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Abstract 
 
In modern systems, not only the number and the position of the functioning or the failed components are the main factors that keep the 
system into the functioning state or transform it into failure state, but the contribution or the working probability of the component is also 
a very important one. This contribution is usually called the component weight. In this paper, the reliability and the failure functions of 
the consecutive weighted k-out-of-n: F linear and circular system, the weighted f-out-of-n: F system, the weighted ( ), ,n f k  linear and 

circular system and the weighted , ,n f k  linear and circular system are obtained. 
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Notation 
L(C) : Linear (Circular) 

( )∨ ∧  : or (and) 

i
jI  { }, 1,...,i i j= +  

{ }1 ... jX x x= < < : a set { } 1
1 2, ,..., j nX x x x= ⊆ I such that i hx x< for 

all  i h<  

X  : The complement of X 

A B−  A B= ∩  

( )1
nP I  : The power set of 1nI . 

( ) ( )( )2 2
L C L CΨ Θ  : The space of consecutive (nonconsecutive) failures 

of the linear (circular) system. 
D { }, , ,W f W f W f= ∨ ∧ , where W means the 

weighted consecutive k-out-of-n: F system, f means 
the weighted f-out-of-n: F system, W f∨  means the 

weighted ( ), ,n f k  system, W f∧  means the 

weighted , ,n f k  system. 

( ) ( )( )L C L C
D DΨ Θ  : The failure (functioning) space of the D linear 

(circular) system. 
( ) ( )( )L C L C

D DF R  : The failure (reliability) function of the D linear 
(circular) system 

ng α  : The composite function α  times 

XW  i
i X

w
∈

=∑ , the total weight of the set X. 

( )i ip q  :The reliability (unreliability) of the ith components 

[ ]XW  : The corresponding weights for all [ ]Y X∈  

( ) ( ) X i j
j Xi X

F X R X p p q
∈∈

= = = ∏ ∏ . 

( ),s n s s
np p n s p q−= =

 
[ ] ( )

[ ]
[ ] ( )

[ ]
,

D D

D D
Y X Y X

X F Y X R Y
∈ ∈

= =∑ ∑F R
 

1. Introduction 

The consecutive k-out-of-n: F system consists of n sequentially 
connected components, and ordered linearly or circularly, the 
system fails if k consecutive components are in the failure state. 
The reliability models of the consecutive system have been pro-
posed for the design of integrated circuits, microwave relay sta-
tions in telecommunications, oil pipeline systems [4], vacuum 
systems in accelerators, computer ring networks (k loop), and 
spacecraft relay [14] etc. see [3-6], [12], and therein. 

Many variations and generalizations of the consecutive k-out-of-n: 
F system appeared, such as, the weighted consecutive k-out-of-n: 
F system. It consists of n components with different contributions 
to the system, which are defined as weights, each component has 
its own working probability and a positive weight such that, the 
whole system fails if the total weight of some failed consecutive 
components reach a fixed threshold k. Actually, when all weights 
equal 1, then the consecutive weighted k-out-of-n: F system be-
comes the ordinary consecutive k-out-of-n: F system. As well as, 
the consecutive weight system has two types according to the 
connection between components, the linear and circular system. 
Wu & Chen [15-16] were the 1st who studied such a system; they 
found the minimal cut sets of the system to compute the reliability 
of the linear and circular system.  Chang et al [1] studied only the 
circular consecutive weight system and introduced a simpler and 
more efficient algorithm, while Eryilmaz and Tutuncu [7] provid-
ed recursive formulas for the reliability of consecutive weighted k-
out-of-n: F system. 

Nowadays, in the modern system, the industrials design electronic 
system under multiple functioning criteria; they combine various 
system models with each other to produce a more reliable system.  

It is worth mentioning that, the f-out-of-n system structure is very 
popular in combined system; it consists of n component, and fails 
if and only if at least f of the n components fail. Both parallel and 
series systems are special cases of the f-out-of-n: F system, when 
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1,f n=  respectively. The f-out-of-n system structure finds wide 

applications in both industrial and military systems, fault-tolerant 
systems include the multi display system in a cockpit, the mul-
tiengine system in an airplane, and the multi pump system in a 
hydraulic control system [16]. 

On the whole, the combination of reliability models of the  f-out-
of-n: F system and the consecutive k-out-of-n: F system forms a 
new system called, “the ( )( ), , , ,n f k n f k system”, it also consists 

of n components ordered in a line or a cycle, while the system fails 
if and only if, the event “at least f failed components or (and) at 
least k consecutive failed components” occurs, Tung [13] was the 
1st introduced the ( ), ,n f k system, Chang et al. [2] used the Mar-

kov Chain to find its  reliability, while Kamalja & Shinde [9] 
study the reliability of the ( )( ), , , ,n f k n f k systems. The infrared 

(IR) detecting and signal processing portion of a system, automat-
ic payment systems in banks [2], evaluation of reliabilities for 
furnace systems [17] are the direct application of the ( ), ,n f k  

system.  

Eryilmaz and Aksoy [8] introduced and studied the linear 
weighted ( ), ,n f k   system and computed the reliability of the 

system using a recursive equation, the system can be used in elec-
tronic equipment. 
The weighted ( )( ), , , ,n f k n f k  linear and circular system is the 

same as the ( )( ), , , ,n f k n f k  system but the criteria of failure 

depends on the weights of the components, where the system fails 
if, and only if, the total weight of any failed components are at 
least f or (and) the total weight of any consecutive failed compo-
nents is at least k.  
In this paper, a new algorithm to find the reliability and failure 
functions of the consecutive weighted k-out-of-n: F linear and 
circular system, the weighted f-out-of-n: F system, the weighted 
( ), ,n f k linear and circular system, and the weighted , ,n f k  

linear and circular system are obtained, the failure and the func-
tioning space of the ordinary  consecutive 2-out-of-n: F circular 
system plays a basic role to determine the failure space of the 
weighted systems. 
The following assumptions are assumed to be satisfied by all men-
tioned systems:  

1) The state of the component and the system is either “func-
tioning” or “failed”. 

2) All the components are mutually statistically independent. 

2. The consecutive k-out-of-n: f system 

The consecutive k-out-of-n: F linear (circular) system consists of n 
components; the system fails if, and only if, at least k consecutive 
components are in the failed state. We present the system using 

the Index Structure Function [10], where 1
nI  denotes the indices of 

the components of the system, hence the failure space of the com-
ponents is ( )1

nP I . The set ( )1
nX P∈ I  presents the system, which 

consists of all indices of failed components, is called “failed set” if 
k consecutive indices of failed components are included in X, oth-

erwise, X is called “functioning set”.   If ( ) ( )( )k k
L C L CΘ Ψ  consists of 

all functioning (failed) set of the consecutive k-out-of-n: F linear 
(circular) system, then ( ) ( ) ( )

1 k k
n L C L CP = Θ Ψ∪I . For example, the set 

{ } 1
61,2,5X = ⊂ I   represents the consecutive 2-out-of 6: F linear or 

circular system, for simply X=125, indicates that the 1st, the 2nd 
and the 5th components are only the failed components, hence X is 
a failed set, but the set X=135 is a functioning set.  

Many researchers consider the consecutive k-out-of-n: F circular 
system is a generalization of the consecutive k-out-of-n: F linear 
system, due to the connection between the 1st and the nth compo-

nents, which generates more possible consecutive failure states, 
consequently extra system failures states. This leads to the fact 
that k k

L CΨ ⊆ Ψ , for any k n≤ . Also, since any consecutive k failed 

components includes consecutive r failed components, for any 
r k≤ but vice versa is not true, i.e. ( ) ( )

k r
L C L CΨ ⊆ Ψ . Consequently, 

( ) ( )
2 2k

CL C L CΨ ⊆ Ψ ⊆ Ψ  for all   2 k n≤ ≤ . Note that, the failure space 

of the consecutive 2-out-of-n: F linear (circular) system ( )
2
L CΨ  

represents the collection of all consecutive failures of the compo-
nents.  

Nashwan [10-11] simulated the symmetric property of the circular 
consecutive system using a bijection function  1 1:n n ng →I I , where 

( ) ( )mod 1ng x x n= +  for any 1
nx ∈ I , and introduced an algorithm 

to partition the ( )1 , ,k k
n C CP Ψ ΘI into finite mutually pairwise disjoint 

equivalences classes, the algorithm to find these classes, when k=2 
is as follows: 

If j is the total number of failed components, and { }1 ... jX x x= < <  

represents the consecutive 2-out-of-n: F circular system, define 

( )1 2, ,...,X X X
X jd d d d= the rotations of set X, where 1id ≥  is the min-

imum integer number such that ( ) 1
id

n i ig x x += , for i=1,2,…, j-1, and 

( ) 1
jd

n jg x x= . 

1. Finding 2
CΨ  

1.1. For j=2,3, …,n,  find all rotation  ( )1 2, ,....,X jd d d d= , such 

that 
1

j

i
i

n d
=

=∑  and at least one of id equals 1. 

1.2. Find the corresponding set ( )1
nX P∈ I and 

[ ] ( ){ }:nX g Xα α= ∈Z . 

1.3. If ( )1 1,...., , ,...,m X X X X
Y X j m j j md d d d d d− + −= =  for some m, and 

( )1, nX Y P∈ I then [ ]Y X∈  , furthermore [ ] [ ]Y X= . 

1.4. For 2
LΨ , applied the steps above and omit any set in k

CΨ  

such that 1id >  for all i j≠  and 1jd = . 

2. Finding 2
CΘ  

2.1. For j=0, the only class is [ ]∅ , and for j=1, the only class is 

[ ]1 . 

2.2. For j=2, …, M, do the same steps above but 1id ≻  for all 

1
ji ∈ I , where 

[ ]
[ ]
2 ,     is even      

1 2 ,  is odd

n n n
M

n n n

 −=  − −
. 

2.3. For the linear system2
LΘ , add the omitted states which are 

resulted from step 1.4. 

3. Weighted systems 

In this section, the Index Structure Function [10] is used to repre-

sent the weighted systems below, where 1
nI  denotes the indices of 

the components, 1 2, ,..., ,nw w w k f<  are the weights of these com-

ponents, and the set ( )1
nX P∈ I  represents the system and consists 

of all indices of the failed components as in section 2. 
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3.1. The consecutive weighted k-out-of-n: f system 

The consecutive weighted k-out-of-n: F linear (circular) system 
consists of n components. It fails if the total weight of some con-
secutive failed components is at least k.  If { }1 ... jX x x= < < repre-

sents the system, then X is called failed set if there exists 
i
j X⊆I such that  i

j
W k≥
I

 for any 21 ni j≤ < ∈ I  in the linear system 

(for the circular system, 2
11 ni j +≤ < ∈ I , where the n+1th component 

is the 1st component), and since ( )
2
L CΨ is the collection of all con-

secutive failures, then ( )
( )

2L C
W L CΨ ⊆ Ψ , which implies that the failure 

space of the system is ( )
( ){ }2 :   i

j

L C i
W jL CX X W kΨ = ∈ Ψ ⊆ ∧ ≥

I
I  for all 

( )2 2
11 n ni j +≤ < ∈ I I .  

Note that, for all ( )
2
L CX ∈Θ  , X has non-consecutive failed compo-

nents, which applies that  ( )L C
WX ∈Θ .  

3.2. The weighted f-out-of-n: f system 

The weighted f-out-of-n: F system, consists of n components, and 
fails if the total weight of the failed components is at least f. i.e. if 

{ }1 ... jX x x= < < represents the system, then X is called failed set if 

XW f≥  , i.e. the failure space of the system is 

( ) ( ){ }1 :  L C
f n XX P W fΨ = ∈ ≥I . 

3.3. Weighted ( )( ), , , ,n f k n f k  systems 

The weighted ( ) ( ), , , ,n f k n f k  linear and circular system consists 

of n components and fails if, and only if the total weight of the 
failed components is at least f or (and) the total weight of any 
consecutive failed components is at least k. If X represents the 
system, then X is called failed set if XW f≥  or (and) there exist 

i
j X⊆I  such that i

j
W k≥
I

, then the failure space of systems is 

( ) ( )( ) ( ) ( ){ }1 :     where  i
j

L C L C i
W f W f n X jX P W f X W k∨ ∧Ψ Ψ = ∈ ≥ ∨ ∧ ⊆ ≥

I
I I . 

Note that ( ) ( ) ( )L C L C L C
W f f W∨Ψ = Ψ Ψ∪  and ( ) ( ) ( )L C L C L C

W f f W∧Ψ = Ψ Ψ∩ . 

4. The proposed algorithm 

Consider the weighted systems in section 3, and proceed from the 
fact that, ( )

2
L CΨ consists of all consecutive failures in the linear 

(circular) system, where ( ) ( ) ( )
1 2 2
n L C L CP = Θ Ψ∪I . According to 

Nashwan [11] algorithm, ( )
2
L CΨ  and ( )

2
L CΘ  respectively consists of 

a finite mutual pairwise disjoint classes, such that 

( ) [ ]2

1

s

tL C t
X

=
Ψ =∪ and ( ) [ ]2

1

r

tL C t s
X

= +
Θ =∪ .  

In this context, for t=1,2,…,r define: 

[ ] [ ]{ } [ ] [ ] [ ]
[ ] [ ]{ } [ ] [ ] [ ]
[ ] [ ] [ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ] [ ] [ ]

:   ,

: ,

,

,

i
j

i
t t j t t tW W W

t t Z t t tf f f

t t t t t tW f f W W f W f

t t t t t tW f f W W f W f

X Z X Z W k X X X

X Z X W k X X X

X X X X X X

X X X X X X
∨ ∨ ∨

∧ ∧ ∧

′= ∈ ⊆ ∧ ≥ = −

′= ∈ ≥ = −

′= = −

′= = −

∪

∩

I
I

 

Note that 
1) For t=s+1,s+2, …, r, [ ] [ ]t tW W f

X X
∧

= = ∅ , and then 

[ ] [ ] [ ]t t tW W f
X X X

∧
′ ′= = . 

2) [ ] [ ] [ ] [ ] [ ] [ ],t t t t t tW f f W W f f W
X X X X X X

∨ ∧
′ ′ ′ ′ ′ ′= =∩ ∪  

3) Anyone can easily check that ( ) ( ) ( ) ( ), , ,L C L C L C L C
W f W f W f∨ ∧Ψ Ψ Ψ Ψ  

and ( ) ( ) ( ) ( ), , ,L C L C L C L C
W f W f W f∨ ∧Θ Θ Θ Θ are a union of finite pairwise 

disjoint classes as well as ( ) ( )
2 2,L C L CΨ Θ . (See the following 

theorem). 
 
Theorem 4.1: According the above definitions and notes, then  
 

1) ( ) [ ]
1

s
L C
W t W

t

X
=

Ψ =∪  

2) ( ) [ ]
1

r
L C
f t f

t

X
=

Ψ =∪  

3) ( ) [ ] [ ]
1 1

s r
L C
W f t tW f f

t t s

X X∨ ∨
= = +

   Ψ =    
   

∪∪ ∪  

4) ( ) [ ]
1

s
L C
W f t W f

t

X∧ ∧
=

Ψ =∪  

5) ( ) [ ]
1

r
L C
W t W

t

X
=

′Θ =∪  

6) ( ) [ ]
1

r
L C
f t f

t

X
=

′Θ =∪  

7) ( ) [ ] [ ]
1 1

s r
L C
W f t tW f f

t t s

X X∨ ∨
= = +

   ′ ′Θ =    
   

∪∪ ∪  

8) ( ) [ ]
1

r
L C
W f t W f

t

X∧ ∧
=

′Θ =∪  

Proof:  

1) For all ( )
( ) [ ]2

1

sL C
W tL C t

Y X
=

∈Ψ ⊆ Ψ =∪ , there exist 

[ ] ( )
2

t L CX ∈ Ψ such that [ ]tY X∈ , and since ( )L C
WY ∈Ψ  there 

exist   i
j

i
j Y W k⊆ ∧ ≥

I
I , then [ ]t W

Y X∈ , hence 

( ) [ ]
1

s
L C
W t W

t

X
=

Ψ ⊆∪ . Conversely, [ ] ( )L C
t WW

X ⊆ Ψ for all 

[ ] ( )
2

t L CX ∈ Ψ , i.e. [ ]
[ ] ( )

( )
2
L C

L C
WW

X

X
∈Ψ

⊆ Ψ∪ . 

2) Let ( ) ( ) [ ]1

1

r
L C
f n t

t

Y P X
=

∈ Ψ ⊆ =∪I , there exist 

[ ] ( ) ( )
2 2

t L C L CX ∈Θ ∨ Ψ such that [ ]tY X∈ , but YW f≥  , which 

implies [ ]t f
Y X∈ , hence  ( ) [ ]

1

r
L C
f t f

t

X
=

Ψ ⊆∪ . Conversely, 

[ ] ( )L C
t ff

X ⊆ Ψ for all [ ] ( )1
t nX P∈ I , which implies that 

[ ] ( )

1

r
L C

t ff
t

X
=

⊆ Ψ∪  

3) ( ) ( ) ( ) [ ] [ ]
1 1

r s
L C L C L C
W f f W t tf W

t t

X X∨
= =

   Ψ = Ψ Ψ =    
   

∪ ∪∪ ∪  

[ ] [ ]( ) [ ]

[ ]( ) [ ]

1 1

1 1

s r

t t tW f f
t t s

s r

t tW f f
t t s

X X X

X X

= = +

∨
= = +

 =  
 

 =  
 

∪ ∪

∪

∪ ∪

∪ ∪

 

4) ( ) ( ) ( ) [ ] [ ]
1 1

r s
L C L C L C
W f f W t tf W

t t

X X∧
= =

   Ψ = Ψ Ψ =    
   

∩ ∩∪ ∪  

[ ] [ ]( ) [ ] [ ]

[ ]( ) [ ]( )
1 1 1

1 1

s r s

t t t tW f W W
t t s t

s s

t tW f W f
t t

X X X X

X X

= = + =

∧ ∧
= =

 =  
 

= ∅ =

∩ ∪ ∩

∪

∪ ∪ ∪

∪ ∪

 

5)  For t=1,2…,s, [ ] [ ] [ ]t t tW W
X X X′ = − ⇒  

[ ] [ ] [ ] [ ] [ ]
( )

( )
1 1 1 1 1

2

s s s s s

t t t t tW W Wt t t t t

L C
WL C

X X X X X
= = = = =

′ = − = −

= Ψ − Ψ

∪ ∪ ∪ ∪ ∪
, 
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6)  For that for t=s+1, s+2,…,r , [ ] [ ]t tW

X X′ = hence,  

( ) [ ] [ ]2

1 1

r r

t tL C Wt s t s
X X

= + = +
′Θ = =∪ ∪ ,   this implies that   

[ ] ( )
( )( ) ( ) ( ) ( ) ( )2 2 1

1

r L C L C L C
t W n W WL C L CWt

X P
=

′ = Ψ − Ψ Θ = − Ψ = Θ∪∪ I . 

(The proof of 6-8 is the same as the proof of 5). 
 
Theorem 4.2: Recall Theorem 4.1, then 
 

1) ( ) ( )
[ ]1 t W

s
L C

W
t Y X

F Y
= ∈

=∑ ∑F  

2) ( ) ( )
[ ]1 t f

r
L C
f

t Y X

F Y
= ∈

=∑ ∑F  

3) ( ) ( )
[ ]

( )
[ ]1 1t tW f f

s r
L C
W f

t Y X t s Z X

F Y F Z
∨

∨
= ∈ = + ∈

= +∑ ∑ ∑ ∑F  

4) ( ) ( )
[ ]1 t W f

s
L C

W f
t Y X

F Y
∧

∧
= ∈

=∑ ∑F  

5) ( ) ( )
[ ]1 t W

r
L C
W

t Y X

F Y
′= ∈

=∑ ∑R  

6) ( ) ( )
[ ]1 t f

r
L C
f

t Y X

F Y
′= ∈

=∑ ∑R  

7) ( ) ( )
[ ]

( )
[ ]1 1t tW f f

s r
L C
W f

t Y X t s Z X

F Y F Z
∨

∨
′ ′= ∈ = + ∈

= +∑ ∑ ∑ ∑R  

8) ( ) ( )
[ ]1 t W f

r
L C
W f

t Y X

F Y
∧

∧
′= ∈

=∑ ∑R  

Proof:  

1) Using theorem 4.1, ( ) [ ]
1

s
L C
W t W

t

X
=

Ψ =∪ , then  

( ) [ ] [ ] ( )
[ ]1 11 t W

s s s
L C

W t tW W
t t Y Xt

X X F Y
= = ∈=

 = = = 
 

∑ ∑ ∑∪F F F  

2) The same proof of 1, if we put r, f instead of s, W re-
spectively. 

3) Using 1 & 2 above,  

( ) ( ) [ ] [ ]

( )
[ ]

( )
[ ]

1 1

1 1t tW f f

s r
L C

W f W f t tW f f
t t s

s r

t Y X t s Y X

X X

F Y F Y
∨

∨ ∨ ∨
= = +

= ∈ = + ∈

= Ψ = +

= +

∑ ∑

∑ ∑ ∑ ∑

F F F F

 

4) The same proof of 1, if we put W f∧ instead of W. 
5) using theorem 4.1, 

( ) [ ] ( ) [ ]

[ ] ( )
[ ]

1 1

1 1 t W

r r
L C L C
W t W tW W

t t

r s

t W
t t Y X

X X

X R Y

= =

= = ∈

 ′ ′Θ = ⇒ =  
 

= =∑ ∑ ∑

∪ ∪R R

R

 

(The proof of 6-8 is the same as the proof of 5). 

4.1. The proposed algorithm 

• Use Nashwan [11] algorithm in section 2, and determine 
the classes [ ] : 1,2,...,tX t r= of each consecutive failures 

space ( )
2
L CΨ and nonconsecutive failures space ( )

2
L CΘ . 

• For any [ ] : 1,2,...,tX t r= , [ ]tXW find the corresponding 

weights of all [ ]tY X∈ . 

• For 1,2,...,t r= , find  [ ] [ ] [ ] [ ], , ,t t t tW f W f W f
X X X X

∨ ∧
and 

[ ] [ ] [ ] [ ], , ,t t t tW f W f W f
X X X X

∨ ∧
′ ′ ′ ′ . 

• Use theorem 4.1 to find ( ) ( ) ( ) ( ), , ,L C L C L C L C
W f W f W f∨ ∧Ψ Ψ Ψ Ψ and 

( ) ( ) ( ) ( ), , ,L C L C L C L C
W f W f W f∨ ∧Θ Θ Θ Θ . 

• Use theorem 4.2 to find ( ) ( ) ( ) ( ), , ,L C L C L C L C
W f W f W f∨ ∧F F F F  and 

( ) ( ) ( ) ( ), , ,L C L C L C L C
W f W f W f∨ ∧R R R R .  

Example 4.1: Find the reliability and the failure functions of all 
circular weighted systems in section 3, when n=7, f=6, k=5 with 
weights 1,2,1,2,3,2,1 

1. For consecutive failures i.e. 2CΨ  

For j=2,  
 

( ) [ ] ( ){ } { }
[ ]

[ ] { } [ ] { }
[ ] { } [ ] { }

1
2 7

12

1,6 12 12 : 12,23,34,45,56,67,17

3,3,3,5,5,3,2

12 45,56 12

12 45,56 12

W f

W f W f

gα α

∨ ∧

 ⇔ = = ∈ = 

=
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For j=6. 
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5. Conclusion 

In this paper a new algorithm to find the reliability and the failure 
functions of the consecutive weighted k-out-of-n: F linear and 
circular system, the weighted f-out-of-n: F system, the weighted 
( ), ,n f k  linear and circular system, and the weighted , ,n f k  

linear and circular system is obtained. The keystone of this, is 
defining the space of consecutive and non-consecutive failures of 
all weighted systems. 
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