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Abstract
In this article the homotopy analysis method (HAlgl)used to find a numerical solution for the noedin diffusion

equation with convection term. The numerical resalttained by using this method compared with #@etesolution,
by solving numerical example shows that (HAM) is@ate and close to the exact solution.
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1. Introduction

Nonlinear partial differential equations are usefutlescribing the various phenomena in many digep. Apart of a
limited number of these problems, most of them dbhave a precise analytical solution, so thesdimear equations
should be solved using approximate methods. In 1$bi#jun Liao employed the basic ideas of the hamptin
topology to propose a general analytic method éoinear problems, namely homotopy analysis methbaM) [1, 2]
and then modified it, step by step [3-5]. This noetlhas been successfully applied to solve manystgberonlinear
problems by convergence others [6-12]. This methmebn't depend upon any small or large parameterssavalid for
most nonlinear models [13]. HAM is different fronl grevious numerical methods, it contains a certaixiliary
parameter h, which provides us with a simple waydjust and control the convergence region of smluseries
[14].The main goal of this paper is to find the mpgimate solution of the nonlinear diffusion eqoatiwith convection
term by the homotopy analysis method that has @yréaen successfully applied to several nonlineallpms.

2. Mathematical Model

The general nonlinear diffusion equation with cariien andsourceterms is:
ur = (AWuy)x + Bwu, + Cw) €3]

Where u = u(x,t) is the unknown function and (u) is the given diffusion coefficienB (u) and C (u) are
respectively the convection and source tethey are arbitrary smooth functions @nThe indices t and x denotes
differentiating with respect to the variables. T$tady of solution of this problem has over the geattracted the
interest of many researches. Chemiha and Serov[{8§econsidered the lie and non-lie symmetriesnoh linear
diffusion with convection term.

These types of equation arise in several imponpaysical applications including engineering[1physics[17], the
theory of chemical reactions[18], and biology[19].

taking A (u) =a,B (u) = bu,and C (u) = cu(u —k)(u + k) in equation (1), we will get the following modef o
nonlinear diffusion equation with convection term
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Uy = AUy, + buu, + culu — k)(u + k) (2)
with the initial condition

u(x,0) = f(x) , a<x<p 3

Where a,b, ¢, k, a,and § are arbitrary constants.
In this article, we will apply homotopy analysistimed to approximate solution of the equation (2).

3. Main Idea of Homotopy Analysis Method

To describe the main ideas of the HAM, we consitlerfollowing differential equation:[20]
Nlu(x, )] =0, (4

WhereN is a nonlinear operatok, andt denote the independent variables, ard, t) is an unknown function. By
means of generalizing the traditional homotopy modthLiao (see [1-2]).construct the so-called zeiwmter
deformation equation

(1 = pIL[B(x, t; p) — uo(x, 1)] = phH(x, ON[$(x, t; p)], 5)

wherep € [0,1] denote the so-called embedding paramdtet, 0 is an auxiliary parameter, andis an auxiliary
linear operator.

The HAM is based on a kind of continuous mappim, t) - ¢(x,t; p) , d(x,t; p)is an unknown functiony,(x, t)

is an initial guess ofi(x,t) ,andH(x, t) denotes a non-zero auxiliary function. It is olmgddhat when the embedding
parametep = 0, andp = 1 equation (5) becomes:

(P(X. t; 0) = uo(x, t):
d(x, 1) = ulx,t) (6)

respectively. Thus gsincreases form 0 tol, the solutigiix, t; p) varies from the initial guesg,(x, t) to the solution
u(x, t) In topology, this kind of variation is the callddformation, equation (5) construct the homotggy, t; p), and

equation (5) is called the zero-deformation equmtio

Having the freedom to choose the auxiliary paramiiethe auxiliary functior (x,t), the initial approximation
uy(x,t), and the auxiliary linear operator L, we can assdhat all of them are properly chosen so thatstilation

¢(x,t; p) of the zero-order deformation Equation (5) existsd < p < 1.

Expandingp (x, t; p) in the Taylor series with respectpgpone has

P00 6P) = UeCo ) + ) G, O™, ™
m=1
Where
1 0™¢(x, t;p)
Uy (x, t) = ﬁ T o (8)

Assume that the auxiliary parametier the auxiliary functionH (x,t), the initial approximationu,(x,t) and the
auxiliary linear operator L are so properly chotieat the series (7) convergegat 1, and

(P(X. t; 1) = uo(x, t) + Z um(xt t) ) (9)

m=1
Which must be one of the solutions of the origimahlinear equation, as proven by Liao 2009 (sep gdh = —1 and
H(x,t) = 1 equation (5) becomes:
(1 =p)L[B(x, t;p) —ue(x, )] + pN[Pp(x, ;)] =0, (10)

This is mostly used in the homotopy perturbatiorthoé (see [22]).
According to definition (9), the governing equatiand the corresponding initial conditionwf,(x, t) can be deduced
form the zero-deformation equation (5). Define thetors

an(x' t) = {uO('xl t)' ul(xl t)' u2 (x, t)' LAl u‘n,(x' t)} ) (11)

Differentiating equation (5n times with respect to the embedding paramptaend then dividing them by! and
finally settingp = 0, we have the so-calletth-order deformation equation:
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Ll (x, 1) = XmUm-1(x, )] = A H(x, )R, (Uin-1), (12)
Where

L1 "N [pG )|
mm(um—l) - (m_ 1)| apm_l |p=0 ) (13)
and
m={l w33 (s

It should be emphasized that,(x,t)for m =1 is governed by the linear equation (12) with lindeundary
conditions that comes from the original problem,iclshcan be easily solved by the symbolic computatoftware
such as Maple, Mathematica and Matlab.

4. Approximate solution to the nonlinear diffusion equation with convection
term by (HAM)

To find the approximate solution to the equatiop é2cording to the style of the solution and thigdl condition, we
choose the linear operator as

99 (x, t;p)
Llp(x, t;p)] = T (15)
With the property:
Llc]=0 (16)
Where c is constant, and assume that the inugfsexists and is defined as:
t
L= f ()dt 7)
0
Now, we define a nonlinear operator as:
0p(x,tip)  9*¢(x,tp) 99 (x,t;p)
NP tip)] =~ o~ bl 6p)
—cp(x, t;p)[(@(x, t;p) — k) (P(x, t;p) + k)] (18)
Using the above definition, we construct the Zeaider deformation equation:
(1 = p)L[B(x, t;p) — uo(x, )] = phH(x, t)N[¢(x, t; p)] (19)
p=0,andp =1, we can write
¢(x, t;0) = ug(x, t), and ¢(x,t;1) = ulx,t) 20)
Thus, we obtain thex*" order deformation equations
Llum(x, t) = XmUm-1(x, )] = R H(x, 1) Ry (Uin-1) (21)
Now, the solution of thex**order deformation equations are
U (%, 1) = ¥mUme1 (6, ) + R H(x, L Ry, Wln—1)] ,form = 1,and H(x,t) = 1 (22)
— aum—l(x: t) azum—l(x: t) aum 1- l(‘x t)
9{m(um—l) = ot —a 9x2 —-b Z u; ( ) ————
m-—1 i
| [ Dm0 Y e O (0| = Kot (6,0 (23)
i=0 j=0

Putm=1, equation (22) becomes:
uy (x,t) = h L7 R, ()] (24)
and equation (23) becomes:
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. ouy(x,t) 0%uy(x, t) ouy(x,t)
R, (Uy) = Oat —a aoxz — buy(x, t)oa—x = c(up®(x, t) — k?uy(x, 1))
02 ,t d ,t
=0- a% — buy(x, t)% = c(up®(x, t) — k?uy(x, 1)) (25)

Substituting equations (25) and initial approximati,(x) in equation (24), to obtain a first approximatior(x, t) as
follows:

2 2
u, (x,t) = hf (_aauo—(x,r) — buy(x, T)M— clup3(x, 7) — k2uy(x, T)]> dr
0

0x? ox
u(x,t) =h (—a% — buy(x, t)aug—(:'t) = c(up®(x, t) — kPuy(x, t))) t (26)
ik ,t d Jt
Let wy(x,t) =h (—a% — buy(x, t)% = c(up®(x, t) — kPuy(x, t))) 27
so u;(x,t) = wy(x, t)t (28)
Putm=2, equation (22) becomes:
Up (6, 1) = uy (,£) + h L7 Ry (@] (29)
and equation (23) becomes:
R ou,(x, t) 0%uy(x,t) ou, (x, t) ouy(x,t)
R, (Uy) = TR —-b o(x,t)T‘Hh(X,t)T
—-c (3u1(x, g’ (x, t) — k?uy (x, t)) (30)

Substituting equation (28) in equation (30), we get

. 0 02 d ouy(x, t)
R,(Uy) = 3 [wy (x, t)t] — aﬁ [wy (x, )t] — b | uo(x, t)a [wy (x, )] + [wy (x, t)t] o
— c(3[w1 &, ) (x, )t]uo” (x, €) — K [wy (x, D)2])
02w, (x,t) ow, (x, t) oug(x, t)
= Wl(x,t) - aTt —-b (uo(x,t)Tt + wl(x, t)tT
— (3w (x, Oty (x, £) — k?wy (x, t)t) (31)
Substituting equations (28) and (31) in equatid¥),(® obtain the second order approximatigf, t) as follows:
t
02w, (x, 1) ow; (x, 1) ouy(x, 7)
uy(x,t) = wy(x, t)t + f [Wl(x,r) — aTt —-b (uo(x,r)TT + wl(x,r)T‘r>
0
—c[3wy (x, DU (r, )T —k2w,y (x, ’[)T]] dr
02w, (x,t) ow; (x, t) oug(x, t)
uz(x, t) = wl(x, t)(]. + h)t +h [—QT —-b (uo(x, t)T + Wl(x, t)T
t2
—c (3W1 (x, g’ (x, t) — k2w, (x, t))] > (32)
i3y the same way we can continue,
Then the approximate solution of equation (2) byNHi&:
u(x, t) = uglx, t) + Z Up(x,t) =uplx, t) +u (o, t) +uy(x, t) + - (33)

m=1
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5. Numerical Example

We will apply homotopy Analysis method (HAM) to selthe nonlinear diffusion equation with convectierm, and
present numerical results to verify the effectivenef this method, we take the following example:
Consider the following nonlinear diffusion equatieith convection term. [23]

L L R T 34
3r = gy thug tguu -k (34)

With the initial condition

bkx
k(—l +cie 3a>

u(x,0) = bkx bkx (35)
1+ ce3a 4+ ce6a
and boundary conditions
bk
k(=1 +¢;) k (—1 + C163a)
u(OI t) = bzkzt !and u(ll t) = % b2k2f+% (36)
1+c¢ +cye12a 1+ ¢ e3a + cye 12a "6a
Where at 0, b, k,c; andc, are arbitrary constants.
The exact solution of the above example have beemeatl by Andrei D. Polyanin and Valentin F. ZaitsgR3]
bkx
k (—1 +cie3a )
u(x: t) = bkx b2k2t+bk_x (37)
1+ ce3a +cye 12a  6a
In our work, we used Matlab software for computasio, (x, t) and u,(x, t) and we calculated as follows:
bkx
k (—1 +ce3a )
uy(x,t) = bkx bkx
1+ ce3a +cye6a
bkx bkx
hb2k3tc,e6a (—1 + cie3a )
u (x,t) = bkx bkx (38)
12a(1 + c,e3a + c e6a )?
bkx bkx bkx bkx
hb2k3tcye6a (—1 + ce3a ) h?b2c,e’6a k3t (—1 + c,e3a ) bl
uy(x, t) = o ot T s | 24a — bkt + 24ac,e3a
12a(1 + cye3a +ce6a)?  288a?(1+ cie3a +c e6a)3
bkx bkx bkx
+24ac,e6a — b2k*tc,e3a + b?k?tc,e 6a) (39)
Then the approximate solution of second-order is:
2
ulx, t) = uplx, t) + Z Uy (x,t),
m=1
= uO(xl t) + ul(xl t) + uZ(xl t) (40)

The results obtained HAM is tabulated in the follogvtables, followed by their figures and companso
for c; =c,=1land a=b=k=0.2
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Exact Solution Approximation Solution HAM

Fig. 1: Shows théxact solution Fig. 2: Shows théHAM) solution
forai=-1
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Fig. 3: Shows The comparison between Exact and (HAM) Fig. 4: Zoom for comparison betweeBxact and HAM ) solutions
for c; =c; =1and a=b =k =10.2,t=0.9, at  0.999999999<x<1 , t=09,
fi=—1 h=-1
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Fig. 5: Theh — curves at (x,t) = (0.5,0.5)
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Table 1: The results of Exact solution and (HAM) with diféat values ofi , for0 < x <1, 0<t <1

Space Time

x)

Exact
Solution

HAM
h=-0.9

HAM
h=-1

HAM
h=-1.1

0.2

(t)
0
02
0.4
0.6

0.8
1

0.0008888823045901494534
0.0008888427984173288181
0.000888803290488899286¢€
0.000888763780805095372C
0.0008887242693661509367
0.000888684756172300385C

0.000888882304590149236%
0.000888843193637044062€
0.000888804081261706005¢
0.000888764967464135391¢
0.0008887258522443317867
0.0008886867356022956241

0.000888882304590149236%
0.000888842798417289569¢
0.0008888032904885870364
0.000888763780804041527¢
0.0008887242693636531517
0.000888684756167421800%

0.00088888230459014923659
0.00088884319328587542419
0.00088880407985703177749
0.00088876496430361818808
0.00088872584662563454752
0.00088868672682308107267

0.8

0.2
0.4
0.6
0.8
1

0.003555134221294887087¢
0.003554976249264185303:
0.003554818270210268176

0.003554660284134072458
0.003554502291036533596¢
0.003554344290918588344.

0.003555134221294886653!

0.003554977829616510869
0.003554821432248573415:
0.003554665029191073424t
0.003554508620444011331!
0.003554352206007387136.

0.003555134221294886653!
0.003554976249264028744
0.003554818270209020476:

0.003554660284129860983
0.003554502291026551130°
0.003554344290899089618

0.0035551342212948866539
0.0035549778282116810575
0.0035548214266292524344
0.0035546650165476016518
0.0035545085979667287099
0.0035543521708866327412

0.2
0.4
0.6
0.8
1

0.004443621597267903566¢
0.004443424171710222067!
0.004443226737372938522!
0.0044430292942572212609.
0.004442831842364240377.
0.004442634381695166785!

0.004443621597267903566:t
0.004443426146755875133!
0.004443230689131421468:
0.004443035224394544305:
0.004442839752545240175!

0.004443621597267903566:!
0.004443424171710026911.
0.004443226737371379006!
0.004443029294251958985!
0.004442831842351767715!

0.0044436215972679035668
0.0044434261449997208837
0.0044432306821068044689
0.0044430352085891543223
0.0044428397244467704441

0.004442644273583511681: 0.004442634381670804329. 0.0044426442296796528342

Table 2: The comparison of solutions using HAM with the Eixsolution, for0 <x<1 ,0<t <1,A=-1

Space Time Exact HAM Absolute
(x) (1) Solution Solution Error

0 0.00088888230459014945344 0.00088888230459014923659 2.1684E-19

0.2 0.00088884279841732881811 0.00088884279841728956999 3.9248E-17

0.4 0.00088880329048889928668 0.00088880329048858703646 3.1225E-16

02 0.6 0.00088876378080509537208 0.00088876378080404152757 1.0538E-15

0.8 0.00088872426936615093671 0.00088872426936365315174 2.4978E-15

1 0.00088868475617230038507 0.00088868475616742180056 4.8786E-15

0 0.0017777251049095330656 0.0017777251049095328488 2.1684E-19

0.2 0.0017776460978309327216 0.0017776460978308544422 7.8279E-17

04 0.4 0.0017775670872410367397 0.0017775670872404124561 6.2428E-16

0.6 0.0017774880731403134952 0.0017774880731382066736 2.1068E-15

0.8 0.0017774090555292311466 0.0017774090555242368777 4.9943E-15

1 0.0017773300344082587198 0.0017773300343985032855 9.7554E-15

0.0026664889042949074631 0.0026664889042949070294 4.3368E-19

0.2 0.0026663704068429711427 0.0026663704068428536152 1.1753E-16

0.4 0.0026662519041238965344 0.0026662519041229602174 9.3632E-16

06 0.6 0.0026661333961383857673 0.0026661333961352255348 3.1602E-15

0.8 0.0026660148828871405371 0.0026660148828796504349 7.4901E-15

1 0.0026658963643708642743 0.0026658963643562344839 1.4630E-14

0.0035551342212948870876 0.0035551342212948866539 4.3368E-19

0.2 0.0035549762492641853034 0.0035549762492640287447 1.5656E-16

0.8 0.4 0.0035548182702102681767 0.0035548182702090204768 1.2477E-15

0.6 0.003554660284134072458 0.003554660284129860983 4.2115E-15

0.8 0.0035545022910365335969 0.0035545022910265511307 9.9825E-15

1 0.0035543442909185883442 0.0035543442908990896187 1.9499E-14

0.0044436215972679035668 0.0044436215972679035668 0

0.2 0.0044434241717102220676 0.0044434241717100269112 1.9516E-16

1 0.4 0.0044432267373729385229 0.0044432267373713790065 1.5595E-15

0.6 0.0044430292942572212692 0.0044430292942519589855 5.2623E-15

0.8 0.0044428318423642403773 0.0044428318423517677155 1.2473E-14

1 0.0044426343816951667856 0.0044426343816708043291 2.4362E-14
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6. Analysis of Results

We first investigate the influence of the auxiligggrameters on the convergence of the series by plotting the s
calledh — curves. By (HAM), it is easy to discover the valid regiof # , which corresponds to the line segments
parallel to the horizontal axi%).

To determine the valid region of the auxiliary paederi, we plot theh — curves at (x,t) = (0.5,0.5) as shown in
Fig. 5, we found that the valid region faris (-1), i.e. whenh = —1 we get the best solution of the HAM and it is
observed that in Table 1, this fact has been poiote by Liao [2].

7. Conclusion

In this paper, the homotopy analysis method has baecessfully applied for finding the approximatdutions of the
nonlinear diffusion equation with convection terfrom the present example, we seen the numericaltseand
absolute errofugy,.c: — Ugam|, the comparison between the (HAM) and the exacttiso was made and it was found
that (HAM) is closed to the exact solution , vecgarate and effective as illustrated in Table 2 kigs. 1-4 .

The (HAM) contains a certain auxiliary parametdrich provides us with a simple way to adjust andtad the
convergence region and rate of convergence ofdhesssolution as shown in Fig. 5. Hence, it mayxdecluded that
(HAM) is powerful mathematical tool for solving rlarear problems in science and engineering.

Acknowledgements

The authors thank the editor and the refereed&r tomments and suggestions to improve the paper.

References

[1] S.J. Liao,” The proposed homotopy analysis method technigueshéosolution of nonlinear problemsThesis Shanghai, Jiao Tong
University Shanghai, (1992).

[2] S.J. Liao,”Beyond Perturbation: Introduction to the Homotopya#ysis Method, Chapman and Hall/CRC Press, Boca Raton, (2003).

[3] J.D. Cole,"Perturbation Method in Applied MathematicsBlaisdell, Waltham, MA, (1968).

[4] J.H. He,” Homotopy perturbation techniqueComput. Methods Appl, Mech, Engig8, (1999), 257-262.

[5] S.J. Liao,” On the homotopy analysis method forlinear problems "App. Math. Comput147, (2004), 499-513.

[6] M. Ayub,A. Rasheed,T. Hayat,” Exact flow of a thigdade fluid past a porous plate using homotopyyaisd, Int. J. Eng. Sci41, (2003),
2091-2103.

[7] T. Hayat,M. Khan,” Exact flow of a third grade filpast a porous plate using homotopy analysis”’J. Eng. S¢i56, (2005), 1012-1029.

[8] M. Hayat,M. Khan," Homotopy solutions for a genaed second grade fluid past a porous pladtehlinear Dynam42, (2005), 395-405.

[9] M. Sajad,T. Hayat,S. Asghar,” On the analytic dolubf the steady flow of a fourth grade fluid. BhyLett. A,355, (2006), 18-26.

[10] B. Raftari,” Application of He's homotopy perturlmst method and variational iteration method for lmear partial integro-differential
equations”World Applied Sciences Journdl, 4, (2009), 399-404.

[11] B. Raftari,” Numerical solutions of the linear \aita integro-differential equations: homotopy pesation method and finite Difference
method ”,World Applied Sciences Journdl, (2010),7-12.

[12] M. Matinfar,M. Saeidy,” The homotopy perturbatioretinod for solving higher dimensional initial boungaalue problems of variable
coefficients”,World Applied Sciences Journél, 1, (2009),72-80.

[13] Y. Mahmoudi,E.M. Kazemian,” The Homotopy Analysisetflod for Solving the Kuramoto-Tsuzuki EquatioVarld Applied Sciences
Journal,21, 12, (2013), 1776-1781.

[14] Ch. Xiurong,Yu. Jiaju,” Homotopy Analysis Method fa Class of Holling Model with the Functional Réaw ", The Open Automation and
Control Systems Journab, (2013), 150-153.

[15] R. Cherniha,M. Servo,” Lie and non-lie symmetridsnonlinear di_usion equations with convection tetmSymmetry in Nonlinear
Mathematical Physic®, (1997), 444-449.

[16] W.F. Ames,”Nonlinear Partial Differential Equations in Engineéeg “, Academic Press, New York, (1972).

[17] J.Crank,"The Mathematics of Diffusicih Oxford University Press, Oxford, (1975).

[18] R. Aris,” The Mathematical Theory of Diffusion and ReactioPérmeable Catalysts Oxford University Press, Oxford, (1975).

[19] J.D. Murray,”Mathematical Biology, Springer, Berlin, (1989).

[20) M.A. El-Tawi,H.N.Hassan,” A new application of ugirhomotopy analysis method for solving stochastiadyatic nonlinear diffusion
equation tt. J. of Appl Math and Meg!9, 16, (2013), 35-55.

[21] S.J. Liao,” Notes on the homotopy analysis metrgmine definitions and theories Gommunications in Nonlinear Science Numerical
Simulation 14, (2009), 983-997.

[22] M. Sajid,T. Hayat,S. Asghar,” Non-similar solutiéor the ax symmetric flow of a third-grade fluid evradially stretching sheet Acta
Mechanical89, (2007), 193-205.

[23] V.F. Zaitsev,A. Polyanim,Handbook of Nonlinear Partial Di_erential Equatiof)jgChapman and Hall/CRC Press, Boca Raton, (2004).



