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Abstract 

 

In this paper, Laplace Adomian Decomposition Method (LADM) and the Multistage Laplace Adomian Decomposition 

Method (MLADM) were applied to obtain solutions to the Chen system for the non-chaotic and chaotic case. The study 

shows that the LADM only gives reliable results for t <<1. Comparison between the MLADM and the classical fourth-

order Runge-Kutta (RK4) solutions shows that the MLADM performs well with high accuracy. The study shows that 

MLADM is a powerful and promising tool for solving nonlinear systems of ODEs of chaotic and non-chaotic nature.         
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1 Introduction 

Chaos theory studies the behaviour of dynamical systems that are highly sensitive to initial conditions. Chaos theory is 

applied in many scientific disciplines, including: physics, geology, mathematics, biology, computer science, economics 

[1-2], engineering, finance, meteorology, philosophy and population dynamics.   

The Chen system developed by Chen and Ueta in 1999 is a set of coupled ordinary differential equation with quadratic 

nonlinearities and is defined by [3]:  

 
  

  
         

  

  
               

  

  
        

 

 

 

 

(1) 

Where  ,  ,   are the dependent variables and a, b, c are positive real numbers. The Chen system has chaotic and non 

chaotic behaviour for different parameter values. Bifurcation studies [4-6] have shown that the Chen system exhibits 

chaotic and non-chaotic behaviour for the parameter sets                    and                     

respectively. Finding accurate and efficient methods for solving chaotic systems such as the Chen system has been an 

active area of research in recent times [7-10]. 

The concept of Laplace Adomian decomposition method (LADM) was first introduced by Khuri [11-12]. LADM is a 

promising method and has been applied in solving various differential equations [13-15]. However, LADM has some 

drawbacks like most semi-analytic schemes. By using the LADM, we obtain a series solution, actually a truncated 

series solution. This series solution does not exhibit the real behaviours of the problem but gives a good approximation 

to the true solution in a very small region. Since the LADM has a very small convergence region, a multi-staging 

technique known as the Multistage Laplace Adomian Decomposition Method (MLADM) is proposed. 

The motivation of this paper is to apply the LADM and MLADM to the Chen system for both chaotic and non-chaotic 

scenarios and test the accuracy of the method with the well known fourth order Runge-Kutta method. The computations 

in this paper were carried out with the computer algebraic system MATHEMATICA.     

http://en.wikipedia.org/wiki/Dynamical_system
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2 Methodology 

2.1   Laplace Adomian Decomposition Method (LADM) 
 

In this section, we present a Laplace Adomian decomposition method for solving a differential equation written in 

operator form as: 

 

                                                                                                                                                                    (2) 

 

With initial condition  

 

                                 (3) 

 

Where    is a first-order differential operator,    is a linear operator,   is a non-linear operator and   is the source term.  

We start by applying Laplace transform to both sides of equation (2) and then apply the initial condition (3). 
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The LADM defines the solution        as an infinite series of the form  
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The non-linear term is expressed in terms of the Adomian polynomials given by [16]: 
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Substituting (6) and (7) into (4) gives: 
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From (9), we can define the following recursive formula: 
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Applying the inverse Laplace transform to both sides of (10) and (11) we obtain          which is then substituted 

into (6). 

2.2   Multistage Laplace Adomian Decomposition Method (MLADM) 

An efficient way of ensuring the validity of solutions to differential equations for large         is by multi-staging the 

solution procedure to be employed. Let       be the interval over which the solutions to the differential equation (1) is 

to be determined. The solution interval       is divided into   subintervals               of equal step size 

given by       with the interval end points      .  

Initially, the LADM scheme is applied to obtain the approximate solutions of           of (1) over the interval        
by using the initial condition                    respectively. For obtaining the approximate solution of (1) over the 

next interval        , we take                       as the initial condition. Generally the scheme is repeated for any   

with the right endpoints                             at the previous interval being used as the initial condition for 

the interval          .            
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3 Application 

In this section, we apply the Laplace Adomian decomposition method to the Chen system (1). The fundamental 

operation of Laplace Adomian decomposition method is applied to the Chen system is given below: 
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(13) 

The solution of the Chen system takes the form 

 

         
 
                          

 
                               

 
  

 

The non-linear terms are expressed as: 

 

       
 
                

 
  

 

Then (13) can be written as a recursive formula as: 

 

        
    

 
 

 

 
        

 

 
       

        
    

 
 

 

 
       

 

 
      

 
 

 
       

 

 
       

        
    

 
 

 

 
       

 

 
       

 

 

 

 

 

(14) 

From (14) we have: 
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(17) 

The system is solved with the initial condition                             . For    , we have a chaotic 

system and      correspond to a non-chaotic system. The recursive relations (15) and (17) are evaluated with the aid 

of Mathematica to obtain the solution up to a 21 terms approximation for the time range [0, 30] with a time step size 

0.01. MLADM is implemented by dividing the solution interval        into     subintervals                 of 

equal step size given by       

 

4 Results and discussion 

The chaotic case of the Chen system was solved using the LADM and MLADM implemented on Mathematica, the 21 

terms approximate LADM solution was obtained as  

 

                   
      

 
   

       

 
   

        

  
   

          

  
   

          

  
     

               
      

 
   

       

  
   

        

  
   

          

  
   

            

   
     

          
    

 
   

      

 
   

      

  
   

         

  
   

          

  
   

            

   
     

 

The accuracy of the LADM and MLADM is investigated by comparing their solutions to the RK4 solution for the 

parameter     where the system is chaotic with the initial conditions                             . The 

RK4 with time steps         with the number of significant digits set to 16 is used. Table 1 presents the absolute 

errors between the 21-term LADM solutions and the 21-term MLADM solutions for      and the RK4 solutions. 

 
Table 1: Absolute differences between 21-term LADM and 21-term MLADM with RK4 solutions           for    . 

                                            

                    

0.02 2.126E-05 1.952E-05 2.876E-05 2.126E-05 1.952E-05 2.876E-05 

0.46 7.952E+14 8.736E+14 4.552E+15 1.921E-06 6.793E-07 2.827E-06 

1.06 1.476E+22 2.469E+22 8.264E+22 2.864E-05 2.630E-05 4.409E-05 

2.11 1.422E+28 2.717E+28 7.891E+28 3.227E-05 1.288E-05 1.281E-05 

4.06 6.907E+33 1.402E+34 3.816E+34 5.246E-05 9.607E-05 4.877E-05 

7.11 5.090E+38 1.062E+39 2.807E+39 5.422E-07 5.432E-06 1.155E-05 

11.31 5.480E+42 1.159E+43 3.019E+43 1.478E-06 2.984E-08 6.738E-06 

16.06 6.090E+45 1.296E+46 3.353E+46 2.015E-06 7.806E-07 2.102E-06 

22.11 3.644E+48 7.788E+48 2.005E+49 5.079E-06 3.835E-06 5.295E-07 

25.66 7.160E+49 1.533E+50 3.940E+50 2.584E-06 4.168E-06 4.888E-06 

29.96 1.587E+51 3.403E+51 8.734E+51 7.760E-06 9.329E-06 5.879E-06 
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In Table 1, we can observe that the LADM only gives valid result for    . The MLADM solutions on the time step 

        for the chaotic case agree with the RK4 solutions on the time step         to at least 4 decimal places. 

Hence, for the chaotic Chen system we observe that the MLADM solutions agree with the RK4 solutions to a 

significant degree. The             and        phase portraits for the non-chaotic case obtained using the 

21-term MLADM solutions are shown in Fig. 1 to Fig. 4.  

 

 

 

Fig. 1: X-Y Phase portrait using 21-term MLADM on         for    . 

 

 

 

 

Fig. 2: Y-Z Phase portrait using 21-term MLADM on         for    . 
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Fig. 3: X-Z Phase portrait using 21-term MLADM on         for    . 

 

 

 

 

Fig. 4: X-Y-Z Phase portrait using 21-term MLADM on         for    . 

 

The 21 terms approximate LADM solution for the non-chaotic Chen system was obtained as 
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The differences of the 21-term LADM solutions and 21-term MLADM solutions for      and the RK4 solutions with 

time steps         are given in Table 2.   

 

 

Table 2: Absolute differences between 21-term LADM and 21-term MLADM with RK4 solutions           for     . 

                                            

                    

0.02 2.040E-04 3.445E-04 3.087E-04 2.040E-04 3.445E-04 3.087E-04 

0.46 1.763E+15 1.567E+16 1.672E+16 7.047E-05 8.276E-05 1.434E-04 

1.06 3.840E+22 2.674E+23 3.372E+23 5.010E-06 3.003E-05 1.809E-04 

2.11 3.933E+28 2.486E+29 3.362E+29 1.841E-04 1.029E-04 3.958E-05 

4.06 1.968E+34 1.186E+35 1.661E+35 6.400E-05 6.501E-05 1.346E-04 

7.11 1.471E+39 8.661E+39 1.234E+40 2.180E-04 3.910E-04 3.311E-04 

11.31 1.594E+43 9.286E+43 1.334E+44 7.006E-04 4.654E-04 7.007E-04 

16.06 1.778E+46 1.030E+47 1.486E+47 6.558E-04 4.559E-04 6.423E-04 

22.11 1.066E+49 6.151E+49 8.902E+49 3.374E-04 2.563E-04 2.437E-04 

25.66 2.097E+50 1.208E+51 1.750E+51 4.314E-05 1.586E-04 5.787E-05 

29.96 4.651E+51 2.677E+52 3.881E+52 1.160E-04 1.670E-05 5.939E-05 

 

In Table 2, we can also observe that the LADM only gives valid result for    . The MLADM solutions for the non-

chaotic case agree with the RK4 solutions to at least 3 decimal places. The             and        phase 

portraits for the non-chaotic Chen system obtained using the 21-term MLADM solutions are shown in Fig. 5 to Fig. 8. 

 

 

 

 

 

 

Fig. 5: X-Y Phase portrait using 21-term MLADM on         for     . 
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Fig. 6: Y-Z Phase portrait using 21-term MLADM on         for     . 

 

 

 

 

 

 

 

Fig. 7: X-Z Phase portrait using 21-term MLADM on         for     . 
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Fig. 8: X-Y Phase portrait using 21-term MLADM on         for     . 

 

5 Conclusion 

In this work, the LADM and MLADM were applied to the solutions of the Chen system for the chaotic and non-chaotic 

case. Comparisons were made between the LADM, MLADM and the fourth-order Runge-Kutta (RK4) method. For the 

chaotic and non-chaotic case, we observe that the MLADM solutions were consistent with the RK4 solutions with 

MLADM performing better for the chaotic case. Hence, the MLADM is an efficient of solving the Chen system and 

other nonlinear systems of chaotic nature. 
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