € C be given, and sup-
pose x and y are vectors such that:

1) Ax =2x
2) Ay = dy,and
3) xty=1
Define L = xy*, Then
a) Lx = xandy!L =yt
b) L™ =L forallm=1,2,...
c) AML=LA™ = A"L forallm=1.2,..
d L(A-AL)=0
e) (A—AL)m =A™ — AL forallm = 1,2,...
f) Every nonzero eigenvalue of A — AL is also an eigenvalue
of A.
If, in addition, we assume that
1) 2#0
2) Ais an eigenvalue of A with geometric multiplicity 1, then
we also have that
a) Aisnotan eigenvalue of A — AL

Finally, if we assume that

3) Al =r(4)>0

4) Ais the only eigenvalue of A with modulus r(A) and if
we order the eigenvalues of A
as 4l < 2] < o S Al < Al = 2] =
r(4),then

a) r(A— AL) < A4l < 1(4)

b) AA™=L+@QA4A-L)">Lasm—> o
For every k such that (%) < k <1 there exists some ¢ =
¢ (k,A), such that

[(A71A™ = Ll < ck™, forallm=1,2,...
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Proof:

The proofs of (a) — (f) are obvious. We notice, that x and y are
nonzero vectors.

Proof of (9):

SupposeA is an eigenvalue of A — AL, then for some eigenvec-
torw = 0, (A — AL)w =Aw.

But by (5) we must then conclude that w = ax for some a # 0.
Now,

Aw= (A- ALw= (4A— Al)ax

= Aax — ALa

= aAx — Aalx
= aix — Aax (by (a))

=0

Which is impossible sinceA = 0andw # 0
Proof of (h):
By (f), (g), if we order the eigenvalue of A as

4] < 14;] < ..
have

< |Ap-1l € 14,1 = |Al =7(A4),Then we

T(A— AL) < |An-a| < |An| = |2] = 7(4).

Proof of (i):
By (e), we have that

(A=2AL)™ = A™ — A™L forallm=1.2,...
So,
AMATITA = L)™ = AM((ATA)™ - L)
Then,
A ™ =L+ (A A-L)"
Notice That

r(A-AL) _ |An-l

r(4)
@ S @ =

@

r(A"'4A—-1L) =
So, by theorem 4.1.8, lim (A71A—L)™ =0
m-—oo
Then,
(A"tA)™ > LWhenm - o
Proof of (j):
Applying (corollary 4.1.9) to the matrix A=A — L as follows.

Let € > 0. Then there is a constant ¢ > 0 such that

A4 - L)Y <cr@A-L)+ o™

<c <|i'&§| + e)

<c(k+e™

Since € > 0 is arbitrary, it follows that
[[(A7TALY ™| < ck™ for allm = 1,2, ...

Theorem 5.2.8: Let A € M,, and suppose that A > 0. Then

lim (r(A)~*A™ =1,
m —00
Where

L = xy', Ax = r(A)x, Aty =r(A)y,x >0,y > 0,and x'y
=1

Proof:
The assumptions (1)-(7) of lemma (5.2.7) are satisfied with A =
r(A), x the Perron vector of 4, and y = (xtz)~'z, where z is the
Perron vector of At. The conclusion follows from (i).
Theorem 5.2.9: (Perron’s theorem ). If A € M,, and A > 0, then
a rAd>0
b) r(4) is an eigenvalue of A
c¢) Thereisanx € C"withx > 0and Ax = r(4)x.
d) |1| <7r(A)for every eigenvalue 2 + r(A)

e) (r(A)*A)™ - Lasm - o  where

r(A)x, Aty = r(4)y,x >0,

L=xy' Ax =

y> 0,andxty = 1

Corollary 5.2.10: If A > 0 and if x is the Perron vector of 4,
then

n

r(4) = Z a;jx;.

ij=1

Proof:
By Perron’s Theorem Ax = r(A)x. So

n
Zaijxj =r(A)x; foralli=12,..,n

j=1

Thus

i=1 i=1

Zn: a;jx; = Zn:T(A)xi = T(A)Zn:xi =r(4)
fj=1

Theorem 5.2.11: IfA € Mpand A > 0, then r(4) is an eigenval-
ue of A and there is a nonnegative vector x > 0,x # 0, such
that Ax = r(4)x.

Proof:
For any & > 0, define A(e) = |a, + €| > 0. Denote by x(e) the
Perron vector ofA(¢), so x(¢) > 0and

n
Z x; (¢) = 1.Since the set of vectors (x(¢e): €

i=1
> 0)is contained in the set

{x:xeC™,||x]l; < 1}, there is a monotone decreasing sequence
£1, &2, ... With

lim g, = 0 such that lim (g,) = x exisit.
k -0 k -0

Since x(g,) > 0 for all k = 1,2,..., it must be that x =
klim & = 0and x # 0, because
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n

3

i=1

n
kllm Z xi (&) =1
i=1

Since there is a monotone decreasing sequence &;, &, , ...
lim g, =0, we have
k -0

with

(by Theorem 5.1.1)

r(A(er)) 2 T(Alegsr)) = 2 7(A)

For all k=1, 2... So the sequence of real number {r(A(e))}for
k=1, 2... is a monotone decreasing sequence. Thus,

r=lim r(A(ey) , existsand r > r(A).

But from the fact that

Ax = ,(lij)zzoA(Sk)x(sk) = kll'_TLloT(A(Sk))x(Sk)
klim r(A(sk))klim x(g) = rx

And the fact that x # 0, we deduce that r is an eigenvalue of A.
But then r < r(4), so it must be that r = r(4).

Theorem 5.2.12: LetA e M, A =20,x € C",x >0, and x #
0.If Ax = ax for some real number a then r(4) = a.

Proof:

Let A = |a;j|,Lete >0, and define A(¢) = |a;; + €|. Then
A(€)>0, s0 A(g) has a positive left Perron vector y (¢), that is

y (@A) = r(A(e)yt(e).
Since Ax > ax, we have that
Ax —ax =0,
So
A(®)x — ax = Ax — ax = 0.
Hence
yi(©@[A(E)x — ax] = [r(A(©) — a]y*(e)x =0
Sinceyt()x > 0, we have:
r(A(s)) —a=0foralle>0.

Butr(A(e)) — r(A)ase — 0, so we conclude that 7(4) > a

5.3. Upper bounds of the perron roots of nonnegative
matrices

For Any nonnegative matrix A =
T(A), N(A), Ty, prare defined by:

[a;;] € M, , the numbers

n

2
T(A) = Z a;j,N(4A) = nrr%'(];x agj, T, = (T(Azk)) ,and @y

- (N(Azk))z_k

Lemma 5.3.1: If A = |a;| € M, is nonnegative matrix, then
r(4) <T(4).

Proof:
If A = 0, then by Theorem 5.2.11, there is a nonnegative vector
x = 0, such that Ax = r(4)x.

Let x be the Perron vector of A. Then

n n n
r(A)le ZZ a;
i=1 i=1j=1 i,j=1

T(A).

M
=

n
- Z aij
ij=1

Lemma 5.3.2: If A = |a;| € M, is nonnegative matrix, then
r(4) < N(A).

Proof: If A >0, then by Theorem 5.2.11, there is a nonnega-
tivevector x > 0, x # 0, and x = (xq, x5, ..., x,)¢ corresponding
tor(4). Letx, = Inax{xi}. Then

<isn

r(A)x; = Xz aijx;,

And Hence
n

a;ix; | < nmax(a;iX;).
Z i i ( ij J)
Jj=1

T = g

. Xj .
Slncex—J <1for1l<j<n,wehave
m

%
r(4) < nmax aij < nmax(au) N(A).
L X
Theorem 5.3.3: If A = |a;| € M, is a nonnegative matrix, then
fork = 1,2,...
1) r(4) <7
2) A<t <t 1<+<7y<7
3) }gim T, =1(4)

Proof:
1) We first note that the inequality (1) implies
(r(A)? = r(4%) < (42 (By Lemma 5.3.1)

And hence

) = (r?) < (T

2) Lett =ty =T(A),and notice that

T(A%) = Z (Z(%k%)) = iz”: (aseaxs)

i,j=1 J k=1
n
Z (aikamj)
i,j,km=1

= T(AT(A) = (T(A))? = 72, 50
= (T < @ =1

= (T(A*)F = (T(A%A%))s < (T(A2))s(T(A2))s = (1)i(z,)

=T1

And so on.
3) Since T (A) is a matrix norm, Corollary 4.1.9 implies that

tm (T’ =,
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Theorem 5.3.4: If A =|a;| € M, is a nonnegative matrix, then
fork = 1,2,..
1) r(A) <o

2) TSP < Pr1 =<1 <@g
3) NAZkZ_k— A
) lm(NAP) =r(4).

Proof:
1) It follows from the Lemma 5.3.2 that

r(A)? = r(42") < N(42")

Which implies that

r(4) = r(AZ")2 ’ < (N(A)Zk)z_k = gy

2) Letg = ¢y = N(A), notice that

n
N(A?) = nmax (2 aikakj> < nmax (n max aikakj>
L] 19) i)k
k=1

= (TL TI"LL'(I%X aik) (n TTIE%X akj)
= N(A)N(A) = ¢?,s0

1 1
@1 = N(42)2 < (p?)z,50

1

1 1 1 11
@2 = N(A*i < N(4%)s N(4%)+ = 979} = ¢y,

1 1

1 1 1 - =
@3 = N(A®)s < N(A*)s N(A*)s = @22 = ¢,

And so on.
We conclude this study with two examples illustrating the conclu-
sions of both theorem 5.3.3 and theorem 5.3.4

2 1 3
3 21
5 4 2

ForA = ,7(A) = 7.4354

The first four terms of the sequences for A,

T=19 =23, 11 = 129615, 1, = 9.8236, T3 = 8.5465, T4
=79716

@ =@y =15, ¢; =9.7980, ¢, = 8.5687, @3 = 7.9820, @,

=7.7038
2 0 1
ForB = [0 1 0},1‘(8) = 3.3028
3 6 1

The first four terms of the sequences for B,

T=1, =14, T, = 6.4807, T, = 4.6058, 15 = 3.8992, T,
= 3.5886

@ =@y =18, ¢; =6, @, = 4.3004, @3 = 3.7606, @,
= 3.5242

6. Conclusion

This study has obtained many matrix inequalities involving matrix
norm and spectral radius of nonnegative and positive matrices

using the concepts of maps on matrix space. And it has investigat-
ed the lower and upper bounds of spectral radius for nonnegative
and positive matrices.

Finally, after examining the results for bounding column (row)
sums with spectral radius of nonnegative and positive matrices,
the study has been well proved to upper bounds of the Perron
roots of nonnegative and positive matrices.
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