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Abstract

In this paper, we introduce a new family of continuous distributions based on [0, 1]] truncated Fréchet distribution. [0, 1]] Truncated
Fréchet Gamma ([0, 1]] TFG) and truncated Fréchet inverted Gamma ([0, 1]] TFIG) distributions are discussed as special cases. The
cumulative distribution function, the rth moment, the mean, the variance, the skewness, the kurtosis, the mode, the median, the character-
istic function, the reliability function and the hazard rate function are obtained for the distributions under consideration. It is well known
that an item fails when a stress to which it is subjected exceeds the corresponding strength. In this sense, strength can be viewed as "re-
sistance to failure." Good design practice is such that the strength is always greater than the expected stress. The safety factor can be
defined in terms of strength and stress as strength/stress. So, the [0, 1]] TFG strength-stress and the [0, 1]] TFIG strength-stress models

with different parameters will be derived here. The Shannon entropy and Relative entropy will be derived also.

Keywords: [0, 1] 1] TFG; [0, 1] 1] TFIG; Stress-Strength Model; Shannon's Entropy; Relative Entropy.

1. Introduction

Here, we proposed a distribution with the hope it would attract
wider applicability in other fields. The generalization which is
motivated by the work of Eugene et al. [1] will be our guide. [1]
defined the beta G distribution from a quite arbitrary cumulative
distribution function (cdf) , G(x) by

F&) = (1/B@a, b)) [T wa-1(1 - w)b~* dw @)
Where a >0 and b >0 are two additional parameters whose role is
to introduce skewness and to vary tail weight and B(a,b) =
fol w27 1(1 — w)P~1 dw is the beta function. The class of distribu-
tions (1) has an increased attention after the works by [1] and [2].
Application of X = G™1(V) to the random variable V following a
beta distribution with parameters a and b, V ~B(a, b) say, yields X
with cdf (1).[1] defined the beta normal (BN) distribution by tak-
ing G(x) to be the cdf of the normal distribution and derived some
of its first moments. General expressions for the moments of the
BN distribution were derived [3]. An extensive review of scien-
tific literature on this subject is available in [4]. We can write (1)
as,

F(x) = Igx(a,b) 2

Where, Iy(a,b) = (1/B(a,b) ] wa1(1 —w)®~*dw , denotes
the incomplete beta function ratio, i.e., the cdf of the beta distribu-
tion with parameters aand b. For general a andb, we can express
(2) in terms of the well-known hypergeometric function defined
by,

oF; (0, B,y %) = B2y LBy

Where (a); = a(a + 1) ... (e + i — 1)denotes the ascending facto-
rial. We obtain,

G2
aB(ab) *

F(x) = Fi(a,1—b,a+ 1;G(x))

The properties of the cdf, F(x) for any beta Gdistribution defined
from a parent G(x) in (1), could, in principle, follow from the
properties of the hypergeometric function which are well estab-
lished in the literature; see, for example, Section 9.1 of [5]. The
probability density function (pdf) corresponding to (1) can be
written in the form,

1
B(a,b)

b-
() = 5= 600" (1 - 6(9) ™ () 3)
Where g(x) = 0G(x)/ dxis the pdf of the parent distribution.

Now, since the pdf and cdf of [0, 1] truncated Fréchet distribution
are respectively,

h(x) = Zx ®Hea" 0 <x <1 @)
H() = e ®)

Graphs for some arbitrary parameters values of pdf and cdf are
shown in figure (1) and figure (2) respectively,
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Fig. 1: PDF of (0, 1) Truncated Frechet Distribution.
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Fig. 2: CDF of (0, 1) Truncated Frechet Distribution.

Now, given two absolutely continuous cdfs, H and G, so that h
and g are their corresponding pdfs. We suggest a new distribution
F by composingH with G, so that F(x) = H(G(x)) is a CDF,

Fx) = fOG(X)jfb;t‘(b“)e‘at_b dt

A emaGe™ (6)

1 _-b]8® 1
1e =1
0 e

e—a
With pdf,

a e—aG(x) b

f (X)——F() 0]

e—a

— 3b —aG)? (G(X))‘(b“) (%)

—a

With G(x)being a baseline distribution, we define in (6) and (7)
above, a generalized class of distributions. Wewill name it the [0,
1] truncated Fréchet -G distribution.

In the following two sections, we will assume that G are Gamma
and Inverted Gamma distributions respectively.

2. [0, 1] truncated fréchet gamma distribu-
tion

Assume that
g —B— X« tePx
And

G(x) = y(a, px)/T () (0 < x)

where y(a, Bx) is the lower incomplete Gamma function are pdf
and cdf of Gamma random variable respectively, then, by apply-
ing (6) and (7) above, we get the cdf and pdf of [0,1] TFG random
variable as follows,

(v
F(x) = E_fae af T } (8)

- (@) P
abp® oa—1,-Bx v (o, Bx) (b+1) —H{YT}
(-)‘al"(ot)X € { I'(a) } € ) x=0

f(x) =

_ _(v(@p\ 7P
f(x) =ab eaB“Fb(a)x“‘le‘BX(y(a, Bx)) (b+1)e a( ) ) X >

0 9)

By Leibnsiz integral rule

= J-b(X) f( )dX = i] = f(X,b(X))%b(X) -

a(x)
f(x, a(x)) a(x) + fb(g) f(x, t) dt

So, the reliability and hazard rate functions are respectively
il
R®x) = 1—F(x)=1—e

e—a

y(aBx P
=1— e_a[{ ro ) _1]
W08y pefriap) > —aX&B)
_ f(x) _ e_ar‘(or)x € { I'(a) } €
Ax) = =
R() [{v(a BX)} 1]
1-e L T@®

The rth raw moment can be derived as follows,

r_abg*
e ar ()

E(x") = f x%~1g—Bx {M}_(bﬂ) e {V(roéf))o} dx

I'(a)

sy

Since, e_a{yiozf;()}

=220

Then,
E(x") =
BE_yr (D! [y rrat _BX{ (a.sx)}‘(b“) {y(a,sx)}‘bi d
ear(@ 4i=0 Ty Ao X ) @ X
E(x") =
bp* w (_1)iai+1f Xl‘+0£ 1 —BX{Y(O‘BX)} (bi+b+1) dx
ear(q) <1=0 i 0 ()
. (0, 8%) —(bi+b+1) _ B _ y(@px) —(bi+b+1)
Smce{ (o) } _{1 (1 (o) )}
_ k _ v F(k+])
by using(1 — z)~ Z] 0rao zland
_.\b _ u F(b+1) Zu
1-2° =321 Tr—urD |zl <1,k,b>0 (10)
Then,
(aBx) —(bi+b+1)
{i- (-5 =
(o)
o T([bG+1D)+1]+j) u  TIG+1) v (o, Bx) u
Z 0 5ir((b(i+1)+1]) Lizo(-1) u!l"(j—u+1)( r(a)) !
And then,
E(x") =
BB w0 (D' g LD goo _qyu_LOHD
e—ar(o) “L=0 IT((b(i+1)+1]) <u=0 uwr(—u+1)
© _r+a-1 o—Ppx (Y@BX) “
fo X e ( ) ) dx

Let, y=Bx = x=B"1y = dx=p"1dy,

Then,
E(xT) = 2B (MY g T(bG+D)+1]4)) T(+1)

ilu! JIT([b@i+1)+1]) T(—u+1)

Zl] 02101020

a1"(0()
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© el o THa—1 .-y (y(a,y)) -1 kr = —3= Ex"—4uExX"+6p°Ex —4p* 3
L B yreTte Y (T5) BTNy 2 oL
bed (DU L T(bG+1)+1]+)) T(G+1)
i I Dig=0 uro 1(a+4,u)-4
- (-1D)i*u i+1 r(bG+1)+1]+)) TG+1) B F(O‘) L= itu! JIr((b(i+1)+1]) T(G-u+1)
Z 0 g - - - e DM 4 bG+ D) TG4
BrI‘(a) ij= ilu! . jIr([b(i+1)+1]) T(j—u+1) BF(Q)Z” =0 ZU=0" g PG4 D+1]) TG-ur D) I(a+1,u)
rta-1 .-y y(a.y)) 0 (1)1+u i+1L(bG+D+14) TG+
fo Y ¢ (F(“) dy {B3F<a)211 oZu=o g JIT(bG+D+1]) TG-u+1) (“+3'u)}+6
By using [6], bed (DY PBGHD+11+) TG+D) 2
Y g[ ] {Br(oc)z” oXizo ilu! °l+11'F([b(l+1)+1]) r(-u+1) (a”'u)}
u bed o0 ( pitu i+1D(bG+1)+1]+j) TG+1) . }_
I(a+r1,u) = f0°° yrta-l g7y (V(“'y)) {Bzrm)Ell oXu=0 g2 oG] Tg-wen (CHEW[3
S {bea yR_ v (- 1)‘+“al+1F([b(l+1)+1]+1) r(+1) .(a+1u)}4
kr = BIr(a) ~1j=0 ilu! JIT(b(i+1)+1]) T(—u+1) 4 _3
=ao™ F(r +alu+ 1)) Fg“)(r +au+1);a .., + bel g0 e (- DI TGHDHH) _TG+D) ooy
1 o+ 1 _1) (11) BZr(a) “1j=0 ilu! JIT((b(i+1)+1]) T'(G-u+1)
{bea Z oo ( 1)i+u i+1 Db+ +1]+j) T(+1) '(0(+1u)}2
BI(a) “1j=0 ilut © JI((b(i+1)+1]) T(-u+1)
Where, FX‘) is the lauricella function of type A, then,
(I‘(OL)) . ( DU Db +D+14) TG+
(=DM 4 T(bG+D)+1]4)) TG+1) wease Mo T 2 roGrn D MG e
E(xY) = : i+1 _ i . (r(a)) (-1)i+u +1D((bG+1)+1]+j) T(+1)
&) = Brr((a) Lij= ;2“ 0 JIIT([bG+1)+1]) T(-u+1) bzeZa{Zl, R Ty FET ey (a+1.u)}
[(a+r1,u (12) DY L T(bGi+1)+1]

And then, the characteristic function is

o " r
r=0

Qx() = E(eX) = X2, (':) E(x") , since el*t =

_ be? © o (/BT o (DMWY L T(bG+D)+1]+))
Qx(x) 1"(08 ) r! ZJ 0 Zizo ilu! JIT([b(i+1)+1])
r(+1
TG u+1)I( a+r,u)

So, the mean p and variance o2 of the of [0,1] TFG random varia-
ble are,

( DI T(bG+D+1]+)

=E(x hod
”( )() Br(a)z'l 0 ilu! JIT(b(i+1)+1])
r(+1
TGusD) I(a+1,u) (13)
0% = E(XZ) — (Ex)?
(DM g D(bG+D+1]+)) T(G+1)
BZr(a) z:11 0Zuzo ilu! JIT([b(i+1)+1]) T(-u+1)
_be? Yo i i+t
_ Bl"((x) =0 ilu!
1o +2,0) F([b(1+1)+1]+]) MG+ 1y g (14)
JI([b(i+1)+1]) T'(—u+1) ’
il
- Q -
X)) = - )
Since, F = The median M, can be calculated
-1
by solving the Nonlinear equation (1 + n@ye _ vl _ 0 nu-
I'(a)
merically.
The skewness of [0, 1] TFG random variable will be,
_ w3 _ Ex3-3uEx%+2p8
Sk = 3/2 T 2Y3/2
5 (02)
bed (=DIHY L P(bG+D+1]4) TG+D)
B3F(a)Z‘J =0 Zuto g2 (b D+1]) TG-urn (@3 W=3
bed . ( pi+tu +1T(bGA+D+1]4j) TG+1) }
{BF(&)Z'J 0 Zu=0 al PG D+1]) TG-urn @ LW
bed . ( DI Db+ D+1]4) TG+
{Bzr(a)ZU o Zio JT(bG+D+1]) T(-ut1) (‘“2'“)}”
3
bed (=DM L T(bG+D+1]+) TG+
{{Br(ooz” oZu=o w2 Srtbarnr) rg-wrnt Y u)}
- /2
bed I :
321-(:1)211 Y TR EQbGrD+1]) TGourny QT2 W=
bed o (~DIFU L P(bGi+D+1]4) TG+
{Br(a)zll 0 ZU=0 iy 1+1]vr([b(l+1)+1]) TG-ut1) (“H“)}
(15)

Also,the kurtosis is,

0 ( +) _TG+1)
{le 02 T jIr((b(i+1)+1]) I'G- u+1)'(0H-3 u)}+6

(o) 0 ( pitu i+1T(bG+1)+1]+j) T(+1) }
bea{zll 0200 b D) T-ur D @t W

o DU T([bG+1)+1]4) _TG+1) }
{le 02 T jIr((b(i+1)+1]) I'G- u+1)'(0H-2 w

2

4

0 woo (DU L T(b(+1)+1]+) TG+1) }
— {Zi,i:02“=0 ilul © JIr((b(i+1)+1]) T(— u+1){(“+1'u) -3 (16)
M@y goo DM MbG+D I MG+ :

bed <1,j=0 ilu! jiIr([b(i+1)+1]) T(G-u+1)

. 2
o (DY 4 Db +D+1]4) _[G+1)
{211 0200 @ Jirqben+a) TGourn LW

I(a+2,u)—

The quantile function x4 of [0, 1] TFG random variable can be
derived as,

q=P(XSXq)=F(Xq)=e_e%a}0<q<1,Xq>0

= y(a, Bx) — I'(a) (1 — @)% =0 a7

So by using the inverse transform method, we can generate [0, 1]
TFG random variable by solving

y(a, Bx) — I'(a) (1 - @)? =0

Numerically, where u is a random number uniformly distributed in
the unit interval [0, 1].

2.1. Shannon and relative entropies
An entropy of a random variable X is a measure of variation of the

uncertainty. The Shannon entropy of [0,1] TFGG(a, b, 8) random
variable X can be found as follows,

H=- fooof(x) ln(f(x)) dx

H=
—f f(x) ln<
H=1In (%) —(a—1E(nx) + BEX) + (b + 1)
o,Bx o,Bx -b
B(n i) e ()

Let,I; = —(a — 1)E(Inx)

abB®

L Y(Bx) —(b+1) _ (aOL:X)
PR e T an

I'(a)

L =—(a—

abB™ a-1,—px [¥(@px)
-ar(a)f In(x) x* e {I‘(a)

}—(b+1) o {Y(rozf))()} dx

D
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] —a{y(“f")} v CD g (v@pn) —bi Then,
Since, e "l r@® =)o . {W} then, )
Jy In(x) xxrou+m=le=fx qy = g=a-au=mp(g(1 + u) +
= °°(1) m{¥(a(1+u) +m)—In
L= —(a-1) 255, | )W(a(1 + ) +m) = In(B)}
foo In(x) x%1 e—Bx {V(a BX)} (b+1) {y(a,Bx)}—bl dx I = —(0( _
0 I'(a) I'(a) itu | . . .
1)y yo (-1 i+1 C(b(+1)+1]4j) T(+1)
b O - (o ))““ Lj=0 &u=0 "y JIT([b(i+1)+1]) T(—u+1)
= —(a—1) Zr5 -t [y InG) x“ e Ei=0 Cum M1 + w) + m{¥(a(l + w) + m) - In(B)}
(e px))~(itb+1)
) dx And, I, = BE(x)

By using equation (10), we get,
y(a,Bx))}_(bi+b+1)

{1 B (1 )

Zw l"(b(1+1)+1]+])2 0( )u rG+1) (y(a,gx))u
u= ,

JIT(bG+1)+1]) ull'G—u+1) \ T'(a)
And then,
I o (D' iyq T(bG+D+1]+))
=—(a-D =g —ar(a) 1j=0 JIN([b(i+1)+1])
(-DY r{+1) a1q y(aBx)\"
Zu:o u! (- u+1)f In (X)X ( I'(o) ) dx

By using incomplete gamma function

ylapx) _ (B (=)™
M@ T T Zm= 0 (a+m)m! (18)
P o (D iy IbG+1)+1]+)
=-(a-D=rg —ar(a) 1j=0 "7 JIr(bG+D+1]) .
w (DY T(+1) a-1g—Bx (B~ (=px)™
u=0 1 (- u+1)f In(x) x (o) m=0(a+m)m!]

By application of an equation in section 0.314 of [5] for power
series raised to power, we obtain for any u positive integer

[Z?‘;:O am (Bx)m]u = Z?ﬁ:o Cu,m (Bx)m

, Where the coefficient C, ,(form = 1,2, ...
rence relation

) satisfy the recur-

Cym = (mag) ™' X1

agandap, = ——

L (up — m+p)3p um-p - Cuo =

We get,
(52 =

We get,

(r(a))u (Bx)au Zm 0 Cu m (Bx)m

o (DU i1 T(bG+1)+1]+))

=—(a-1 1j=0 5 MG+ +1])

‘aF(a)

o (DY TG+1)
u=0 i r(j-u+1)’o

Jy )

a—le—Bx

X 7 (Bx)* Y=o Cum (Bx)™ dx

(T ))

B(x+(xu+m

© (-1l l+1F([b(1+1)+1]+J)Z 1)“
u+1 =0 u=0

—a(r( )) il JIr([bG+1)+1])

=—(a—1)

r(+1)
rGg—u+1)

2% 0 Cum [ In(x) xre+m=1e=Bx 4y

since fooo x5~ le ™X |n(x) dx = m~ST(s){¥(s) —
In(m)}, wheres = a+ au+ mandm =

Bbe
)

(1)Ut p([b(i+1)+1]+j) T(+1)
ilu! jIT([b(i+1)+1]) T(—u+1)

()Zu 0 I(a+1,u)

i+u
Zl] Ozao 0( 1)! i+1 C([b(i+1)+1]+j) T(j+1) I((X"F 1 u)

r(a) itu! JIT(bG+1)+1]) T(—u+1)

And,

L= 0+ DE (i {1222))

=0+ 1)f ln{ ?ES()} frf(o;) x% leBx {%}_@H)
ooy

Since,

R g, S pres™

Then,

I3 = _

(b:r:l}?g‘zoo (.-1) i+1 fowl {viozgﬁ)} a-1g-Bx {%}—(bl+b+l) dx

since {yﬁf;)}—(bﬂbﬂ) _ {1 B (1 B Yiozf;))}_(bi+b+l)

By using equation (10), we get,

—(bi+b+1)
(-
B B S ()

Then,
Iy =
R B B o e i 5

a—1,-Bx (Y(@BX) u
x% e (—I‘(a) ) dx

Using expansion incomplete gamma function
Xm

_ .0 -
v(0,x) =x°T(O®)e™*Y7_, D

We get,
y(apx) _ o ™ _
@ = (Bx)%e =0 T(ermr D) andT(a+m+1) =
(a + m)!
Then,
(b+1)bB™ (DY 41 D(bG+1)+1]+j) T(+1)

I3 T e ar(q) Zl] 02u=0

ilu! jIr([b@i+1)+1]) T(—u+1)
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® ap-Bxyoo BT -1 ,-Bx
Jo ln{(Bx) e m=0((x+m)!}x e

o .—PBx (Bx)
|Bxce g o B ax
=(b+1)bB°‘Z__ 5 (- 1 T(bG(+1)+1]4)) T(+1)
e—ar(q) <1J=0 “+° +1'u+' JIT([b(i+1)+1]) T(—u+1)
. thu mq my
2m1=0---

m,=0 (a+my)!...(a+my)!
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m=0 (g 1m)!
Since,

In {(Bx)“e‘BX

()™ } = aln(px) — px+1n (25, ((B") )

A Lo a+m)!
Then,
_ OFODE oo g0 (D TUDGHD ) TG+
3 T Temar(a) “ij=04u=0"j JC([bl+1)+1]) FG-u+1)
5o o pUTITTM
my=0 m,=0 (a+my)!...(a+my)!

f0°° {amn(px) — px +
(Zm 0 @)™ )}X(x(u+1)+m1+»~+mu—1e—B(u+1)x dx

(o+m)!
I3 = afo"o ln(Bx) U+ +my++my—15-Bu+Dx gy
lety = Bx = x =71y = dx=p"1dy
Then,

Iy = afow In(y) B—au—a—(m1+--»+mu)+1y(x(u+1)+m1+---+mu—1

e—(u+1)yB—1 dy

— O(B—(xu—(x—(m1+---+mu)
f0°° In(y) yoc(u+1)+m1+--»+mu—1e—(u+1)y dy

— O(B—(xu—(x—(m1+---+mu)(u + 1)—(a(u+1)+m1+---+mu)

Fla(u+1)+m; +-+mO{¥Pu+1) +my + -
In(u + 1)}

+my) —

Iy, = _Bf0°°XXa(u+1)+m1+~~~+mu—1e—B(u+1)x dx

=—p f°° U+ +my+e+my o—Bu+Dx gy
0

F'(a(u+1)+m;+--+my+1)
Bo(u+u+m1+--~+mu(u+1)u(u+1)+m1+~~+mu+1

Now, since,
n(t,a,k,m,dq, ...,dy) =

X Td tk(m+1)+t(d;+--+dpy)-1 x\*®
fo <Zd ONL)( ) ! (m+1)(u) dx

k+d+1)

Then,
Iys = [ In (2;'; BT )Xa(u+1)+m1+‘~+mu—1 ~Blu+Dx gy

=Y (a+m)!

= 71(1:1/6, a,u,my, ..., mu)

0 _ (b+1)be? yoo o (1)‘+u j+1 T(bG+1)+1]4j) T(+1)
3 T(c) 1j=0 itu! IIT((b(i+1)+1]) TG-u+1)

e o
my=0 - Zm,=0 (a+my)!...(a+my)!

( Ta@+n+mg++my) (Plau+ 1) +my +--+my) =) )
(u+1)(a(u+1)+m1+-~+mu) ln(u + 1)
F'(a(u+1)+my+--+my+1)

Bocu+o(+m1+~~~+mu

l (u+1)+D)+my+-+my+1 J
71(1.11/)[3.0@ u,my, ..., my)
_ Y(@px)~
And, I, = ab <{ I(@) J )
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X%~ 1 —Bx {V(“ ,Bx)

—-(b+1) __[(y(apx)
F(oc)} € {

_ a%bB* oo (y(aBx))”
T emar(a) fo { r'(a) }

Since

el

_ y(o,Bx)
=X ° i! { I'(a) }
Then,

I, =

2bB% g (=D ; a1 ‘BX Y(a,B%) (2b+1) Y(e,Bx) —bi
ar(@ Zizo @ Iy x { @ } { I }

bBY oo (D' g2 fo (@1 o=Bx {Y(a BX)

(bi+2b+1)
= erar(e 4i=0 "y F(a)}
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{y(a,Bx)}_(bi+2b+1)
I'(a)

(-
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The relative entropy (or the Kullback-Leibler divergence) is a
measure of the difference between two probability distribu-
tions Fand F*It is not symmetric in Fand F* In applicationsF
typically represents the "true” distribution of data, observations, or
a precisely calculated theoretical distribution, while F* typically
represents a theory, model, description, or approximation of F.
Specifically, the Kullback—Leibler divergence of F* from F, de-
noted DL (F||F*), is a measure of the information gained when
one revises ones beliefs from the prior probability distribu-
tion F* to the posterior probability distribution F. More exactly, it
is the amount of information that is lost when F* is used to ap-
proximate F,defined operationally as the expected extra number
of bits required to code samples from F using a code optimized
for F* rather than the code optimized for F.

The relative entropy DKI(F||F*) for a random variable [0, 1]
TFG (a,b, a, B) can be found as follows,

b
_ (o,8%)
abB® oy _px(y(apx)) P+ —alY [0
f(x) car@.  © x{ l‘(a)} € { (a)}

f“(x)

=
—(b o (y(aq,Byx) L
b1+ -, (M)

a b131 10— y(a1,81%)
At L e le{ T(ay) }

—(b+1) _,(¥Y(@Bx)”
abB%e~31T(ay) X%~ 1e—Bx{Y(°Ef)X)} e a{ o0 }

a;b B e %1g-ap(g)x®1- 1e—B1X{—V(°‘(1£;x)

} ~®1+D dx

./
= fow f(x) In |
\

\_—_—U‘/

s ol

a;b; B3 le 2 ()
(= ) InG) + (B — Bx — (b + 1) In {1182
“f
fo ® _a {v(a.BX)}_ o
(o)
v(ay,B1%) y(ay,B1%) b1
+(b1+1)1n{ I'(ay) }+al{ I'(oty) }
Let, Il = ((X - al) fooo ln(X) f(X) dx
abB® XA~ 1g=Bx y(@Bx) ~o+D)
I, = ((X (Xl)f ln(X) e-ar(a ) € { I'(o) }
(,Bx)
e‘a{yr(u) } dx
o Uikl
=la-o )(r( ))““211 0 Zu= 0 T

r([b@i+1)+1]4j) TG+1)
jIr([b(i+1)+1]) T(—u+1)

m=0 Cu.m

T(a(1+ uw) + m{¥(a(l +u) + m) —In(B)}
And, I, = (B, — B) f,” x f(x)dx

a wBx —(b+1) _fv@sn
=B - B)f —Ef(a) xlePx {%} { T(@ } dx

_ (B1—B)be? ye o ( DY 1 TG+ +1]4)) T(+1)
T Br(w 1j=0 ilu! JIT(b(i+1)+1]) T(—u+1)
[(a+ 1,u)

And, Iy = (b +1) [’In {Y‘“ YPIY £(x) dx

r'(a)

= —(b+1) [} In {L2E} e

1,-Bx {v(a.sx)}‘(b“)
I'(a) Je2r(a)

T'(a)

-b
e_a{Y(I‘Tf)X)} dx

__ —(b+1)be? yo_ g (=D 51 T(bG+D+1]+j) TG+1)
- 1,j=0 &4u=0

T itu! IIT(bG+1)+1]) [(-u+1)
[ee] [ee] 1
Zm1=0 Zmu=0 (a+my)!...(a+my)!
( r(a(u+D)+m;+-+my) (Pla(u+1) + m; + -+ my) ]
a(u+1)(a(u+1)+m1+---+mu) _ln(u + 1)
{ _I‘(a(u+1)+m1+~~~+mu+1)+ ou+otmy +-+my }
(u+1)¢x(u+1)+m1+---+mu+1 B
L n(1,1/B8,a,u, my, ..., my) J
_ (e (y(apx) -b
And, I, = —a [, { ) } f(x)dx
b -b
o (y(apx) b oabgr g —px [y(@.Bx) _(+1) 'a{Y(af)X)}
ak { e } @™ ¢ { I« } e Tl dx
_ —be? oo , ( DIFY o T((b(+2)+1]4))  T(+1) (@)
(o) <1i=0 ilu! ( Bj!l"()[b(i+2)+1]) I(-u+1)
= ©1p [YL%b1X)
And, Is = (b, + 1) fo nf o } G0 ax

(b +D)abB® oo (V@B o1 —px [¥(@f) O _ar@B™
e ar(a) fO ln{ I'(ay) }Xa e X{ 1“(0()} € e dx

. - {v(a,Bx)}—b w (-Di | (y(@,Bx) —bi
sincee "\ r@ =¥, —a { L }
Then,
D i

Is = (by +1) -ar() izo " .

¥(@,B10) a1 o Bx Y(apx)) ~(Pi+b+1)
fo ln{ (ey) }X {F(a) } dx
o (y(apo) 0P Y pxy)~bitb+D)
smce{ ) } = {1 - (1 - )}
Then,

By using equation (10), we get,

{1 _ (1 _ %)}—(bi+b+1) _

o T([bG+1)+1]+j) u  IG+1) v (o, Bx) u
Z 'F( [bG+1)+1]) Z 0( 1) ull(G— u+1)( (o) )
And then,
I _ (by+1)bp* (-Di j+1 T((b(+1)+1] +])Z (-D" TG+
57 emar(w) 11 0y IT(bG+1)+1) “U=0 uI TrG-u+1)

y(ay,B1%) P 1,-Bx y(a,Bx) u

Jy In{E e e (VEE0) ax

i = o —B1x y0 (B1X)k
since (e, B1x) = (B0 T (e )e P Bz, P20
And
¥(@ B = (0" (@e P55, — B0

’ M=0 r(q+m+1)

Then,
I _ (01+DbBY oo (1) D41 D(bG+1)+1] +])Z (=" rG+1)
5 ear(q) “Li=0 j IIT(IbG+1)+1D) uw  T(-u+1)


https://en.wikipedia.org/wiki/Prior_probability
https://en.wikipedia.org/wiki/Prior_probability
https://en.wikipedia.org/wiki/Posterior_distribution
https://en.wikipedia.org/wiki/Bit
https://en.wikipedia.org/wiki/Huffman_coding

International Journal of Scientific World

157

o ((Bx)me P (e Px ]
f Zoo (le)k q_le_BX oo (Bx)m dX
k=0

(@ +R)! m=0 (¢t m)!

(DY 514 D((b(i+1)+1]+j) T(+1)
! IT(bG+1)+1]) T(—u+1)

Is=(M+D—— _aF(D() 211 02u=o

[ee] [ee] 1
Zmlzo Zmuzo (a+my)!...(a+my)!

. {(slx)ale—ﬁlx

) (le)k
ko (g +10)!

} xa—le—B(u+1)x

(Bx)au+m1+---+mu dx

. Baxyroo (B0
since, ln{(Bl)()“le X Yo (f:fk)!} = 0oy In(B;x) — Byx

(B1x)¥
+in (2110 (a11+k)!)

Then,
® ( DY g T(bG+D)+1]+)
=+ D= -ar(a) le =0 il IIT((bG+1)+1])
rg+1) © 2 1
[(—u+1) “M1=0 " &myu=0 (q4m 1. (a+my)!

fooo {0(1 In(B;x) — B1x +In (Zl‘go (fllil)(!)}

Xa—le—B(u+1)X(Bx)au+m1+---+mu dx
I5p =0y fooo In(B;x) x* e Blu+Dx(pyyoutmy+--+my gy

lety = B;x = x = Bty = dx = prldy

Is; =
au+m
-8 1 oqut+my+--
0 ot 1l 0—1 7oty B+ -+m -1
a J;7 Iny) Brer iy ten Y (B) ey e gt dy
Isy _Q1Bau+m1+ +m"B (ou+o+my+-- +mu)thu+tx+m1+ +my

F'(a(u+1)+m+--+my)
Boutatmy ety (34 )autatmy+obmy

n (% (u+ 1))}

I'(a(u+1)+m;+--+my)
1 B (u-+1)autatrmyt+my

m,) —In <£ (u+ 1))}

_Bl fowxxot 1 —B(u+1)x(BX)au+m1+ +my [y

{‘P(a(u +1)4+m +-+my)—

Now, I5; = a Y(a(u+1) +my + -+

NOW, 152 =

o .o —_
_ _Blso{u+m1+ +my fo Xoc(u+1)+m1+ +my o Blu+1)x dx

F(a(u+1)+m,+---+my+1)

— +my+et
_Blsau M Mu (B(u+1))a(u+1)+m1+---+mu+1

B1 T(a(u+1)+my+--+my+1)
BB (u+1)zx(u+1)+m1+---+mu+1

Since,

( )TlS
n*(t, o k,m, 1y, a4,ky, dg, oo, dpy) = J'0°°1 (ZS 0 TG, +S+1))

(i)‘tk+’rkm+’r(d1+---+dm)—l e_(mﬂ)(g) dx

Q.

Then,

00 B X)k
(Zk=0 I( ;

Is3 = J, In a+k+1)

)th 1 —B(u+1)x(BX)au+m1+ My g

— Roau+my+-+my [P © (B10* a(u+1)+mq+--+my—1
=B ! J‘0 In (Zk:o F(a1+k+1)) X !

e—B(u+1)x dx

= Boutmyttmu n*(1 1 /8, a,u,1,1/B1, o1, My, ..., my)

Z 3 (=DM g T(b(+1)+1]+)) T(+1)
1,j=0 &4u=0

Is = (by + 1) ilu! JIT(b(+1)+1]) FG—u+1)

I'(a)

DEID X e R e

Y(a(u+1)+my +--+my)
4 1 (u+1)outa+my+-+my —In <B£ (u 4 1)) }
1
B, T(a(u+1)+my++my+1)
l _E (u+1)@u+D+my+-+my+1 J

n*(1,1/B,a,u,1,1/B4, ay, my, ..., my)

B(xu+¢x+m1+~~~+mu

And
=a fow {Y(?EQB;X)} f(x) dx
Y(0y,8:%)) P1 abp® 1 px (V@B —(b+1)
le = alf { I'(ay) } e~ar(a) ¢ X{ T }
{v(or BX)} -b
e T J dx
_afYp) ™ ;
sincee af () - ngo% a {v(roz 0[j)x)}
Then,
BY voo ( i
lg = 611ab Y, —=alt
(o) il
Jy xoet o—lﬁx {v(aﬁx)}‘(b”b“) {y(al,slx)}—bl d
N Ter) X
: Y(opx))~PIHPHD Y@ px))~bi+b+D)
B R ()

Then, by using equation (10) we get,

{M}—(bnbﬂ)

I'(a)
yo g (=D r(b@+1)+1]+j) T(+1) (v(a,BX))“
j=04u=0"y1 ir(b(i+1)+1]) T(-u+1) \ T'(a)
And then,
ale Z (1)i+u i+1
6 = emar(q) £1j=0 T

0(1—

r([b(i+1)+1]+j) F(J+1) f
JIC([b(i+1)+1]) T(-u+1)

(ram” sy g,

I'(e) (o)
-b
={i-( -

Also by using equation (10) we get,

Y(a1:B1X)}_b1

smce{ )

y(oy,B10) ™ (-1)ST(by+]) TQA+1) (y(ay,B:%)\5

{ T(ay) } = Zi2o Xszo st 1IT(b,) (- s+1)( T(ay) )

16 _

ale Z Zoo (-pite i+1 T([b(+1)+1]+j) T(+1) Zoo I(by+])

e—ar(q) SL=04u=0"j IIT(bG+1)+1]) rG—u+1) <=0 ur(b,)
(-1 T(+1) -1 g=fx (Y@BO) " (¥(@1B:0)°

ZsZo st r(- s+1)f (l"(a)) ( () ) dx



158

International Journal of Scientific World

By using equation (18) expansion incomplete gamma function we
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2.3. Stress-strength reliability
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3. [0, 1] truncated fréchet-inverted gamma
distribution

Assume that

o) = B/ (e) x~@De(5)

And
G =T (@) /r 0 <»

Avre pdf and cdf of inverted random variable respectively, then, by
applying (6) and (7) above, we get the cdf and pdf of [0, 1] TFIG
random variable as follows,

F(x) = M (22)

f(x) = f:)f(a) X—(a+1)e—(g) {F (a’ g)/r(a)}—(bﬂ)
B g -

So, the reliability R(x)and hazard rate A(x) function are respec-
tively

Reo = 1l ey

e—a

The rth raw moment can be derived as follows,

r_abp®
E(x) = f X —ar(a)

e S

(o)

Since

Then,
bB% o (D
E() = S Zio @
—(b+1) —bi
. (@) (e} fo(ed)
—(a-r+1) X X X
fox o-r e(){r(a) {l"(a) dx
E(x") =

dx

gyy —(bi+b+1)
Zoo (= ]I-) i+1 fooo X—((x—r+1) e—(g) {F(a,;)}
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Since
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Then,
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And then,
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By using expansion incomplete gamma function in equation (18)
we get,
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By application of an equation in section 0.314 of [5] for power
series to power we obtain

[220am (9)"] = 200G (B)"

Where the coefficients Cj,(form =1,2,.....
rence relation

) satisfy the recur-
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And then, the characteristic function is

Qx(®) = E(e™)
= 220 B
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QD) = LD Yl G B

(F( ))1+1 r=0
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So, the mean p and variance o? of the of [0, 1] TFIGrandom vari-
able are,
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The median M,, can be calculated numerically, since

T(a)
F(X) = e? = l

2

By solving the nonlinear equation

(w8) - 1@ (1+22) =0

The skewness of [0, 1] TFIG random variable will be,
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— M _
sk=—=5=
My
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Also, the kurtosis is,
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The quantile function x4 of [0, 1] TFIG random variable can be

obtained as,

-b

—a{F(a,%)/F((x)}
q=P(x<xq) = Fx(xq) = —5—
By solving the nonlinear equation

r(«8)-r@[s

-1

ln(q)] -0

,0<q<1,xq>0

(29)

So by using the inverse transform method one can generate the

random variable

()l

ln(u)] -0

Where u is a random number distribution uniformly in the unit

interval [0, 1].

3.1. Shannon and relative entropies

The Shannon entropy of [0, 1] TFIG(a, b, «, B) random variable X

can be found as follows,
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By using equation (10) we get,
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By using equation (18) and
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The relative entropy DKL (F||F*) for a random variable [0, 1]
TFIG(a, b, a, B) can be found as follows,
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3.2 Stress-strength reliability

Let Y and X be the stress and the strength random variable, inde-
pendent of each other, follow respectively [0,1] TFIG(a, b, @, B)
and [0,1] TFIG(ay, by, a4, B1) ,then,
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4. Summary and conclusions

In a statistical analysis a lot of distributions are used to represent
set(s) data. Recently. New distributions are derived to extend
some of the well-known families of distributions, such that the
new distributions are more flexible than the others to model real
data. The composing of some distributions with each other's in
some way has been in the foreword of data modeling.

In this paper, we presented a new family of continuous distribu-
tions based on [0, 1]] truncated Fréchet distribution. [0, 1]] Trun-
cated Fréchet Gamma ([0, 1]] TFG) and [0, 1 truncated Fréchet
inverted Gamma ([0, 1]] TFIG) distributions are discussed as spe-
cial cases. Properties of [0, 1] TFG 1] TFG and [0, 1] TFIG 1]
TFIG is derived. We provide forms for characteristic function, rth
raw moment, mean, variance, skewness, kurtosis, mode, median,
reliability function, hazard rate function, Shannon's entropy func-
tion and Relative entropy function.

This paper deals also with the determination of stress-strength
reliability R=p[y < x] when x (strength), and y (stress) are two
independent [0, 1]] TFG ([0, 1] TFIG) distributions 1] TFIG) dis-
tributions with different parameters.
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