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Abstract

In this paper we introduce a new version of the trial equation method for solving non-integrable partial differential
equations in mathematical physics. Some exact solutions including soliton solutions, rational and elliptic function
solutions to the generalized (2+1)-dimensional ZK-MEW equation and the generalized Davey-Stewartson equation
with the complex coefficients are obtained by this method.
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1. Introduction

The investigation of exact solutions of nonlinear evolution equations (NLEEs) plays a crucial role in the analysis
of some physical phenomena. It is difficult to obtain the exact solution for these problems. In recent decades,
there has been great development in exact solution for nonlinear partial differential equations (PDEs). Many
powerful methods, such as the Backlund transformation, the inverse scattering method [1], bilinear transformation,
the tanh-sech method [2], the extended tanh method, the pseudo-spectral method [3], the trial function and the
sine-cosine method [4], the Hirota method [5], the tanh-coth method [6-7], the exponential function method [8], the
(G'/G)-expansion method [9-13], the homogeneous balance method [14], the F-expansion method [15-20], the trial
equation method [21-31] have been used to investigate nonlinear partial differential equations problems. The types
of solutions of NLEEs, that are integrated using various mathematical techniques, are very important and appear
in various areas of physics, applied mathematics and engineering.

The spatially one-dimensional KdV equation

Ut + Uy + Uggr = 0,

governs the one-dimensional propagation of small-amplitude weakly dispersive waves, and plays a major role in the
soliton concept. The term soliton was coined by Zabusky and Kruskal [32] who found particle-like waves which
retained their shapes and velocities after collisions. The balance between the non-linear convection term uu, and
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the dispersion effect term u,,, in the KdV equation gives rise to solitons. Solitons are defined as non-linear waves
characterized as follows [33]:

e localized waves that propagate without change of its shape, velocity, etc.;

e localized waves that are stable against mutual collisions and retain their identities to indicate that soliton has
the property of a particle.

In this paper, extended trial equation methods is used to obtain a generalized soliton solution with some free
parameters of the generalized (241)-dimensional Zakharov-Kuznetsov-Modified Equal-Width (ZK-MEW) equation
[34,35]

ug + a(u")y + (Bust +Yuyy)s = 0. (1)
and generalized Davey-Stewartson equation (DSE) that arises in the study of fluid dynamics [36,37]
iqt + a(qea + qyy) + blg|*"q = agr (2)

Tee + Tyy + 5(|Q|2n):m =0. (3)

Exact solutions of the ZK-MEW equation were obtained both by using the tanh and sine-cosine methods by Wazwaz
[34] and the modified simple equation method by Zayed and Arnous [35]. The Cauchy problem of the generalized
Davey-Stewartson systems and the global solvability and existence of self-similar solutions to a generalized Davey-
Stewartson system were studied in some sense by Zhao [38]. Ebadi and Biswas studied by applying the (G'/G)-
method carry out the integration of Davey-Stewartson equation [36] while Bekir and Cevikel have solved them using
the sine-cosine and the exp-function methods [37]. Subsequently, using the ansatz method this equation is integrated
in (1 + 2)-dimensions with power law nonlinearity. Here, we use the extended trial equation method to solve the
soliton solutions of generalized (1 4 2)-dimensional ZK-MEW equation and generalized Davey-Stewartson equation
with the complex coefficients. The extended trial equation method will be employed to back up our analysis in
obtaining exact solutions with distinct physical structures.

2. The extended trial equation method

Step 1. For a given nonlinear partial differential equation with rank inhomogeneous
P(u, ugy Uy, Uggy - .- ) = 0, (4)

take the wave transformation
N

u(zy,...,xNn,t) =uln), n=2A ij—ct ) (5)
=1

where A # 0 and ¢ # 0. Substituting Eq. (5) into Eq. (4) yields a nonlinear ordinary differential equation,
N(u,u,u”,...) =0. (6)

Step 2. Take transformation and trial equation as follows:

5
u=>y nl" (7)
=0

in which

B()  &I'+..+&TI+&
UT) T+ +GT+G’

where 7; (1 =0, ...,0), & (i =0,...,0) and (; (i =0, ..., €) are constants. Using the relations (7) and (8), we can find

ne _ (I o, i—1 i
(u) :\PEF;<§ZT¢F ) , (9)

(I')? = A(T) = (8)
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. (D)) — o o ) (< s
A0 (23112( <Z ir.T >+F<§z — )T ) (10)

where ®(I") and ¥(I") are polynomials. Substituting these terms into Eq. (6) yields an equation of polynomial Q(T")
of I':

QL) = 0,0 + .. + 01T + 00 = 0. (11)

According to the balance principle we can determine a relation of 6, €, and 6. We can take some values of 6, ¢, and
d.
Step 3. Let the coefficients of Q(T") all be zero will yield an algebraic equations system:

0i=0, i=0,..s. (12)

Solving this equations system (12), we will determine the values of &g, ..., &s; Co, ---, e and 7o, ..., Ts.
Step 4. Reduce Eq. (8) to the elementary integral form,

/ \/75 (13)

Using a complete discrimination system for polynomial to classify the roots of ®(T'), we solve the infinite integral
(13) and obtain the exact solutions to Eq. (6). Furthermore, we can write the exact traveling wave solutions to Eq.
(4) respectively.

77770

3. Applications

To illustrate the necessity of our new view concerning the trial equation method, we introduce two case studies.
Example 3.1 Application to the generalized (2+1)-dimensional ZK-MEW equation.

The generalized (2+1)-dimensional ZK-MEW equation [34,35] is in the form of

ur + a(u)y + (Bugt +Yuyy)s =0, (n>1)

where «, § and 7 are arbitrary constants.
In order to look for travelling wave solutions of Eq. (1), we make the transformation

U(l’;yvt) = U(W)a N =RK1T + K2y — ct,

where k1, ko and c are real constants. Then, integrating the resulting equation with respect to 7 and setting the
integration constant to zero yield the ordinary differential equation

—cu+ aru” + (yriRS — cfrI)u” =0, (14)

Eq. (14), with the transformation

U=wr1, (15)
reduces to

(vK3 — ¢Bk1)Quw" + (yK3 — cBr1)W (W')? — cw® + aryw® = 0, (16)
where

Q=r1/(n—1), W=r(2-n)/(n—-1)>%
Substituting Eqgs. (9) and (10) into Eq. (16) and using balance principle yields § = e + § + 2. If we take 6 = 3,
e =0 and 6 =1, then

T2 (&3 + &I+ 60 + &)
Co ’

(w/)Z —
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where &3 # 0, (o # 0. Respectively, solving the algebraic equation system (12) yields

~ 10ario(Br1611(Q + W) — Gomo) — k56111 (3Q + 2W)) k1 (26070 + Br1&171(Q + W)

fo= 27 (3B o(Q + W) — 113(3Q + 2W)) 8 S Badn (@ + V) — 36 1 2W))
€ = 6k 70(CoTo + Br1&17m1(Q + W) — yk361m1(3Q + 2W) - (Q + W) (6ar1(oms 4+ vk361711(3Q 4+ 2W))
2 6afkTT5(Q + W) — 2yK370(3Q + 2W) ’  (3Q+2W)(2¢0m0 + Brai&ii(Q + W)
&1 =2E81, Co= o, To =To, Ti=T1.
Substituting these results into Eq. (8) and Eq. (13), we can write
[ GTo(3aBRiT(Q + W) — vR3(3Q + 2W)) dr’
=) = \/ ak171(2¢0m0 + Br1&1T(Q + W) 5 / VI3 0LI2+ 06T + 4y 17
where
/) — 6ar170(Como + Br1&E171(Q + W) — vK5E171(3Q + 2W)
2 20k1 71 (200 + Br16171(Q + W) 7
and

_ &mo(B3afrin(Q + W) — yk3(3Q + 2W))

_ 78 (2ak17o(Br1 &1 (Q + W) — (omo) — Yr3E171(3Q + 2W))
ar171(28m0 + BK1&171(Q + W) ’ :

4 bo = 20k177 (26070 + Br1&im(Q + W)

Integrating Eq. (17), we obtain the solutions to the Eq. (1) as follows:

+(n—mno) = _2\/2\/1“?041’

A -
+(n—mno) = 2\/7arctan 2 >, (19)
ap — (1 Qg — O

A \/F—Otz—\/al_oQ
t(n—mno) = 1 , > o, 20
(7 = 10) \/ala2n\/F—Oé2+\/a1—a2 Qg > ag (20)
A
:l:(n - 770) =2 F(@vl)v a1 > g > ag,
a1 — Q3
where
4 Gro(BaBREn(Q + W) —183(3Q + 2W)) TPy g
ak171(2¢oT0 + Br1&1T1(Q + W) , 7 0 \/1—12sin¢
and
) I'—a3 5 Qg — Q3
(p = arcsin , 1*= .
Qo — Q3 a1 — Q3

Also aq, ag and ag are the roots of the polynomial equation

sy fope, S, o _
F+§3F +€3F+§3 0.

Substituting the solutions (18)-(20) into (7) and (15), denoting 7 = 79 + 7104, and setting

(Q + W) (6ar1loTs +vK561711(3Q + 2W))
(3Q + 2W)(2(om0 + Br1&1m(Q + W))

we get, respectively,

47’1A n—1
(K12 4 Koy — vt —np)?

u(z,y,t) = |7+
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1

1 _ n—1
u(x,y,t) = {% + 71(ae — aq) ll — tanh? <:|:2 %(mx + Koy — vt — 770)>1 } , (22)

1 — n—1
u(z,y,t) = {7’ + 71 (g — a2)cosech2 (2 % (mx + Koy — vt)) } ) (23)
If we take 79 = —7aq, that is 7 = 0, and 1y = 0, then the solutions (21)-(23) can reduce to rational function
solution

2VnA }_ , (24)

)= |—Y12
u(x,y» ) [n1z+n2yvt

1-soliton solution

A
u(z,y,t) = 5 : ; (25)
cosh™=1 [FB(k1x + Koy — vt)]
and singular soliton solution
A
u(@,y,t) = —— 2 : (26)
sinh7=7 [B(k12 + Koy — vt)]
where

1 1 1 o — «
A1=[T1(042—061)}"£17 A2=[7'1(041—042)]”£17 325\/%-

Here, Ay and As are the amplitudes of the solitons, i is the inverse width of solitons in the z—direction and ko
is the inverse width of solitons in the y—direction and v is the velocity of the solitons. Thus, we can say that the
solitons exist for 71 > 0.

(a) Profile of 1-soliton solution (b) Profile of singular soliton solution

Figure 1: Figure 1 respectively is shown numerical solutions of 1-soliton solution and singular soliton solution at n =
3, ki = ke =1, A1 = Ay =4, B =1 while vt = 1.

Example 3.2 Application to the DSE in (1+2) dimensions.

In (2) and (3), ¢ and r are the dependent variables while z, y and ¢ are the independent variables. The first two
of the independent variables are the spatial variables while ¢ represents time. The exponent n is the power law
parameter. It is necessary to have n > 0. In (2) and (3), ¢ is a complex valued function while 7 is a real valued
function. Also, a, b, @ and § are all constant coefficients. For solving the Egs. (2) and (3) with the trial equation
method, using the wave variables

g(@,y,t) = u(n)e'®,  r(w,y.t) = o(n) (27)

¢ = 017+ oy + P3t, 1 =n1x + N2y + N3t (28)
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where ¢1, ¢, 3,11, 12 and n3 are real constants, converts (2) and (3) to the system of ODEs

(13 + 2a¢1m1 + 2adan2)u(n) =0, (29)
— (63 + agi® + ago®)u(n) + a(m?® + na?)u (n) + bu*1(n) — au(n)v(n) =0, (30)
(m? +n2*)0" (n) + B (") (n) = 0 (31)

where primes denote the derivatives with respect to . Eq. (31) is then integrated term by term two times where
integration constants are considered zero. This converts it into

—fm* 2
v(n) = ———u“"(n). 32
(1) = () (32)
Substituting (32) into (30) gives
2
— (¢34 adr® + aga®)u(n) + a(m® + n2*)u" (n) + (b + aﬂnﬂnj—ng?) w? () = 0. (33)
Eq. (33), with the transformation

1

u(n) = V= (n) (34)
reduces to

QVV" +P(V')? = [¢3 + ag1® + ad®] RV + WV* =0, (35)
where

Q = an (m*® +7722)2 , P=a(l—n)(m?*+ 7722)27 R=n*(m*+n?), W=n>[b(m®+mn°)+afm?.

Substituting Eqs. (9) and (10) into Eq. (35) and using balance principle yields 6 = € + 26 4+ 2. If we take 6 = 4,
e=0and 6 =1, then

Eal + &1 + LI + 6T + &)
Co ’
where & # 0, (o # 0. Respectively, solving the algebraic equation system (12) yields

2
(70 5C07’02W o 27’0 4C07’3W - o 4COT07'1W - C0T12W
50_(7_1) (52“" P+2Q)7 51_7_1(52+ P+2Q)7 52_527 §3__m7 54__P+2Q7

7_2
(V/)Z — 1(

£2(P + Q) (P +2Q) + o(63W (P + Q) — aR(P + 2Q) (47 + ¢3))
CGR(P +2Q)

b1 =01, ¢2=1¢2, ¢3=

Co=2¢C, To=To, TI=TI.

Also from Eq. (29), it can be seen that n3 = —2a(¢1m1 + Pan2). Substituting these results into Eq. (8) and Eq.
(13), we can write

P+2Q / dr
o _ y ’ 36
(n = o) \/? VIEF 0513 + 0,12 + 04T + £, (36)

where

i, _8(P120)

2m(&(P +2Q) H4GTW) |, (6(P +2Q) + 50T W)
T1 ’ C()TIQW 0 .

0 =
! Cor2W ’ Coriw

{3
Integrating Eq. (36), we obtain the solutions to the Egs. (2) and (3) as follows:

B
F—Ozl’

+(n—mno) =—
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2B I — (65)
+(n — = 38
(n—no) o —a VT oy’ Qg > o, (38)
B I — a1
+(n— = 1 39
(77 770) a1 — as n’F—Ozz ) ( )
B I - — — /(T — —
£ —m0) = | VEZ0a)(on —a9) = VT aa)lon —aa)) - s (10)
\/(Otl — Otg)(OLl — 043) \/(F — 042)(0&1 — 063) + \/(F — Otg)(Oél — 042)
+( )=2 B F(p,1) > g > o >
— = « o « «
n Tlo (al — 063)((12 — OZ4) ©,t), 1 2 3 4,
where
P +2Q ® dy
B=\/-—7 ) F(%l):/ T
W 0 1—12sin"%
and
o = arcsin (I' —a1)(a2 — 0[4)7 2 (a2 — as)(an — aq)
(T — ag)(ag — ay) (a1 — az)(ag — ay)
Also aq, as, ag and a4 are the roots of the polynomial equation
&3 &o &1 o
M4 234 2212 42214 2 = 0.
&4 &4 &4 &4
Substituting the solutions (37)-(40) into (7) and (34), we obtain
TlB % ’qu
x,y,t) =710+ 71001 £ e’ 41
q(z,y,1) {0 1001 7711?+772y+773t770} (41)
2 B 2
’I"(.’E,y,t) = _% {TO + T = n } 9 (42)
=+ 12 mx + 12y +n3t — 1o
4B2(ag — r
q(z,y,t) = ¢ 70 + 1101 + (@2 —au) 3 ew’ (43)
4B? — [(o1 — az) (mx + N2y + 13t — no)]
ﬁ 2 432 2
’I"(.’I}, y>t) = _% 70 + T101 + (a2 — al)Tl 2 ) (44)
m + 72 432 — [(O[l — 012) (77133 + nxy + ngt — 770)]
A, y,0) = { 1o+ Tr0z + (a2 —oa)m 9, (45)
a1 — Qg
exp ( 5 (771I+T]2y+773t770)) -1
2
2 _
’I"(.’I}, y>t) = _% 70 + T1002 + o — (a2 al)Tl ) (46)
N exp < ! 5 2 (max + n2y + nst — 770)) -1
() i, (47)

a1 — (9

B

q($7y7t) = 70 + T1001 +
eXP( (mx+nzy+nst—no)> -1
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2 o — )T
r(z,y,t) = —% To+ Tag + p— (o 2)71 , (48)
' ? exp< 1B 2(mx+nzy+n3tno)>1
1
2N — — o
q(x,y,t) = ¢ 7o + 1101 — (1 — az)lan — as)m el(b? (49)

\/(061 - 042)(061 - 043)

201 — @y — a3 + (a3 — ) cosh ( (max+ny + ngt))

B
2
92 _ _
r(z,y,t) = — 257]1 5§ 7o+ 7o — (a1 — az)(a1 = ag)my
m2 =+ 12 V(= ag)(an — ag)
207 — ag — ag + (a3 — ag) cosh 5 (ma + nay + nst)
(50)
If we take 7o = —71a1 and ng = 0, then the solutions (41)-(50) can reduce to rational function solutions
1
oy 1) = (iﬁ3> " (o1 + day + dat), (51)
ma + n2y + nst
B 2
T(SL’, y7t) =T (Tl> ) (52)
ma + N2y + nst
1
4B2 — "o
q(a:, v, t) _ - (042 O41)7-1 . e’L(d)ll‘ + P2y + (25315)’ (53)
4B? — [(a1 — az) (mz + 12y + n3t)]
2
4B2 -
(o) = T (02— au)rm i (54)
4B? — [(aq — az) (mx + n2y + n3t)]
traveling wave solutions
1
oy, t) = {<0<2—2a1>ﬁ {1 = coth {a;} 0 (b ey + nst)} }} (012 + b2y + dat), (55)
(2 —a1)71 ay — ag ?
r(a,y,t) =T ———— 1 F coth | —7— (mz + n2y + 1st) ; (56)
and soliton solutions
A .
q(gj, Y, t) = 3 T eZ(¢1$ + ¢2y + ¢3t), (57)
(D + cosh [ By (niz + 2y + nst)])
A
r(a,yt) =" - 7 (58)
(D + cosh [31(77137 + 12y + 77315)])
where

2 _ 2 2
o= 2 + ), 69 = SHQUPHI0) +GOGW P+ Q) —a(P +20)( +43)

and .

Y B2 Ay — (2(@1 —ag)(ag — 043)71)" A= AT

_7712 +n9?’
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and

\/(al—ag)(al—ag,) D 200 — g — iz

B =
B ’ a3 — Q2

From (28), 71 and 7, are the widths of the solitons in the x— and y—directions respectively while 73 is the velocity of
the solitons. From the phase component given by ¢, ¢1 and ¢, are the phase frequencies in the x- and y-directions
respectively while ¢3 is the wave numbers of the solitons. Also, A3 and A4 are the amplitudes of the solitons. Thus,
we can say that the solitons exist for m < 0.

AN

‘ﬂ §

O AN
VAV v‘v

REE

/ T ) ALY L"« A
AN
VRN

(a) Profile of (57) solution

Figure 2: Numerical solution of (57) at n =1, ;1 =n2 =1, nst =1, A3 =2, By =2and D <0.

5 -5

(a) Profile of (58) solution for Y > 0 (b) Profile of (58) solution for T < 0

Figure 3: Numerical solutions of (58) at m1 =n2 =1, mst =1, Ay =4, By =1and D <0.

4. Conclusion

In this paper we have used the extended trial equation method to derive exact solutions with distinct physical
structures. This method with symbolic computation on the computer is used for constructing broad classes of
periodic and soliton solutions of two nonlinear equations arising in nonlinear physics. Basic features of the 1-soliton
solution and singular soliton solution were analytically and numerically discussed. We proposed more general
trial equation method as an alternative approach to obtain the analytic solutions of nonlinear partial differential
equations with generalized evolution in mathematical physics. We use the extended trial equation method aided
with symbolic computation to construct the soliton solutions, the elliptic function and rational function solutions
for generalized (2 + 1)-dimensional ZK-MEW equation and generalized Davey-Stewartson system.
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