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Abstract

Several important properties of chaos synchronization of
bidirectionally coupled systems remain still unexplored. This paper
designes a new projective synchronization scheme for generalized
bidirectionally coupled chaotic systems via linear transformations.The
proposed synchronization scheme of bidirectionally coupled chaotic
systems are discussed taking coupled unified chaotic systems.
Simulation results are presented to show the effectiveness of the
proposed scheme.
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1 Introduction
Since the pioneer work by Pecora and Caroll [1], chaos synchronization has
received much attention because of its fundamental importance in non-linear
dynamics and potential applications to laser dynamics, electronic circuits,
chemical and biological systems and secure communication. Many chaos
synchronization and control methods have been developed, such as backstepping
design method [2], impulsive control method [3], invariant manifold method [4],
adaptive control method [5], active control method [6] etc. Synchronization in
unidirectionally coupled systems and bidirectionally coupled systems are reported
by many authors [7-9].
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Given a pair of dynamical systems

X  f (X )
Y  g (Y )

(1)

are said to be unidirectionally coupled if

X  f (X )
Y  g (Y )  h (X ,Y )

(2)

where h( X , Y ) is a nontrivial function of X and Y.
Physically, this means that in part of the phase space, the behavior of one system
has no influence on the behavior of the other. If coupling is not unidirectional then
it must be bidirectional. Systems are bidirectionally coupled if

X  f (X )  k (X ,Y )
Y  g (Y )  h (X ,Y )

(3)

where h( X , Y ) and k ( X , Y ) are nontrivial functions of X and Y .
Two dynamical systems are called synchronized if the distance between the
corresponding states of the systems converges to zero as time goes to infinity.
This type of synchronization is known as identical synchronization [1]. However
in the coupled chaotic systems identical synchronization only occurs at a certain
point in the system parameter space, and thus is a fairly restrictive concept and
often difficult to achieve except under ideal conditions. Recently, a more elaborate
form of synchronization called projective synchronization (PS) was proposed by
Mainieri and Rahacek in 1999 [10].They observed that projective synchronization
in coupled chaotic systems where the drive and response vectors synchronize upto
a constant ratio  (scaling factor). Identical synchronization and anti-phase
synchronization are the special cases of projective synchronization where   1
and   1 respectively. Controlled projective synchronization in non-partiallylinear chaotic systems was investigated by Li Z et.al. [11]. In 2004 Li et.al.[12]
have reported a necessary condition of projective synchronization in discrete-time
systems of arbitrary dimensions. Generalized projective synchronization of a
unified chaotic system was proposed by Li. et.al.[13] in 2005. In 2006 GuoHui[14] proposed generalized projective synchronization of two chaotic systems
by using active control. Generalized projective synchronization of unidirectionally
coupled chaotic resource systems was investigated by Chen et.al.[15] and Cai.
et.al.[16]. There are still very few results about synchronization of bidirectionally
coupled chaotic systems. But most of the natural systems are bidirectionally
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coupled. Therefore the study of bidirectionally coupled systems are necessary.
Nobody have discussed the PS of two bidirectionally coupled chaotic systems via
linear transformation. In this paper we introduce the theory of PS of two
bidirectionally coupled chaotic systems via linear transformations. Sufficient
conditions for PS of two bidirectionally coupled chaotic systems are derived. We
discuss the theory considering two bidirectionally coupled Unified chaotic
systems. Finally simulation results are presented and discussed.

2 Projective Synchronization of Bidirectionally
Coupled Systems
A dynamical system can be decomposed into two parts
X  AX  (X )

(4)

where A is an n  n constant matrix and  : Rn  Rn function. We assume that
the driving system transmit the signal ( X ) to the driven system and consider
the following bidirectional scheme:
X  AX  (X )  (Y )

driving system
Y  AY  (X )  (Y ) driven system

(5)

where A is constant matrix and  is multiple of identity matrix and
,  : Rn  Rn function.

Theorem 1: If the matrix  commutes with A , then the two coupled chaotic
dynamical systems in (5) are in a state of projective synchronization via the
following linear transformation
Y () = H ( X ) = X
if and only if all eigenvalues of the matrix A have negative real parts.

Proof: Let Z = Y  X , then the stability of the PS between the two dynamical

system in (5) via the PS transformation Y = H ( X ) = X is equivalent to that of
the origin of the following system:
Z = [AY  (X )  (Y )]  [AX  (X )  (Y )]
= AY  AX
= A(Y  X ) since  commutes with A
= AZ .
(6)
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Therefore Z = 0 is asymptotically stable if and only if all eigen values of the
matrix A have negative real parts.

3 Projective Synchronization of Bidirectionally
Coupled Unified Chaotic Systems
In this section we discuss the theory considering two bidirectionally coupled
Unified chaotic systems via linear transformations. A unified chaotic system is
presented by Lu and Wu in 2004 [17]. The Unified chaotic system can be
described by the following system of differential equations.

x = (25a  10)(y  x)
y = (28  35a)x  xz  (29a  1)y
8a
z = xy 
z
3

(7)

where a [0,1]. For a =0, 0.8, 1 the system (7) represents the Lorenz chaotic
system, Lu chaotic system and Chen chaotic system respectively. Practically,
Unified chaotic system is chaotic for any a [0,1]. According to equation (5) the
driving and driven systems with bidirectional coupling are constructed as
Driving system :
x1 = (25a  10)(x 2  y2  x1 )
x 2 = (28  35a)x1  x 2  x1x 3  y1y3  29a(x 2  y 2 )
8a
x 3 = x1x 2  y1y 2 
x3
3

(8)

Driven system:
y 1  (25a  10) y 1   (25a  10)(x 2  y 2 )

where

y 2  (28  35a) y 1  y 2  {29a(x 2  y 2 )  x 1x 3  y 1 y 3}
8a
y3  
y 3   (x 1x 2  y 1 y 2 )
3
 0 0 
   0  0 
 0 0  

(9)

(10)
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4 Simulation Results
Numerical simulations have been performed for demonstration of the
synchronization method. Fourth-order Runge-Kutta method is used for solving
bidirectionally coupled Unified chaotic system with step size .001. The initial
conditions for the driving and driven system are taken as
( x1 (0), x2 (0), x3 (0)) = (.02, .02, .02) and ( y1 (0), y2 (0), y3 (0)) = (.02,.02, .02).
We take





(25
a

10)
0
0

0
0






(11)
   (28  35a) 1
0 
 =  0  0  and
0 0 

8 a


0
0 


3 

where   0 . Clearly A = A . Therefore all conditions of the theorem are
satisfied. Here the driving Unified chaotic system is (8) and the driven Unified
chaotic system is given by
y1 = (25a  10)((x 2  y2 )  y1 )
y 2 = (28  35a) y 1  y 2   (x 1x 3  y 1 y 3  29a(x 2  y 2 ))
8a
(12)
y 3 =  (x 1x 2  y 1 y 2 ) 
y3
3
The simulation results of synchronization are shown in Figures 1(a-c) and errors
are shown in Figure1(d).We choose  = 2 , then the state variables of the driving
system and driven system are connected by the linear transformation
y1 = 2 x1
(13)
y2 = 2 x2
y3 = 2 x3
We choose  = 1 , then the state variables of the driving system and driven
system are connected by the linear transformation
y1 =  x1
y2 =  x2
(14)

y3 =  x3
The results of anti-phase synchronization are shown in Figures 2(a-c) and the
errors are shown in Figure 2(d).
We choose  = 1 , then the state variables of the driving system and driven system
are connected by the linear transformation
y1 = x1
y2 = x2
(15)
y3 = x3
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The results of identical-synchronization are shown in Figure 3(a-c) and the errors
are shown in Figure 3(d).

Fig1(a-d). Time evolution of x1 and y1 states (Fig1(a)), x2 and y2 states (Fig1(b)),
x3 and y3 states (Fig1(c)) and errors (Fig1(d)) for bidirectionally coupled unified
chaotic systems for a=0 i.e., in the Lorenz systems.

Fig2(a-d). Time evolution of x1 and y1 states (Fig2(a)), x2 and y2 states (Fig2(b)),
x3 and y3 states (Fig2(c)) and errors (Fig2(d)) for bidirectionally coupled unified
chaotic systems for a=0.8 i.e., in the Lu systems.
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Fig3(a-d). Time evolution of x1 and y1 states (Fig3(a)), x2 and y2 states (Fig3(b)),
x3 and y3 states (Fig3(c)) and errors (Fig3(d)) for bidirectionally coupled unified
chaotic systems for a=1 i.e., in the Chen systems.
Firstly we obtain projective synchronization of coupled Lorenz systems (a=0).
Secondly anti-phase synchronization of coupled Lu systems (a=0.8) and lastly
identical synchronization of coupled Chen systems (a=1) are presented

5 Conclusions
We have proposed a scheme for projective synchronization of bidirectionally coupled
chaotic systems via linear transformation. We discuss the theory considering coupled
Unified chaotic systems. Our numerical simulation results shows the efficiency of the
proposed scheme. We have obtained identical synchronization and anti-phase
synchronization for special type of coupling.This scheme may be useful for sending
secrete message and to understand synchronization of many biological systems and it can
be used to extend binary digital to M-nary digital communication for achieving fast
communication.
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