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Abstract

In this paper we investigate consistency and asymptotic normality of the posterior distribution of the parameters in the stochastic differ-
ential equations (SDE’s) with diffusion coefficients depending nonlinearly on a random variables @; and y; (the random effects).The
distributions of the random effects @; and u; depends on unknown parameters which are to be estimated from the continuous observa-
tions of the independent processes (X;(t),t € [0,T;],i = 1, ...,n ). We propose the Gaussian distribution for the random effect @; and the
exponential distribution for the random effect y; , we obtained an explicit formula for the likelihood function and find the estimators of

the unknown parameters in the random effects.
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1. Introduction

Stochastic differential equations play an important role in many
areas of science fields as physics, engineering, chemistry, neuro-
science, biology, finance (Gugushvili and P. Spreij (2012)[8]).
Statistical estimation of parameters in the diffusion processes has
been studied for a long time. In the recent years, the stochastic
differential equations with random effects have been the subject of
diverse applications such as pharmacokinetic/pharmacodynamics,
neuronal modeling (Delattre and Lavelle, 2013[4], Donnet and
Samson, 2013[7], Picchini et al. 2010[13]).Maximum likelihood
estimator of the parameters of the random effect, is generally not
possible, because of the likelihood function is not available in
most cases. Many references proposed approximations for the
unknown likelihood function, for general mixed SDEs an approx-
imations of the likelihood have been proposed (Picchini and
Ditlevsen, 2011[12]), linearization (Beal and Sheiner (1982)[3]),
or approximating the conditional transition density of the diffusion
process given the random effects by a Hermit expansion« (Ait-
Sahalia (2002)[1]).Maitra et al. (2015) [11]) studied consistency
and asymptotic normality of the posterior distribution of the pa-
rameters in the SDE’s with one random effect in the drift term,
Delattre et al. (2012) [6] and alkreemawi et al. (2015) [2] are stud-
ied the maximum likelihood estimator for random effects in more
generally for fixed T and n tending to infinity (for non i.i.d. sam-
ple paths, see Maitra et al. (2014) [10]) and they found an explicit
expression for likelihood function and exact likelihood estimator
by investigate the linear random effect in the drift (multiple and
additive case respectively) together with a specific distribution for
the random effect. Almost researcher studied the random effect in
the drift not in diffusion except Delattre and Lavelle, 2013[4] who
incorporate measurement error and propose an approximation of
the likelihood with the extended Kalman filter, and Delattre et al.
(2014) [5] who used one random effect in the diffusion coefficient
We study the consistency and asymptotic normality of the Bayesi-
an posterior distribution when the random effects are Gaussian

with a specific distributions and focus on discretely observed
SDEs.

In the present work we focus on stochastic differential equation
with two random effects in diffusion coefficient and suppose that
the drift coefficient without random effect. We consider n real
valued stochastic processes( X;(t),t € [0,T;],i = 1,...,n), with
dynamics ruled by the following SDEs:

dX;(t) = b(X;(©))dt + o(X;(), D, ) AW; (1), X;(0) = x,
i=1..,n €y

Where Wy, ...,W, are n independent wiener processes,
@1,...,0, and yq,.., U, are n i.i.d. random variables taking
values in ( R and R*) respectively, @, ,...,0, , t4y , .., 4n and
Wi, ..., W, are independent and x!, i =1,..,n are known real
values. The functions b(x) (drift term) and o(x)(diffusion term)
are known real valued functions. Each process X;(t) represents an
individual, the variables @; and y; represents the random effects of
individual i, the random variables @, ..., @, have a common
distribution g(¢,8)dv(p) on R and the random variables
Ui, -, U have a common distribution h(y, B)du(u) on
R* where 6 and g are an unknown parameters belonging to a set
O c RP where v and u are a dominating measures.

Our aim is to estimate ¢ = (6, 8) from the continuous observa-

tions (X;(t),t € [0,T;],i =1,..,n) and prove consistency and
asymptotic normality of the Bayesian posterior distribution of
Y = (6, ). We focus on a special case of nonlinear random effect
in the diffusion coefficient in the model (1), i.e. o(x, @;,u;) =
(@; + )"t a(x) , where g is a known real function and @; is a
Gaussian and y; is an exponential, an explicit likelihood formula
and the maximum likelihood estimator of i) are obtained.
The rest of the paper is organized as follows. Section 2 contains
the notation and assumptions. The general results of the estimation
of the parameters are introduced in section 3. In section 4
and exponential distribution respectively. Conclusion is given in
section 5.
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2. Notations and assumptions

Consider n real valued stochastic processes (X;(t),t=0),i=
1, ...,n with dynamics ruled by (1). The processes W, ..., W, and
the random variables @, , ..., @, and p, ..., u, are defined on a
common probability space (€Q,F,[P) .Consider the filtration
(Fi, t = 0) defined by F, = o(@;,p, Wi(s),s<ti=1..,n).
As F, = o(@;, i, Wi(s),s S VF, with Fl=
o(®s, @, wi, wj, W(s),s < t,j # i) independent of W;, each pro-
cess W; is a (Fy, t = 0)-Brownian motion. Moreover, the random
variables @; , y; are ¥ — measurable. We assume that:
H1
i) The function b(x) is C* on R , and such that:

3K > 0,¥x € R,b?%(x) < K(1 +x?),

on RxRYxR* and
o%(x, @, W) < KA +x%+

ii)  The function o(x,¢@,pn) is C!
v(x, @) €RxRIxRY,
[l + [ul?).
From H1, the process (X;(t)) is well define and (@;, w;, X;(t)
adapted to filtration (F;,t > 0).
The n processes (@, w;, Xj(t),i=1,...,n) are independent. For

all @, pand all x' € R, the stochastic differential equation

dxgH() = b (XPH(©) dt + o (X (), ¢, 1) AW (2) |
XPH0) = xt (2).

Admits a unique strong solution process (X;”*(t), t > 0) adapted
to filtration (¥, t = 0) . We deduce that the conditional distribu-

tion of X; given @; = ¢ and p; = p identical to the distribution of
X,

3. A general results of estimation of the pa-
rameters

3.1. Exact likelihood

We introduce the distribution Q’:;:E‘ of (X*(©,te [0, T]).

Let P!, = g(p, 0)dv(9)® h(p, B)du(®QS™ denote the joint
distribution of (@;, w;, X;(t)) and let QilJJ denote the marginal dis-
tribution of (X;(t),t € [0, T;]). Let us consider the following as-
sumption:

H2Fori=1,..,nandforall @, ¢’ 1,
Ti bZ(X;p’u(t))

xi,Ti e R _
Qo <f0 2 (xPP (00" 1) dt < +00> =1

Under H1-H2, the derivative of the distribution Q’iﬁ‘ with respect

to derivative of Q! = Q% has the density

Q
dz‘“ (X ) LTi (Xi' @, IJ*)

fTi b(X;(s))
0 o%(Xi(s),o,0)

= 1T PEE)
- eXp( Xm(S) 2 fo O'Z(Xi(s),lp,p.) dS) (3)

(See Liptser and Shiryaev [9]).
H3fori=1,...,

1
n, we assume that U; — Evi < oo, where:

_ T b(X (s)) T; b? (X (s))
u _fo 02(X;(s)) dXi(s), Vi = fO a2(Xi(s))

By independent of individuals, Py, = ®§‘_1P&, is the distri-
bution of (@, u;,X;(.)), i =1,..,n and Qy = ®F 1Q¢ is
the distribution of the sample(X; (t) tel0,T;,i=1,..,n).
We can compute the density of @, w.rt. Q = ® lQl as
follow:

dQ
viX;, ) = dQl,p X =

S S L, X, @, 1)g(, 0)h(p, B)dv()du()

And the exact likelihood of whole sample (X;(t),t € [0,Ti],i =
1,..,n)is

&n (V) = It viXs, ).

3.2 The distributions of the random effects

Consider model (1) with nonlinear random effects in the diffusion
coefficient o(x, @;, 1;) = (@; + )"t o(x)where @ € R,p € R*
and b(.), a(.) are known functions. We assume that:

Ti b2(Xi(s)) X
f 62(Xi(s)) ds <o Q‘P’ll a.s,

forall g,uand fori =1,..,n;T; = T, x! = x, so that ( X;(¢),t €

[0,T],i=1,..,n)arei.i.d. We will use the define statistics as
follow:

(T b(Xi(s) T b2(X;(s))
Ui=Js 2wy iV =l Zxe) “)

So that the density y; (X;, §) is given by:

Vil ¥) =
fie i ex0 (Co + 02 (U3 = 3V1)) (0, O)h(h Bdv(9)du() (5)

For a general distributions, g(¢,8)dv(e) for the random
effect @; and h(u, B)du(u) for the random effect , it is not
possible find an explicit expression for y;(X; ) above,
therefor we propose a specific distributions, Gaussian (1, w?)
for the random effect ¢ and an exponential (8) for the ran-
dom effect u , which will give an explicit likelihood and
then find the maximum likelihood estimators of the unknown
parameters. In the next proposition an evident expression for
yi(X;,)is obtained when the above distributions of the ran-
dom effects is with unknown parameter ¥ = (4, w2, B) €
R x R* x Rt .The true value is denoted by v, =
(Ao, 0?0, Bo)-

Proposition 3.1 suppose that g(¢,8)dv(p) = and

h(u, B)du(u) = exp(B) then:

N*, w?),

)

(_ 1 (B(1-2M;0?)—-2AM;)*

?\2—?\(1—2Mim2))
4 M;(1-2w?2M;)

2w2(1-2M;w?)

-
viX ) = JLM—B ex
Where Mi = Ui —lVi

2
Proof: from (5) we compute the joint density of(@;, 1;, X;):

exp ((<p +w?(
Bexp(—pu).

Ui ‘%Vl’»m x exp (=5 (0 = D7) x

Let M; = U; —%Vi , then the exponent become:
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1
D; = ¢*M; = 5— (¢ — )? + 29uM; + y*M; — Bp. ©®)
We will compute the first part
(p2M; — ﬁ (¢ — 2)? + 2¢uM;) of the exponent as follow:
1
P*M; — — (p = D* + 29uM,

(JJZ

=2 (L2, (g7 - 22l ) 2

12} 1-2w2M; T 2w?
2

1 (1 ZM) ( 2 l+2m2Ml-u) (A+2a)2Mi/,¢)2 22
T2 \w? i)[\® 1-2w2M; 1-2w2M; 2w?

-2 (),

A+2w2M;p)? 2?2
202(1-2w%M;)  2w?’

l+2szi,u)2
1-2w2M;

Now, by split the result into two parts that are independent and
dependent on the random effect ¢ respectively, we find that the
integral of the dependent part is the integral of a Gaussian density.
Then the first integral in (5) with respect to ¢ yields the following
result:

1 A+2w?M;u)? A2
exp 2 2 T o2
J1-2w?M; 2w%(1-2w?M;) 2w

By substituting in (5), the second part of the exponent is become:

_ Qr20’M)? | ooa o A

L7 2w2(1-2w2M;) + UM — pu 2w?
_ [ 20?M? 2 2AM;

- (I—ZwZMi + M")M (ﬁ 1—2(‘)2Mi)

A2-A(1-2w?M;)

+ 2w%(1-2w?M;)

_ M; ( 2 _ (B(l—ZwZMi)—Z/lMi) )

T 1-202M; M; H

n 22-2(1-2w?%M;)
2w2(1-2w?M;)

oM ( _ lﬁ(l—szMi)—Z/lMi)z _ (l B(l—ZwZMi)—ZAMi)Z

T 1-2w2M; 2 M; 2 M;
A2-A(1-2w%M;

+ ( i)

2w2(1-2w2M;)

_ 1 M; ( 1 B(I—szMi)—leMi)z
T 202M-t 2 M;
2

_ 1(BA-2w?M;)-2AM)*
4 M;(1-2w?M;)

A2-A(1-2w%M;)
2w?(1-2w?M;)

Now, by rearrange the second integral we see that the first part is
normal depend on the random effect u with mean is

B(1-2w?M;)—2AM;
M;

’

e =1
L7

And variance,

sz,;—%
o = B
M;

Then, the conditional
N(my, o).
And hence,

distribution of (@;, ;) given X; is

— 22— )2
vrp " (_3(/3(1 2M;w?)—-2AM;)

_ VB A2-A(1-2M;w?)
v, ¥) = JM; e 4+ M(1-202M;) )

2w2(1-2M;w?)

3.2 The estimators of the parameters of the random ef-
fects

A natural approach to estimate ¥ = (1, w?, B) is the maximum
likelihood estimation, so, the likelihood function is written as:

En(lp) =
n VmB _ 1(B-2M;w?)—2AM;)?
=1 /m; exp( 4 M(1-202M))

And hence, the logarithm of likelihood function is,

(AZ—A(I—ZMin)))
202(1-2M;w?) )’

L, () = logén(y)

= logngﬁ" —% qlog(M;)

_yn [E(B(I—ZMiwz)—leM[)z_(AZ—A(l—ZML-wZ))]
=1y m(1-202M)) 202(1-2M;w?) |-

U]
We will study the following score function

a a ] '
) = (560D 00 ) 32209))

Where x" denotes the transpose of x, such that:

B(1-2M;w?)-2AM;
1-2w2M;

2A-(1-2M;w?)
2w2(1-2M;w?)]’

2 L) = Ty |

_on 2A(1-2M;w?) _ 1
=X [‘8+2w2(1—2M,-w2) 2w2]"

22-1 a (B(1-2M;w?)-2AM;)B
I [B 455 5o ta@) = 2 [T -

1(B-2M;w?)—2AM)?  A*(2-8M;w?) 2 ]
2 (1-2w%M;)? (2w?-2M0?))”  2(w?)?
n 1,82— 2A2M;? __2A*-8AM;»? 2
=112 (1-2M03)?  (202(1-2M0?)°  2(@?)?
_ym [lﬁZ_ 22M°  22*(1-2M;w*-2M;w?) 2 ]
=13 (1-2M;w?)? w?)2(1-2M;w?)? 2(w?)?
n [llgz_ 22M% 22%(1-2M;0%) AM;w?A? +
i=1], 1-2M;02)?  (2w?)2(1-2M;w?)? = (2w?)2(1-2M;»?)?
A
2(w2)2]
_yn [lﬁz— 22mM* A2M; _ 222
=1], (A-2M;w?)?  w2(1-2M;w?)? (202)2(1-2M;w?)?
1
Z(wz)z]
—ymn [lﬁz_l_/lzmiu—zmiwz)_ A? A ]
=1, w2(1-2M;w2)?  2(w?)2(1-2M;w?) = 2(w?)?
_Z [lﬁz— A2(1-2M;w?) A ]
Bl P’ 2(w?2)2(1-2M;w?) © 2(w?)?

A2-2
’

=yn |zp2 _ 22
- Zi:l [Zﬁ 2(w?)?

9 _vyn [1_ BG-2M;w?)
aﬁLTL(Ip) — 4j=1 I:B 2M; +A:|'

= ;lzl[%—zimﬂ?wzhﬂ.
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When w3, B, are known, the explicit estimator for A,:

A 2Bowi-1

An >

’

And when w, 1, are known, the explicit estimator for S, :

(2n10+ /4n213+8n1(i

5 2K;
Bn =
lZnAO— 4n2A2+8nK;
2K;
_wn  1-2M;w}
Where K; = Zi:lT'

When A, B, are known, the explicit estimator for w2:

=5 _ %%
On =23

-2
22

Such that, > 0.

If all the parameters are unknown, the MLEs of 1y = (1o, w3, o)

are given by the system:

5 _ 2Ppwi-1
Ay = -
{ZnAn+ 4n222+8nkK;
Ikzmn— 4n232 +8nKl
-5 12 )
w? = =,
2B,
221,
Such that >0

n

And f,, is amaximum likelihood estimator defined as any solution
of Ln(ﬁn) = supLy (IIJ)
Peo

The second derivatives of Ly (i) with respect to the paramters
is as follow:

—2M; 1
L n() = [1 202M;  w?(1-2M;w?)
_on [ 1-2M;w? ]
T A= g2 (1-2Mw?)
= w— @®)
2=
0w26w2 For0ai - (ll)) ?:1 m ’ ©
9?2 1
o5 Ln () = Tk, 202 ‘E] (10)
92 n(1-22) _
a2 (W) =505 awzal Ly@) (11)
@) = -2 Ly) =n
arap N apor~N
a2 a2
Jwrap Ln W) = 52 La(W) =np. (12)

And the information matrix

1Y) =
/ Ey (%L"(lp)) Ey (azawz L (1/))) Ey <%Ln(¢))

| |
- B (G ean) B (im ) By (awzaﬁﬁ <w)) |
Ey (%;u(w)) Ey (aﬁawzﬁ (d))) Ey <aBZL (¢)) )

Is the covariance matrix of the vector

a
aﬁn(lp)
a
2 L)
a
ﬁ‘cn(‘l’)

We need the following additional assumptions to prove the as-
ymptotic properties:

H4 The parameter set @ is a compact subset of R X R X R*.

H5 The true value 1, belongsto 6°.

H6 The matrix I(1,) is invertible.

4. Asymptotic properties of the Bayesian pos-
terior distribution

4.1. Consistency of the Bayesian posterior

We consider the theorem 7.80 of schervish (1995) [14] and verify
the regularity conditions in this theorem for our purpose with sup-
pose that 2 is compact.

Theorem 1: [14]: Let {x,};—, be conditionally i.i.d given 6 with
density f; (x|0) with respect to a measure v on a space(y?!, BY).
Fix 8, € 2, and define, foreach M € 0 and x € x?!,

0o
Z(M,x) = lnflogf;(é;lla))

Assume that for each 8 # 6,, there is an open set Ng such that
6 e Ng and that EGOZ(NGJXi) > —00,

Also assume that f;(x|.) is continuous at 6 for every 8, a.s.
[Py,].Fore> 0, definCe = {0: K, (6,,8) <€}, where

X416,
K1(6,,0) = Eg, (log Z2150)),

Is the kullback-leibler divergence measure associated with obser-
vation X;.let r be a prior distribution such that m(C¢) > 0, for
every €> 0.Then for every €> 0 and open set N, containing Cc ,
the posterior satisfies

limm(No|Xy, ..., Xn) = 1, as. [Pg,]. (14)
n—-oo

In our purpose we investigate the conditions in the theorem above
as follow:

We note that for any, fi(x|y) =y (x, ) = y(x, ) , Which is
clearly continuous in 1, so for every ¥ # 1, we get:

_ 1 (ﬁ0(1—2w§M,»)—2AOMi)Z

fi(xlo) Bo
filely) log B 4 M;(1-2w3M;)

A-2o(1-205M,)
2w2(1-2w3M;)

1(BA-20°M)—24M)*
M;(1-2w?M;)

A2-A(1-20w%M;)
2w?(1-2w%M;)

Bo
=1 —
Ogﬁ



International Journal of Applied Mathematical Research

101

2
1 (BE(1-203M;)* ~4BoAoMi(1-2003M;) +422M?
4 M;(1—-2w2M;)

43 Ao
20w3(1-2w3M;))  2wE

n 1 ((ﬁz(l—Za)zMi)z—4ﬁlMi(1—2m2Mi)+4lei2)z)
4

M;(1-2w2M;)
A2 2
+ _—— —
202(1-2w%M;) 2w?
1 ﬁo(l 203M,) M,
=lo Bo _ 1Bo1~206My) A
9% M; + fodo — 1-2w2M;
23 o 14%2(1-2w3M;)
+ 2w2(1-2w2M;) T 202 + 4 M; - ﬁl
0 oM 0 L
A2M; A2 A

1-2w2M;  2w?(1-2w2M;) 2w?

_ g Bo_ 1(B3(1-2wpM;)  B2(1-2w2M;)
= log 5 4( i o )
_( M

1-2w3M;

AzMi )
1-2w2M;

A2 A2
(2w§(1—2w§Mi) + 2w2(1—2w2Mi))

~(BA=Folo) = (2%’3 ~5)

2w

_150

_ Bo 1 _ B 2,2
—1095 M, 2 oﬁo +2:3

5 (1-2wM;)
2w3(1-2w3M;)

- (’1_0 - L)
203 2w?

— logBe 1B 1
—1095 am, 2 oﬁo

A2(1-2w%M;)
+ 202(1-2w%M;) - (ﬁl_ﬁolo)

Bt 2prw?
—(BA=PBoAo).

 Ey, (5 3B3) . Ey,(22w?) and
Ey, (BA—PBoAo) are finite. Under H3, Ey, ( )and Ey, (—) are

also finite, and by assume that Ny, = (4, ) x (w_,wz) X (E,ﬁ) ,

follows that  Ey, Z(Ny, X;) > —co.

Now we must prove there exists a prior m such that it's gives posi-
tive probability to Cc for every €> 0.

As we know, the kullback equal zero if and only if y =1, , then
for any €> 0, the set Cc is non-empty provided that Q\{y,} is
non-empty. From the above we see that K; (y,,) is continuous
in 1 (see [6]), and since the parameter space 2 is compact , then
from the properties of real analyses it is clear that K; (¥,,1) is
uniformly continuous on £, that is mean , for any €> 0, there
exist 8, such that

We note that E%logﬁ

[l — P, ll < & Implies

|Ey, (log fi (X11¥,)) — Ey, (logfi (X1 1¥)| <€,

Then, K;(,, ) <E.

Hence,

w(Ce) = n({y: I — P, |l < 663
> [infiyp-w,li<s3 9] x v({@: 1Y — P, 1l < 6.1
> 0.

So, we obtain that (14) holds with any prior with continuous den-
sity with respect to the Lebesgue measure.

4.2. Asymptotic normality of the Bayesian posterior

To verify Asymptotic normality of the posterior distribution, we
investigate the conditions in the next theorem provided in ([14],
Theorem 7.102).We use the notations:

12(6) = logf, (X,16) /() = ((657 Lo)|, )) (15)
i09j =t

And let

z={"

And 1, is the identity matrix of order d. Notice that X, is the
observed fisher information matrix. We need to investigate the
following regularity conditions:
1) The parameter space is 2 € R® for some finite d.
2) 6, Isapointinteriorto 1.
3) The prior distribution of @ has a density with respect to
Lebesgue measure that is positive and continuous at 6.
4) There exists a neighborhood N, € 2 of 6, on which
1,(0) = logf(Xy, ..., X,,|0) is twice continuously differen-
tiable with respect to all coordinates of, a.s. [Pg,].

l;{_l(én) if the invers and 8, exist

16
14 if not, (16)

Theorem 2: [15]: Let {X,}n=; be conditionally i.i.d given 6.
Assume the above regularity conditions; and suppose that there
exist H,(x, 8) such that, for each 8, € int(2) and each j,

2

a 02
le- 90||<T 06,.00; 06,.0; 36,99, 09 fuite (X10)| <

Hy(x,680) (17)

=75 log fX1|@ (x16o) —

With,

LimEg, H, (X, 65) = 0. (18)
r—-0

And suppose that the conditions of theorem 1 hold, and that the
fisher information matrix 1(6,) is positive definite. Define [;, as in
(15), and X, be defined by (16).

Let I, =270 — 8,,) . Then for each compact subset E of R?
and each €> 0, the posterior density of I, given X,, converges in
probability to the standard normal distribution with density ¢(.),
which is mean:

lim Py, ( sup|e(CXy, ., Xp) — (D) | >E) =0 (19)
n—oo reE

Now we want to investigate the regularity conditions and the con-
ditions of the above theorem in our case:

It easy to see that the first condition in the regularity conditions is
trivial. From assumption H5, the second condtion holds, and from
the conditions of theorem 1 above, the third condition holds. The
differentiation can be passed under the integral sign (see [7], proof
of proposition 5).from(8),(9),(10),(11) and (12),we deduce that

% 1og fy,je (xI) is differentiable in = (4, w?, B) , that is
0Y0Y; 1

means the fourth condition holds. From remark (3.1) , the deriva-
tives has finite expectation, Hence (17) and (18) holds, we obtain
that the information matrix I () is finite, and from H6, I(y) is
invertible, hence (19) holds.
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5. Conclusion

We depend on SDE with random effects model framework and
consider the nonlinearity assumption in the diffusion function
given by o(x, @;, ;) = (@; + u;)~t a(x) where @; are supposed
to be Gaussian random variables with mean A and variance w? ,
and y; to be exponential random variables with parameterf. A
closed form expression of the likelihood of the parameters of the
i.i.d random effects and the maximum likelihood estimator are
obtained. We proved posterior consistency and asymptotic poste-
rior normality of the estimators by using the classical asymptotic
theory of the Bayesian framework.
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