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Abstract

Our study focuses on the optimal control of a semilinear parabolic equation featuring incomplete data and an exponential nonlinearity that
may blow up in finite time. Based on the principles of no-regret control, low-regret control, and adapted low-regret control, our objective is
to define the control strategy for this ill-posed problem. The ill-posed nature of the system makes formulating the optimal control directly
challenging. To address this, we use a regularisation approach that incorporates incomplete information. This yields a singular optimality
system that characterises the no-regret control for the original semilinear parabolic problem.
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1. Statement of the problem

We consider a bounded regular open set @ C RV with boundary I'. For a time horizon T > 0, we define the cylinder Q = Q x (0,T) and its
lateral boundary X =T x (0,T). The state system is governed by the following semilinear parabolic equation:

dy .
) E—Ay—ey =v inQ, 0
¥(-0) =)° in Q.

Where Y0 € L2(Q) andv € LZ(Q) denotes the control. This system is a typical example of a reaction-diffusion model with control. Such
models are used to describe phenomena in which spatial diffusion is coupled with a strongly nonlinear reaction. Such models are found
in areas such as combustion, heat transfer, biophysics and industrial processes. The state of the system is unknown at the boundary of
the domain. The exponential nonlinearity may produce solutions that diverge in finite time. This global ill-posedness necessitates an
approximation strategy when studying optimal control. Even when the boundary condition y = 0 is imposed on X, problem (1) remains
ill-posed. To overcome this difficulty, we proceed in two directions. First, for every positive integer M, let us consider the functions
fu : R — R defined by

e M s<-—M,

u(s)=qe, -M<s<M, @
M, s>M.

Which is Lipschitz continuous and bounded by ¢™. Second, for any &€ > 0, we complete the boundary condition by prescribing a non-zero
trace £g, where g is a sufficiently regular function on X.
Then, we regularize the problem (P 5s) as follows :

ye M . .
5~ Mem—fulem)=v inQ,
(Pet)  q yem(-,0) =)0 inQ, &)
YeM = €8 onX.
@ @ Copyright © 2026 Omoike. This is an open access article distributed under the Creative Commons Attribution License, which permits unrestricted
5 use, distribution, and reproduction in any medium, provided the original work is properly cited.
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The function g takes values in G and may represent a pollution or perturbation, where G is a nonempty closed subspace of LZ(Z), equipped
with the L?(X) norm.

Remark 1.1. For all € > 0 and M > 0, problem (3) has a unique solution, owing to the Lipschitz continuity of fyr and the regularity of the
data.

The structure of the regularized problem (3) is not a mere mathematical artifice. It can model a variety of physical phenomena. For example,
in the thermal processes, it enables the regulation of heat diffusion in media subject to exothermic reactions, with an external control serving
to stabilize the temperature. A similar logic arises in reaction-diffusion systems, where the goal is to model and control fast-growing
chemical or biological reactions, the regularization here acting to contain instabilities. Environmental modeling provides another natural
field of application: managing the propagation of pollutants in air or water requires accounting for both external perturbations and possible
depollution strategies. Finally, in industrial control systems, this framework allows for the optimization of energy or chemical processes by
means of robust controls, capable of withstanding uncertainties and disturbances.

Beyond the diversity of these settings, the regularization (€, M) plays a unified mathematical role: it linearizes the asymptotic behavior of the
nonlinearity e¢”, thereby enabling the derivation of uniform a priori estimates (first in &, then in M) and rigorously justifying the passage to
the limit, € — O followed by M — oo, toward the original physical problem (1).

Problem (1) is well-known in the mathematical literature. It was introduced by J.-L. Lions in [5], where the author emphasised the importance
of studying the control of this type of system without actually solving it. The ill-posed nature of this model was highlighted early on, in
two ways. Firstly, Bodart and Demeestere (see [11]) established boundary conditions that promote finite-time blow-up of the temperature.
Secondly, Brezis et al. (see [10]) proved an equivalence between the existence of a global classical solution for the evolution equation and
that of a weak solution for the associated stationary problem. These results predate recent developments in optimal control and impose a
fundamental constraint: any control strategy must come to terms with the inherent risk of blow-up associated with the nonlinearity. It is
precisely this necessity, rather than mere technical convenience, that justifies the use of a truncation fj; rather than direct treatment of the
exponential.

Regarding the stability and regularity of the optimal control for well-posed semilinear parabolic equations, the work of Casas and
Troltzsch [15] on stability with respect to initial data and that of Casas and Kunisch [12] on integral constraints are major references.
However, these studies rely on the assumption of global regularity of the nonlinearity, which is excluded by definition in the case of
exponential growth. The exponential case only appears within the elliptic framework in the work of Casas, Kavian and Puel [13], where the
problem is stationary but ill-posed. Transitioning from the elliptic setting to the parabolic setting with truncation and missing boundary data
remains an obstacle that the present study specifically aims to overcome.

Classical controllability results, such as the Carleman inequalities of Coron and Guerrero [16] or the least-squares method of Ferndndez-Cara
and Miinch [17], also assume a certain tractability of the nonlinearity. These methods require sublinear or Lipschitz growth, which is not met
by exponential-type dynamics. Exponential growth triggers a blow-up phenomenon that these estimates cannot accommodate, which further
confirms the need for prior regularisation by truncation.

Progress has also been made in robust control under data uncertainty. Notable advances have been made by Biccari et al.(see [14]) for
nonlocal equations with an integral kernel and by Gao et al. (see [18]) for hierarchical models with degeneracy. However, in these works,
uncertainty is introduced additively in the state equation and does not affect the argument of the nonlinearity itself. This makes these
techniques difficult to apply to our problem, where the singularity lies at the core of the nonlinearity.

The most relevant methodological framework remains that of low-regret and no-regret control, initiated by J.-L. Lions. Numerous works have
enriched this approach: Nakoulima, Omrane and Velin [22] for distributed systems with incomplete data, Dorville et al. [23] for ill-posed
systems, and Tindano et al. [24] for evolution cases. More recently, a variety of extensions have emerged, ranging from degenerate population
models [25] to fractional parabolic systems [20], as well as the identification of diffusion coefficients [19] and the singular optimality systems
of Lamien et al. [26]. However, these extensions are subject to the same restrictive assumption. For example, Nakoulima et al. in [22] and
Casas [21], the nonlinear function is assumed to be continuously differentiable and strictly increasing on the real line and cancels out to
zero. These properties guarantee the Gateaux differentiability of the control-state map via the implicit function theorem. Our setting differs
significantly, however, as the truncation of the exponential function yields only a Lipschitz function that is C' almost everywhere and wich
does not cancel out to zero. These characteristics invalidate the standard arguments and require the introduction of a specific condition of
non-saturation.

Although interest in robust control strategies under uncertainty is growing, no existing work addresses the three specific challenges of
equation (1) simultaneously: an ill-posed exponential nonlinearity, regularisation inducing differentiability only almost everywhere, and
missing boundary data. This work aims to address these issues by combining regularisation with an adapted low-regret control approach and
no-regret control.

The rest of the paper is organised as follows: in the section 2, we analyse the regularized problem. In the section 3 we apply optimal control
to the regularized problem by associating a cost function. Then, we characterize the low-regret control of the regularized problem which
converges to the no-regret control of the original problem.

2. Analysis of the regularized problem
In this section, we consider the regularized problem (3), for which we analyze the convergence as € — 0 and as M — oo, respectively.
2.1. Convergence as € tends to zero

We study the behaviour of the solution yg 37 to problem (3) as the parameter € tends to 0. We show that y, 37 converges to the solution of the
homogeneous problem.

Lemma 2.1. Forall € >0 and M > 0, problem (3) has a unique solution yg p € L (0,T;L>(Q)) NL*(0,T; H' (Q)). Moreover; the estimates

dy
esli-orian <K benlioraman <K |22

<K. 4
12(0,T:H-1(Q))
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are satisfied, where K is a constant independent of €.
Proof. Letw € L*(0,T;H'(Q)) be a lifting of the boundary data such that w = g on Z. we have the estimate
IWllz2 0,71 (@) < Cligllzz(x)- ®)

We choose this lift such that w(.,0) = 0. Let us define z¢ ps := ye i — €w. Substituting ye 7 = z¢ pr + €w into problem (3), we obtain:

0z, .

ng Aze mt = fur(yem) +&(— %—;VJrAw)va inQ,
zem(-,0) =’ inQ, (6)
Zem =0 onX.

By multiplying (6) by z¢ » and integrating over 2, we obtain:

aw
2
2 dt HZEMHLZ —+ ”VZE,MHLZ(Q) = /S)VZE,MdX‘I’/(sz(ygvM)ZE,MdX‘I‘E\/S) <*W +AW> Zg’de. (a)

Each term on the right-hand side is estimated using the Cauchy-Schwarz and Young inequalities. By definition of the truncation, | fi;(s)| < e
for all s € R.

1 1
M 2 oM
‘/QfM()’e,M)Ze,de <e /g |zem| dx < 5 llze mllzz @) + 5C(Q) . (b)
Similarly:
ow 2 ow 1 b
8/{2(7; JrAW) Zg,MdX S 7 77+AWH +§HZ£1MHL2(Q)' (C)
And:
Lo 1 2
| [yzesnas| < 5V + 3llesle @
By substituting (b), (c) and (d) into (a), we get
1d 3
5 a7 Izemlz2(e) + 1 VzemliFoi) < 5 lzemlzao) +1s @)
1 2l 9 2 20 9 2
where L — ~c(@)eM 4 1 S V2 q + & ’—1 +Aw ,with = [| = 2Y 4 Aw = o(e)
2 ot 12(Q) 2 ot 12(Q)

Lett € [0,T]. Integrating (7) from O to 7 and applying Gronwall’s lemma, we obtain:

||Z87M||im(O7T;L2(Q>) + ||Z87M||12‘2(O,T;H(; (a)) < C- Where, C iis a constant depending on Q, T, M, o) and [[v]l2(g)
Since ye p = ze m + Ew, by the Cauchy-Schwarz and Young inequalities, we obtain:

2 2 2 2
HyeaMHL""((),T;LZ(Q)) + HyeaMHLZ((LT;H](Q)) = |lzem +8WHL°°(O,T;L2(Q)) + ||ze.m +8WHL2(0,T;H1(Q>>

IN

2 2
2HZ£,MHL°°(0,T;L2(Q)) + 2||ZS-,M||L2(O,T;HO' Q) +

2¢e <HW”12‘°"(0,T;L2(Q)) +IWlZ 07,1 (Q)))

IN

2C+2¢ (HW“i“'(O,T;LZ(Q)) + ”WHiZ(O,T;Hl(Q)))
< 2041=K

Since 8(Hw||im(07T;L2(Q)) + ||WHi2(O,T;H‘(Q))) P 0, it follows that £(Hw||%m(0‘T;L2(Q)) + Hw||iz(07T;H,(Q))) <l1.

Where K is a constant depending only on Q, T, eV,

@) and [[v]|;2(g)

Therefore: |[vem|lz-(0.7:22(0)) < K, and [|yemll 120,701 () < K-

)
Estimation of 22 in 12 (0,T;H~'(Q)). The norm of an element ¢ € H~!(Q) is defined by:

@,0) 1@ o)l
loly 1) = sup o @) ®)

e (@020 19llm)

a)’s,M
ot

And for all ¢ € Hy () with ||| q) < 1, we have:

From the equation (3), we have =Ayem+ fu(em)+v in L2(O, T:H™! (Q)).

‘<aySM’¢>‘ < [Aye s 0) + [{fur vem), )|+ | (v, 9)]
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Since L2(Q) < H~'(Q) continuously, we get:

\(Aye,M7¢>|:/ﬂVye,M-V¢de\IVYE,MI\H—Im)\IVWIHI <IVyemlu-r@) < CillVyemliz e

for the non-linear term, on get:

[{fut emn), )1 < [t ) 1) 1011y @) < C2e™ 19l3) < C2e™, and  [(v,0)] < (V]| 1) 913 o)
Consequently: Hayﬂ <Cil[Vyemlz @ +C2e +Gvl e
at H(Q)

Integrating with respect to time, we get:

| e < G [ IVvemliapd + T+ Gl
ot zor:H1()
< Cilyemlzorm @) +CaTe” +Cslvlg)
< C1K+C2T6M+C3HVHL2(Q) :K’.

Theorem 2.1. When € — 0, the solution y¢ p1 of (3) converges to the solution yy of the following problem:

oym
5 "hm— mlym)=v inQ,
() yw(-,0) =50 inQ,
yu =0 onx,

with Y0 € L*(Q), v € L*(Q).

< Gv||

LZ

®

Proof. According to Lemma 2.1, the sequence ye y is bounded. Therefore, a subsequence can be extracted, still denoted by ye 7, which

converges weakly to yys, the solution to equation (9).
Setting we = ye pm — ym, we obtain the following system:

ow, :

atf —Awe = fu(yem) — fu(ym) inQ,
WE('70)20 in Q’
We = €8 onX.

Let us therefore set We = ze y — Y == We = Ye M — EW — Yy = We = we —€W. Then, we =0 onX and we(-,0) =

oW ) .

% —AWe = fr(yem) — fu(ym) +€ (—a%v +AW) in Q,
We(-0) =0 inQ,
We =0 onX.

By multiplying the state equation of (11) by W, and integrating over Q, we obtain:

1d
2dt

Let us estimate the terms on the right-hand side:

0
)+|‘VW8‘|i2(Q) :/Q [ enr) — for (vnr) ] ngere/Q (*ai: +AW) We dx

/Q\fM(ye,M)—fM(yM)Wsdx < eM/Q|yg,M—yM|ngx
< M (/ |ws|wgdx+s/ |w|wgdx>
Q Q
M o2 e 2 Lo
< /|wg| dx+—/ [w] dx+f/ |We|”dx
Q 2 Jo 2 Jo
3 My 2 € My
< et + S MIvl )
. dw . 2| ow 2 1,
And the second term yields: 8/£2<7§+AW>W8de? f§+Aw +§HW5||L2(Q)
Consequently, relation (12) becomes: IEHW H +||Vw H <C|\w H ﬁeM||wH2 +8—2 fa— + Aw
q Yy . 2 dt € € € 2 LZ(Q) 5 8t

(10)

0in Q. Hence,

amn

12)
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Integrating this inequality from O to .

2

Lo s <Ct~2d82M2 e w
EHWSHLZ(Q)+|‘W£||L2(07T;H(§(Q)>— ./0 el 2 (o) S+ oe ||WHL2(Q)+7 T TAW o)

The application of Gronwall’s lemma yields: |\Wg|\l%m(0’T;L2(Q>) + ||Wg||iz<O’T;H(; @) < £2C.
Since ye pr — Yy = We + €w, by the Cauchy-Schwarz and Young inequalities, we obtain:
lye m —yMHEw(O’T;Lz(Q)) + |lve,m —yM||12‘z(01T;H1(Q)) <€l = 0. It just comes: ye ;r — yy in L=(0,T; L2(Q)) NL2(0,T; H' ().

We now prove that fys(ye ar) converges strongly to far(yum).

Asyear —yu - in L(Q), we have | iy (vear) — fur ) 12(0) < e e —atlliz(g) 3 0- Therefore fis (vear) — fur var) in L3(Q).
O

2.2. Convergence of y), to the solution of (P)

We study the limit of the solution y; of problem (9) as the truncation threshold M tends to infinity. For this purpose, we need some
assumptions.

Theorem 2.2. Let 0 € L°(Q) and v € L*(Q). For all M > 0, let yys be the solution of problem (9).
SetA = HyOHLW(Q>7 B= HV+HLW(Q)‘ Let z be the maximal solution of 7' (1) = ¢?") + B, z(0) = A.
If 7 is defined on [0,T), thenyy(x,t) <z(t) a.e.in Q, forall M > 0. Moreover, yy(x,t) > mg— Hv* HL‘”(Q) t, mo=min(0, ESSianyO) .

Consequently, there exists a constant Ct > 0, independent of M, such that ||yy|| =(0) < Cr-

Proof. e Uniform lower bound in M

Consider Z(t) := mo — |[v"[|z=(g) - ThenZ(t) < 0 forall 7 € [0, 7], so on the boundary Z() <0 :yM}E.

Moreover, £(0) =mg <)° a.e. in Q. We compute: 9,Z—AZ— fir(2) —v=—|v"[|1=(g) — fu(2) —v.

Since fi(Z) > 0, we have — [[v™ [|=(g) = fm (2) —v < = [V || = () — -

Since v=v* —v7, we get — ||V |[1=(g) =V =~V [[=(g) =V +v~ <0. Thus 9z —AZ— f(z) —v<0.

Hence Z is a subsolution of (Py). By the parabolic comparison principle, Z <yy in Q,from which yy(x,t) > mo —[|v™ || 1= ().
o Uniform upper bound in M

Consider the solution z of /(f) = %) 4B, z(0) = A.Since A > 0and 7 = ¢*+B >0, we have z(t) > 0 Vr € [0,T].
Therefore, for all M > 0, fis (z(r)) < ). Indeed: if 0 < z(z) < M, then fys (z(r)) = &21); if z(r) > M, then fy;(z(t)) = M < &),
Furthermore, since B = |[v* | 1=(g), we have v(x,t) <B ae.in Q.

We then compute: 9z — Az — fyr(z) —v=2'(t) — fu(z(t)) —v > &) + B— fi1(z) —v > 0.

Hence 7 is a supersolution. Moreover, z(0) =A >y ae.inQ, z(t)>0=yy }Z.

The comparison principle gives yys(x,7) <z(t) in Q. Thus|\y1+w||Lw(Q> < lzllz=(0,r) uniformly in M.

mO_THV7|‘L°°(Q)D-
O

Combining both estimates:  mo— T ||[v"[|z=(0) < ym(x,t) < [|zl|=(0,), and therefore [[yp]|z=(0) < max(\|z||Lm(0~7~)7

oo g
Remark 2.1. The majorant ODE is defined for a given time interval. The precise condition is T < T*(A,B) := / 5 -iB'
A e
Under this hypothesis, z does not blow up before T, so the uniform bound in M is valid.
Special case B=0. If v <0, then B=0and 7 (t) = &), z(0) = A.

This can be solved explicitly: z(t) = —In (e*A — l) , defined as long as t < e™A. Thus a sufficient condition is T < e™.
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In the following analysis, we consider the interval [0,7] with T < T*(A, B). On this interval, there exists a constant Cr > 0, independent of
M, such that

lymllz=(0) < Cr- (13)
Thanks to (13), we have
Ifmm)| <7 ae. in Q. (14)
Lemma 2.2. The solution yy; of problem (9) satisfies:
9)’M
lyamll=(0.r:2(0)) < Cs Iymllz20,7:0 (@) <C. 15)
L2(0,T;:H-1(Q))

Here C denotes various strictly positive constants, independent of M.

Proof. By multiplying the state equation of (9) by yys and integrating over Q, we obtain:

2dt / |yM\2dx+/ \VyM\zdx*/fM (ym)y de+/ vym dx.

1 1
< o lymldx < EeCT Iymllr2@) + §c2(Q)eCr’ and

1 1
L . 2 2
By estimation, we obtain: B HVHLZ(Q> + 2 llym HLz @)

/ S (ym)ym dx
o

/ vyydx| <
Q

1 1 1 1d
Letus A = §C2(9)60T+§Hv”iz<g>, and K7 = 5(eCrJrl).Then, EEHyMHLZ +HV)’M||L2 <KTHyMHL2 +A.
By integrating from O to # (0 <t < T) and applying Gronwall’s lemma, we obtain:
HyM(t)H%m(QT;LZ(Q)) + ||yMHi2(0,T;Hé (@) <C Vvtel0,T]. (16)

Where C = ‘|y0‘|1%2(9) +AT.

For the time derivative: for all ¢ H(% (Q), we have the equality in the sense of distributions:

0
<%’(P> =—JaVym -Vodx+ [o fuym)pdx+ [ovedx.

Using relation (8), we obtain:

H dym

' 1 <HVyM||L2 ) Felfmm)llize) +elvize
HI(

Iym

By integrating this inequality from O to ¢ (0 <¢ < T') and according to (13) and (14), we deduce that ( 5

) is bounded in L?(0, T; H~1(Q)).

Theorem 2.3. When M — oo, the solution of the problem (9) converges to the solution y of the problem (1) in the following spaces:

yu —y a.e andin L2(Q)7

fulm) =€ ae and in L*(Q), an
ym—y inL2(0,T;HY Q) NL™(0,T;L*(Q)).

Proof. The estimates obtained in Lemma 2.2 show that the sequence (yy) is bounded in L=(0,7;L*(Q)) NL?(0,T;H} (Q)), and that

(8;?4) is bounded in L2(0, T; H~'(Q)).

Consequently, we can extract subsequences, still denoted in the same way, that converge weakly as follows:
yu—y inL™(0,T;L3(Q))NL*(0,T;Hi (Q)),

Iym 9y

at dt

In addition, as Q is bounded and regular, the embedding H{} (Q) < L?(Q) is compact, and the embedding L?(Q) < H~!(Q) is continuous.
By the Aubin-Lions theorem, the sequence (yyy) is relatively compact in L%(Q).
Thus, one can extract a subsequence (still denoted (yy)) such that

and LX(0,T;H'(Q)).

yu —y strongly in L%(Q),

and therefore, up to a subsequence, yy; — y almost everywhere in Q.

Since (13) gives |yy| < Cr for all yps solution of (9) then, fys(yar) = €™ for M > Cr. As yys converges strongly to y and fj is continuous,
consequently fis(yy) —> ¥ a.e. Moreover, | fir(var)| < €7 is integrable over Q. The Lebesgue dominated convergence theorem applies
and yields

fu(ym) — € strongly in L2(Q).
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Now set B = yyr —y. Then, f satisfies:

P ap—fulw) +e'=0 ino,
B(-,0)=0 inQ,
=0 onX.

By multiplying the state equation by  and integrating over Q, we obtain:

B2y + VB ) = fo (i Come) — ) B

By the Cauchy-Schwarz and Young inequalities, we have:

! 1
B2 gy +IVBIZ g < 51w Om) — & g + 5 1Bl g

Integrating this inequality from O to ¢ and applying Gronwall’s lemma, we obtain:
”B”i‘”(O,T;LZ +HﬁHL2 (0,T;HA(Q)) SC”fM(yM)_ey”iz(Q)

Consequently, [ym _yH]2‘°°(()1T;L2(Q)) + |lym —Y||iz(0,T;H(; Q) <Cllfm(ym) — eyHiz(Q)

From, (17), we have || far (yar) —eyHI%Z(Q — 0 as M — oo. Hence, yyy — yin L2(0,T; H} (Q)) NL*(0,T;L*(Q)). O

3. Application of optimal control

In this section, we focus on controlling the system given by equation (3). To this end, we employ the concepts of low-regret and no-regret
control. Let yg us := e m(v, g) denote the state of system (3), where g belongs to L2(X), and v belongs to L?>(Q). The control v is chosen so
that the state yg p7(v, ) is close to the desired state y; belonging to LZ(Q). We associate problem (3) with the cost functional defined as
follows:

1 o
Je(vg) = 5 vem(v.8) =3alliz o) + 5 M2 0)- (18)

Where o > 0. We are interested in the following problem:

inf  sup Je(v,g). (19)
veL2(Q) ger(x)

First of all, let us show that the mapping (v, g) — ye  is differentiable.

Theorem 3.1. The mapping & : L*(Q) x L*(Z) — L*(0,T;H'(Q)), (v,g) — yem is Gateaux differentiable on L*(Q) x L*(Z). Its
Gateaux differential D& (v,8) (v, 08) = z¢ um is the unique solution of

dz .
%M —Azem _fM(yE,M)Zg’M =06v inQ,
zem(,0)=0 inQ, (20)
Zem = €98 onX.

Proof. Fix (v,g) € L*(Q) x L*(X) and (6v,8g) € L*(Q) x L*(X). For A sufficiently small, set

ya=8(v+A0v,g+A0g), yem:=E(vg) and wy = w
w), satisfies:
dwy, Awy = () = fu(em) +ov ino,
or A
wy+,0)=0 inQ, 2D
wy = €06g onX.

Define z¢ s as the solution of the linearized equation (20). It suffices to show that wy — ze p in L*(0,T;H! (Q)) asA—0.

Set ry, :=wj — z¢ p solution of :

or .

a:’ Arl fM(ySM)r)L*nl an,

r2,(-,0)=0 inQ, (22)
72 =0 onX,

Im(3) — fu(Vesr) — foy (Ve ) (Vo — yem)
7l .

where 1) =
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Since f is differentiable almost everywhere, we have for almost every (x,7) € O,

I (x,7)) = fut Ve (X, 7)) — frg (Ve mr (X, 7)) (2. (X, T) — ye p(x, 7))

—0
Ya (X, T) 7y£,M(x7 T)

as A — 0, whenever yg y(x, T) # =M. Since the points =M form a negligible set, it follows that
M, (x,7) =0 for almost every (x,7) € Q.

Moreover, the Lipschitz continuity of fjs yields |1, | < C|w, |, for some constant C > 0 independent of A. Since (w, ) is bounded in
L2(0,T;H'(Q)), hence in L?(Q), the dominated convergence theorem applies and gives n; — 0 in L>(Q).
Applying standard energy estimates to (22), we obtain || || 20,7, ()) < ClIMallz2(0)-

As m;, — 0in L2(Q), it follows that ||, lz20,7:11 (@) — O

In other words,

1 —0 asA —0.

—ZeM

12(0,T:H (Q))
Thus, & is Gateaux differentiable at (v, g), and its differential in the direction (8v, 8g) is given by the solution zg 5 of (20). O

Definition 3.1. A no-regret control for problem (3), if it exists, is a function v € LZ(Q) that solves
inf sup (Je(v,g) —Je(0,8)) |- (23)
VELZ(Q) <g€L2(Z) ( 8( € )

As ye (v, g) is nonlinear and inherits the regularity of the solution of (3), in (18) we replace ye y(v, g) by its linearized form ye p(v,0) +
dye M

(v,0)(g)- Thus, we define a new cost functional Ji¢ as follows:

dg
aJ,
J1e(n8) = Je(1,0) + 7> (10)(e). @4)
Then, we are led to the following linearized problem:
inf sup (Jig(v,g) —J1£(0, g . (25)
.t <g€m)( e(1:8) ~16(0,8))

Recall that the solution of (25), if it exists, is called the no-regret control of the linearized problem. We now state the following lemma:

Lemma 3.1. Let J¢ be given by (18). For any (v,g) € L*(Q) x L*(X), we have:

e8) = 1e0.8) = Je(5:0) =1 0.0)+ (300 30 52 (40)) ) - (rew00) 3 2000 ) €0

Proof. The mapping (v,g) — ye.m(v,g) is differentiable on L?(Q) x L?(X), and its differential at the point (v,0) in the direction (0, g) is:

9221&4 (v.0)(g) = Tim veu(v,08) —vem(v,0)

6—0 0

We have: 1
Je(v,0g) = Je(v,0) + 5 [lye.m (v, 08) — ye ar (v,0) H%z(g) + {(yem(»0) —ya, yem(v,08) —yem(v,0)).
Consequently,
. Je(v,08) —Je(v,0) . Yem (v, 08) —yem(v,0) .0 ‘ yem(v,08) —ye m(»,0) |12
lim ———=—"'~ = 0)—vyg,1 : : lim — :
el_}nb 0 yS,M(Vv ) YVd 91_% 0 + 911;[}) 2 ] L*(Q)
e m
= <y8,M(V7O)_yd7 a& (V7O)(g)>
8
an
= Z= . 2
5 (n0(e) @)
Substituting (27) into (24) gives:
d
e = Je00) + (ear(:0) =30, 252 1,0)) ). e8)
Setting v = 0 in (28) we obtain:
d
1e(0.6) =5 0.0)+ (e (0.0) ~ya: 2 0.0)) ). 9)

Consequently,

()~ 1e(0,8) = 0:0) = 1e0.0)+ (vean(:0) 30, 2 (0:0)()) = (36(0.0) 30, 2 0.0)8) )



International Journal of Applied Mathematical Research

55

The following results clarify the terms.

d d
<yg,M(v,o)fyd, f;gM (,0)(g )> and <yg,M(0,0)fyd, f;M (0,0)(g )> in (28) and (29).

d d 0g)— ,0
Proposition 3.1. The partial derivative f; M. }(;6 M (»,0)(g) =limg_.q Yem(,08) o Ye (10) is the solution to the following system:
8
9yem dy dy ,
( eM > ( EM) EMfM(ySM) 0 an,
ng( 0e)| =0 inQ, (30)
=0
d
f;g*M (1.0)(g) = eg onx.
Proof. Let ye p(v,0) be the solution to problem (3) for g = 0, so:
e In O, we have:
9 [dyem(v,0) d (Iyem Ve m aysM
- : L _A 0) — Nl =0= — ’ —A ’ 0
| 20 0,0 i e (:0) (2 = Firlvean) =
because v does not depend on g.
o For the initial condition in , we have:
d ,08)|1—0 — ,0)|i= .
VM (L o)) = lim Yem(,08)li—0 —yem(v.O)lizo _ o\ Yo (.o =0 in Q.
dg o 60 6 :
o For the boundary condition, we have:
dyem . Yem(v,08) —yem(v,0) . 0eg—0
P (10)(g) = lim 5 Lim ggon
O
0 a 0,6g) — 0,0
Proposition 3.2. Similarly, we define the partial derivative YeM . OVeM (0,0)(g) = lim Ve (0,6¢) = ven(0,0) solution to the fol-
dg dg 6—0 0
lowing problem:
d 3)’3 M a)’e M ayg M
= = )| —A : 0 i
ot ( ag 8g fM(yeM) in Q,
d
M 0,0)(g)] =0 in Q, 31)
g =0
d
52 0,0)(8) =eg on’%.
vem(0,0) is the solution to problem (3) for (v,g) = (0,0).
Proof. The Proposition 3.2 is obtained by using an argument similar to that of Proposition 3.1, and by setting v = 0. O
We have the following lemma:
Lemma 3.2. Forall (v,g) € L*(Q) x L*(X), we have:
d V) — 0
e (1:8) = 16(0,8) = Je(1,0) _J£(0:0)+< (Gael 29 feu0)), 8g> : (32)
v 12(x)
Where e p(v) = e p(x,85v) is the solution of the adjoint problem.:
ICem A , B 0 .
—CZM () — AL ()~ Cem () fy er) = —ve(20) 434 in Q.
Cem(T,v) =0 inQ, (33)
Cem(v) =0 onX.
d
Proof. Let us multiply the equation of state in (33) by ?’M (v,0)(g). By integrating by parts and using the boundary conditions,
8

=01in Q, we have:

Cew(T) =0ana M (o))

(2o, Btow) (5 (Zee0w) )

20)
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Let us now set Cg a7(v) = 0 and a};’M (v,0)(g) = £g over X and apply Green’s formula, we obtain:
8
9Yem > < J > < dCem >
—A V), — (v,0 =( =— (—Ayey(v,0 R % — —(v), & .
(-8 0. 252 0,010 oy~ g CRen )@ G (T k)
So,
Iyem > < age M >
— v,0) —v4), — (v,0 =—(—=—(v), ¢
(a0 ). Bt eone)) (Tt es)
Indeed,
8 aZg aZg Y
5 (5 00©) -8( 52000 ) - Leariaves) =0in
Then,
dye m > < ICem >
5 70 - ’ - 70 =({—5— , € (34)
(o0 it one)) (%5 ee)
If v =0, system (33) becomes:
aCE‘M ! — i
BT (0) = ALem(0) — Cem(0) foy (vemr) = —yem(0,0) +ys  inQ,
Cem(T,0)=0 in Q, 35)
Cem(0)=0 onX.
Let us multiply the equation of state in (35) by 9ye.m (0,0)(g), and by analogy with the previous results, we obtain:
dyem e m
~Oem00) -3, 2 0.0) = (ZH 0 e) G6)
< ) o 2(0) oV 12()
Substituting (34) and (36) into equation (26) gives:
d - 0
e = 1e(0.6) = Je(1:0) ~ 1 0.0)+  ZEMIZEMOD gy
v LZ(Z)
O
We now define the application § acting on L2(Q) by S(v) = & s (v) — L1 (0). We obtained the following result:
as
sup (Jig(v,8) —J1£(0,8)) = Je(v,0) — Je(0,0) + sup a—(v)7 €g 37)
g€L*(z) ger?(x) \ o L2(z)
with
Foo if <a (V)7Sg> #0,
sup <—(V) £g> = L(x)
gEL(Z) e g g 202
av
as . S
The value of sup,¢ e\ 5y (v),eg does not allow us to characterize the no-regret control of the minimisation problem:
LX)
inf sup (Jie(v,g) —J1£(0, (38)
velL?(Q) |:g€L2IZE)( 18( g) 18( g)):|

Hence, the use of the low-regret control approach to seek overall control:
2 98 2
J=<veL(Q), (v), eg =0,VgelL(X),.
v 12(2)

3.1. Low-regret control

In this section, we focus on the low-regret control problem, which depends on the pollution g and its norm. We proceed by relaxing the
problem (38). Then, we consider the following definition:

Definition 3.2. Let y > 0 be the relaxation parameter. Then, the problem (38) becomes:

- ; 7000 2) — llel2, , 39
veanZ(Q) |:g€S212IZZ)<18(V7g) 1£(0,8) ?’|g|L-(z)>} (39

The solution to the problem (39), if it exists, is called the low-regret control.
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Lemma 3.3. Let J¢ be the function defined by (18). Then, for any v € LZ(Q), the problem (39) becomes:

. g2 || as
VEILHZEQ) |:Jg(V7 O) —Jg(O,()) + E/ W(V)

2
} . (40)

L(X)
Proof. According to Lemma 3.2, we have:
sup (Jus(v,g) —J1e(0,g) *YHé’HLZ():)) =Je(1,0)=Je(0,0)+ sup | —Yglliam) +( 5, (V) €8 :
ge*(D) gel*(D) v L2(z)

According to Fenchel’s transformation, we have:

2 sup <1as()£> Yol g2 as( 2 e2|las, |? g2 as( 2
s —=—(v), eg —=lgll72 =—|==W —— =W =—|l=—( .
gerr(m)\ \2 9V e 20EE ) ayflovillng drliovling  rilov g
Thus, problem (39) becomes:
inf 7/ (v). 41
nf AL @
2 2
Where _#(v) = Je (1,0) — Je(0,0) + = ‘ s 0
’ T Ay 1Vl )
We reformulate the problem (39) as follows: For any ¥ > 0, find u} € L?(Q) such that:
Y,V — Y
ug) = inf V). 42
Aty = inf AI0) @)
The problem (42) is a low-regret problem, and its solution is called a low-regret control.
g2 ||as |
Remark 3.1. Unlike in the linear case, the mapping v — J¢(v,0) —J¢(0,0) + @ 5 v is not convex, so u?cf is not necessarily
L2(%)

unique. Furthermore, it is not certain that u} converges in the set ¢,. We shall adapt the cost function jgy(v) to a given no-regret optimal
control, as in the work of Lions [5] for the penalisation method.

3.1.1. Adapted low-regret control

Let i be a no-regret optimal control, and define the function:

1 ) e2]as, |I?
vi— Je(v,0) — J£(0,0) + 3 v —illz2(g) + P ’W(V) .
We consider the following problem:
nf IO, (43)
Where ) 5
S0 =160~ 1e00) 4 3 ol + G | 0] (@)

So, we have the following proposition:

Proposition 3.3. Problem (43)-(44) has at least one solution, u?, in L?(Q). This solution is known as an adapted low-regret control.

Proof. By the definition of _#, and for all v € L*(Q), we have: _#Z,(v) > —J¢(0,0).

2

1 g2 || as
As aresult —Je(0,0) < Jg(v,0) — Je(0,0) + =|jv— ﬂuiQ(Q) + H
2 LZ(Z)

@ 5(")
The set #5 = {v € L*(Q), #&,(v) > —J¢(0,0)} is non-empty.

1
Indeed, by setting v = 0 we have: _#/,(0) = 3 HﬂHiz(Q) > —Jg(0,0). There therefore exists a constant C(€,y) such that :

Clen = nf Fea(v).

To establish this result, consider a minimising sequence (v, ) <N Which converges to dl. Then, d} = EI_‘E /gz(v,,). And we have:
n—+oo

2
1 ) a, 1 ) 1 i &2
_JE(O:O) < EHYE,M(VmO) _deLZ(Q) + ) HVnHLZ(Q) 2 Hy&M(0,0) _YdHLZ(Q) + EHVn - uHLZ(Q) + -

<d’+1.
4y Sdet

12(5)

as
Pl




58 International Journal of Applied Mathematical Research

We conclude that there exist constants C;(€,7); i = 1,3 independent of n such that:

||V’l||L2(Q) < Cl (87 Y)?

HyS,M(VYHO)HLZ(Q) < C2(87y)3

e ||dS 2
—= 35 <G(e).
VY I v " 12(%) )
We can therefore extract a subsequence (v,) such that v, — u in L2(Q). O

The following propositions constitute fundamental tools for the analysis and characterization of optimal control.

Proposition 3.4. Let w € L*(Q) and 6 €]0,1].
Y

Ow,0) — 0
The partial derivative Ye.M (»,0)(w) = lim Ve (v 6w.0) = yeu (1,0) is a solution to the following problem:
av 60 6
oy’ oyY oy!
O (Dem ) f(Dem) DM gy ing,
dr\ dv dv dv ;
P Y
f;v’”’ WOy w)| =0 inQ, 45)
=0
ayY t
;‘;M (»n0)(w) =0 onX.
roof. Let us show that ayZ‘M i i 2
Proof. 3 (v,0)(w) is a solution to (45). For all w € L=(Q) and all 8 €]0; 1[. We have:
oY Ow,0) — 0
Yem (V,O) — lim YE,M(V+ w, ) )’E,M(V» )
dv 60 0
e In O, On the one hand, we have:
3sz a (ol v+ 0w—v
> Y Y eM Y Y : :
ot _A(ys7M)_fM(ys7M):v - g ot _A(yg7M)_fM(yg7M) (V>O)(W):$%T:W mn Q
We also have:
d ay3~:/,M Y Y d ‘9yz7M ayZ,M /Y 3YZ,M
5 ( at _A(y&M) _fM(yg7M) (V,O)(W) - E T(V,O)(W) —A av (V,O)(W) _fM(yg,M) av (V,O)(W)
e For the initial condition in Q.
oyl 0w,0)],—0 — 0),—
Yem ( oyw)| = tim YOO Ol0myem(u 0o _ gy,
dv iy 00 0
e On X, we have:
Nem e (v 0w,0) = ye 4 (10)
5 (»,0)(w) = élg%) ) =0onZX.
O
Y _
Proposition 3.5. For all w € L2(Q), the partial derivative % v)(w) = lim M is a solution of
d 6—0 0
v -
9 (3 g\ g,y iwm .
_971( v —A ov | dv fM(ye’M)__ v (20)(w) in Q,
oLy
a% W) =0 inQ, (46)
act =T
a—j(v) (w)=0 onX.

ag!
v

Proof. Let us show that (v)(w) is a solution to (46).
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e In O, we have:
2 (ag! e ¢! ;Y
=5 (G0 -a( G200 - SO0
9L 9Le
) W(V+ Ow) — Al (v+0w) — Le(v+ Ow) fur (ve,m) ) o (v,0) = AL (v,0) = Ce (v, 0) fur (ve,m)
= o 0 i, 0
_ iy —Oem (v 6w,0) —ya) +yem(v,0) —ya according to (33)
60 0
— _ lim )’s,M(V+ BW»O) _)’s,M(‘% 0)
6—0 0
Byz.M .
=, (»,0)(w) inQ,
e In Q, we have:
o - Lem(v+0W)li=r — Cemr (V)li=7 .
o (v)(w) . = (glg}) 5 =0 because g, pli=r = 01in Q.
e On X, we have:
144 ow) —
%(V) (w) = éig}) Sean(v+ v;) e (v) =0 because {g y(v) =0onZ.
O

3.1.2. Characterization of adapted low-regret control.

Proposition 3.6. Let u) € L2(Q) be the adapted low-regret control. Then, there exist {yz M ng Mo pg e pz‘ ) satisfies the following systems

ay!
S =y~ )
Yem(0)=5°
Yoo
ye,M =0
9w

inQ,
inQ, 7

onX.

o1 _ACZ,M_C;”MJP/{/[()’QM):_(yZ,M_Yd) inQ,

¢l y(Tud) =0 inQ, (48)
ng,M =0 onX.
p!
;;M *APJM*P‘Z,M](]{/[()’ZM):O inQ,
pl 1 (0)=0 inQ, (49)
y _ €29S(ul)

Pem = 2y dv

3P3,M

onX.

o APZA,M - P]s/,M fu (yZ,M) = yz,M —Ya— Pg’,M inQ,

peu(T,uf) =0 inQ, (50)
P]s/,M =0 onX.
In addition, we have that for all i € LZ(Q),
ply+(a+Dul=a inL*(Q). 1)

Proof. We have already shown that yZM := ye.m(ub,0) satisfies (47). From the problem (33), we have ngM = C&M(ug) solution of (48).

As S(v) = Le m(v) — e .m(0), we obtain S(u}) = C&M(ug) —Cem(0).
By the Proposition 3.1, let us denote by pg M= pgﬁM(ug, 0) the solution of the following problem:

aP;M Y Y r Y .
ot _Aps,M _pgAMfM(yva) =0 inQ,
pg‘/,M(O) =0 in Q,
y _ €29S(ul)

M = 2 oy onX.
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Writing the Euler-Lagrange condition on /g; we get for all w € LZ(Q):

7 (! _ogr 9
lim Zealte £ %) = Fealte) _ [ Do v gy sl 0) <y,
00 0 dv

+<O¢uZ+uZ—ﬁ, W>L2 +
2(0) Q)

€ /9 (e, s -
2 (o (ot ) <o (52)

Indeed, for all  €]0; 1] and for all w € L?(Q), we have:

2
Sl 4+ 0w) — L) 0 || yen(ul +0w,0) —ye p(ul,0) 0 >
0 =35 ) +§(0¢+1)HWIIL2(Q>
L2(Q)
ul + ow,0) — uy,O
+ <)’£,M( € 9) Vem (g )7)’£,M(ug>0) g + a(uz, W>L2(Q) T (uz—ﬁ, W>L2(Q)
Q)
s s 2 as as
20 W(MZJrGw)fW(ug) &2 w(ungGw)fW(uz) a5,
+ T 0 -+ 7 5 7(”8) .
Y Y 0 ov )
L) 12(5)

By taking the limit, we obtain:

. Y (ul+ow)— 77 (u} dy .
élir%) /E ( € 9) /8 ( 8) :< aSVM (ug,o)(w),Yg,M(Mg,O)*)’d> +<(XMZ+M?C~/*H,W>L2(Q)

L2(Q)
2
€ d (ICem, y S 4
5 (5 (T ad) . Sy .
So, we have:
Y _ Y vy
. yS.M(u£+9W70) ng(ug70) YeM b4
1 : ’ = : ,0
s b 3 00
and Y Y Y Y
. S(ug +0w) — S(ug) o Cem(ug +0w) —Cep(ug)  ICem, y
I ~ 1im 2% IC ,
050 0 050 0 dv (ug) (w)
yy 2 ag'}/ 2
Furthermore, the terms &M and .M are bounded and tend to zero as 0 tends to zero.
L2(Q) L*(Z)
Thus, multiplying the equation of state for (49) by Sem (u})(w), we have:

v

p; ¢
< ;;M - Ang - Pg,Mf&(yéM)v ;\;M (ud)(w) =0
L(0)

Then,

0 g 08, 08 / ¢
< Pear Ofear (uz><w>>+<Apz,M, 26000 )+ (=Pl 0L, 22 )00 ) =0,

And integrating by parts, we obtain that:

aP‘Z,M dCer, y ) 9 (9em, v Y
< et O (41 o LZ(Q)< 5 (75w pl)

By using Green’s formula, we obtain:

<7 sl aggv,M (ug)(w)>Lz(Q) = <—A(aggv”” (uZ)(w)) : p,Z,M>L,(Q> - % <a% (a%V’M (uZ)(w)) ’ asa(zg) >Lz -

Therefore, ,
e? d age.,M % aS(ug)
o (Tt 757 >Lz<z>

The Euler-Lagrange condition becomes: Vw € L?(Q),

I
/\
S5
¥
<
5
e
(=]
e
=
=
|
el
o
S
\/
2
=
\S)

d
< y;‘,)M (szo)a)’e,M(ngo)(W)_)’d_PgM> ” )+<auZ+uZ—ﬁ, W)2(g) =0- (53)
12(0
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Then we define by ng = pg,M(M’Jg/,O) the solution to the adjoint problem of ng by:

Ip; M .
- 38; _APZ’M - Pz;M f}{d(yg,M) = yz.M —Yd — P;,,M in Q,
pZ’M(T7 uf) =0 inQ,
pé u=0 onX.
d
Thus, multiplying the equation of state in (50) by }(};’M (u},0)(w), we have:
v
ap’ M e m Iye m
— o APy = Pem O ) =5 (d 0)(w) = <yZ‘M Y4 Pl 5 (ug,o)(w)> .
' 1 ' v ' ' v L2(0)
L2(Q)
And integrating by parts, we obtain that:
IPim dvem d (yem
<— M DL ) = (5 (o) )
12(Q) L2(Q)
By applying Green’s formula, we obtain:
e m e m
(~ortue 2000 ) =(-a( 5260 )
Y 12(0) Y 12(Q)
Consequently,
IYe M d (9yem 9ye.m
Y Y €, % €, Y Y £, Y '
g =va=ple 2 Lo) =5 (B dom).p e (-a( 2 00w ). p
< o I 2(0) or\ dv M/ ) ov M/ )
9Yem
+{ - < (MZ,O)(W)f]{,[(yZM),ng = <pzMaw>L2(Q)'
oy S Z T
d (Iyem 9yem Iyem .
teed, 5 (ZE2 L0 ) -8 2 GE0)00) ) — ZH2 L 0)00) fy ) = win 0
The condition (53) becomes: (pgvM +aul +ul —i, whra) =0, Vw e L*(0).
From which we can deduce (51). O
3.2. Singular optimality system
In this section, we will characterize the low-regret control and the no-regret control of the problem (1).
3.2.1. Characterization of low-regret control
The lemmas below set out the initial assumptions needed for our analysis.
Lemma 3.4. For all € > 0 and for all fixed (y,M) > 0, there exist various constants C > 0 such that:
1 e ||9aS(u))
14 <C i < e € <cC 54
HueHLZ(Q)_ ’ yg,M 12(0) = ) 2\ﬁ/ ‘ v LZ():)_ ) ( )
.
&M ) =L
ot LOTH (@) 12(0,T:H' (Q))
9P
: 14 <C
’ ot + ‘ Pem LOTHI(Q) (55)
12(0,T:H-1 (Q))
ap’
‘ ZZ;tM +‘ pZ-M L2(0.T:H (Q)) =
L2(0,T:H-1(Q)) T

Proof. As u is a solution to (43), therefore /g;(ug) < /g; (v), Yv € L*(Q).
In particular, for v = 0, we obtain:

2 2

PN
av

&
4y

1 2 [0 2 1 12
Sda(ul) = EH)’Z,M —valz o) + 5““«2,‘,”L2(Q) + EH“g_“”LZ(Q) +

12(5)

1 2 ~112 _
< 2 (IbulBg)+ Il g) =€

So, we get (54).
The estimates in (55) can be easily derived by applying the method used in the proof of Lemma 2.1. O



62 International Journal of Applied Mathematical Research

Lemma 3.5. For all fixed 'y > 0, there exist various constants C > 0 independent of M such that:

—ay u v <c, |2 f <c 56
ot + ||yM||L2(o,T;Hg(Q)) =6 o1 + HCM”LZ(O,T;HJ(Q)) = (56)
2(0,T:H-1(Q)) L2(0,T:H-1(Q))
Py 1 9P v
H + HpMHLZ(OA,T;HO‘ @) =G o + HPMHLZ(OA,T;H(; @) =C 57
2(0,T;H-1(Q)) L2(0,T;H-1(Q))
Proof. The following inequalities follow directly from the reasoning set out in subsection 2.2. O

By applying Proposition 3.6, and by passing to the limits when € — 0 and M — oo, we obtain the singular optimality system for the low-regret
control of the original problem.

Theorem 3.2. Let u? € L*(Q) be the low-regret control associated to the state y¥ := y(u?,0). Then, there exist p¥, pY such that
{7, 87, pY, p¥} satisfies the following.

aay[ —AY - =u" inQ,
y7(0) =y° inQ, (58)
y=0 onX.
L A gre =7y i,
¢N(T,u?) =0 inQ, (59)
{r=0 onX.
%—Apy—pyeyyzo in Q,
pY(0) =0 inQ, (60)
pY=0 onX.
—% —ApY—ple’ =y"—ys—p7 inQ,
pY(T,u’)=0 inQ, (61)
p'=0 onX.
In addition, we have that for all ii € LZ(Q),
P4 (a+Du’ =i inL*(Q). (62)

Proof. By using the Proposition 3.6, the fact that fj; is Lipschitz and bounded by e, and the Lemma 3.4, we can extract subsequences of

IS (ul
the sequences (u})e, (yéM)E’ (ﬁ a(’:e)) . (PgM)£7 (PZ‘M)G et (CgM)g, which we shall denote in the same way, such that:
€
ub — u’ weakly in  L%(Q),
yZ_’M - yZ,I weakly in LZ(Q)7
e 9S(ul) .
— — AL (0) weakly in  L2(X),
2,7 ov M (63)
ng - ph weakly in  L2(0,T;H'(Q)),
PZ,M - p}(,, weakly in  L2(0,T:H'(Q)),
&y — weakly in  L2(0,T;H'(Q)).
aS(u 2 9S(ul
Z\Eﬁ/ a(v e) L AT(0) weaklyin L3(E) then %/ 8(58) S Owhene —0

For any y > 0 and a fixed M > 0, the adjoint state PZ. 1 18 also bounded in €, and the result (62).

By the Lemma 3.5, we can extract from the sequences (y}(,[) Mo (CA},/I) Mo (p};) m and (pZ,I) m subsequences denoted in the same way such that:

yi, = weakly in  L?(0,T;H{ (Q)),

( Q)
pl — p?  weaklyin L*(0,T;H}(Q)
¢l —~ ¢V weaklyin L*(0,T;H}(Q)

L*( Q)

)

)
):
)
pl, — p'  weaklyin 0,T;Hj (),
and by the property of f3s, we have:

fulyy) — ¢ in*(Q).
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3.2.2. Characterization of no-regret control

The optimality system for the no-regret control of problem (1)-(38) is a consequence of the limit in Theorem 3.2 as 7y tends to zero.

Theorem 3.3. Ler ii € L>(Q) be the no-regret control associated to the state y := y(ii,0). Then, there exist p, p such that {y,{,p, p} satisfies
the following.

%—Ay—ey:ﬁ in Q,
¥(0) =»° inQ, (64)
y=0 onX.
—% —Af -l =—(y—yq4) inQ,
S(T,d) =0 inQ, (65)
=0 onX.
%—fprfpe—"zo inQ,
p(0)=0 inQ, (66)
p=0 onX.
—%1; —Ap—pe&=y—ys—p inQ,
p(T,i)=0 inQ, (67)
p=0 onZX.
In addition, we have that for all i € LZ(Q),
p+oai=0 inL*Q). (68)

Proof. By the Theorem 3.2 and by taking the limit as ¥ tends to zero, we have:

g1 =g =0, =g =0,
YN = Y — — 0

yr—=y=0, on % y1(0) = y(0) =y, o

‘:,7’4\’):()7 pyép:()’

pr—=p=0. pY(T,u") = p(T,i) = 0.
From equation (62), we deduce that:

u' — @ weaklyin L%(Q),

Consequently, there exists a no-regret control i, characterized by {y,{, p, p}, which is a solution to problem (1)-(38). O

4. Conclusion

In this paper, we studied the control of a semilinear parabolic problem involving a blow-up nonlinearity and missing boundary data. The
introduced regularisation allowed us to reformulate the original problem (1) as a family of well-posed problems (3), the convergence of
which to the solution of the original problem as € — 0 and M — o we established. By combining low-regret and no-regret control methods
and studying the convergence of low-regret controls as the perturbation parameter ¥ tends to zero, we characterised the no-regret control
of problem (1) by means of a singular optimality system. The present work opens up broader research perspectives. The tools developed
here have natural applications in problems governed by exponentially reactive dynamics, such as environmental modelling, heat transfer
in combustion processes and the control of exothermic industrial reactors. However, it does have certain limitations that should be made
explicit. The analysis was carried out without numerical validation, which constitutes the most immediate limitation of this work. Indeed, the
theoretical results obtained require the construction of robust discretisation schemes. The question of extending the no-regret framework
to other classes of parabolic equations with blow-up nonlinearities beyond the exponential case treated here remains entirely open. As a
next step, we plan to develop sufficiently robust discretisation schemes to demonstrate the convergence of the regularised system (3) to the
original model (1) and to approximate the singular optimality system that characterises the no-regret control. Overall, this work marks a
significant initial step towards a deeper understanding of no-regret control for ill-posed nonlinear systems and paves the way for promising
theoretical, numerical and applied developments.
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