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Abstract

There is a general consensus that gaits of humans and animals can be considered as spatio-temporal patterns
emerging via self-organization. In line with synergetics, a theory of pattern formation and self-organization founded
by Haken, an amplitude equation model for human run-walk gait transitions is presented. The model allows for a
definition of two distinct attractors representing walking and running. In particular, the size of the two attractors
in the space of locomotion speed can be determined as a function of the model parameters. Furthermore, the model
parameters can be estimated based on data from walking experiments on treadmills. The approach is illustrated for
data reported in the literature on walking experiments involving tilted floors. It is shown that attractor size depends
on the floor inclination, which suggests that in general the domains of attraction of walking and running attractors
are context dependent. In particular, they depend on floor inclination. In other words, a pattern formation model
is presented that describes how sensory feedback about environmental conditions may impact gait control.

Keywords: Synergetics, Nonlinear Physics, Gait transitions, Amplitude equations, Order parameters.

1. Introduction

At the heart of complex system theory is the theory of pattern formation. Pattern formation is a self-organization
process and as a self-organization process has been studied by various research groups and schools [1]. One of these
schools is synergetics founded by Haken [2]. While the definition of a pattern is actually based on a mathematical
formalism, patterns typically correspond to structures in some appropriately defined space that may evolve over
time as well. Spatio-temporal patterns of this kind emerge via bifurcations when certain system parameters, the
so-called control parameters, assume critical values [1, 2]. One of the most important elements of the theory of
pattern formation is that the emergence of patterns can be understood in terms of pattern amplitudes only. That
is, the precise details of the patterns play only a limited role in the theory of pattern formation. They primarily
affect parameters that in turn affect the evolution of the pattern amplitudes. The evolution equations of the pattern
amplitudes correspond usually to coupled ordinary differential equations [1, 2]. Being somewhat more precise, a
pattern formation system typically can feature several different patterns k = 1, 2, 3, . . . . Each pattern exhibits its
own amplitude. The observed pattern is a superposition of the individual patterns k = 1, 2, 3, . . . . In particular, if
all pattern amplitudes equal zero expect for the amplitude of the pattern j, then the observed pattern corresponds
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to the pattern j. Likewise, if the pattern formation process exhibits only mutually exclusive patterns, then the
amplitudes of the patterns k = 1, 2, 3, . . . will converge in any case to a so-called winner-takes-all fixed point at
which all amplitudes equal zero except for one amplitude. The amplitude equation concept allows a researcher
to discuss a given pattern formation problem from a top-down perspective without discussing the details of the
patterns under consideration [3].

In synergetics the pattern amplitudes of the emerging patterns are referred to as order parameters. The reason
for this is that the amplitudes are considered as counterparts to order parameters of equilibrium phase transitions
such as ferromagnetic phase transitions and other order-disorder transitions [2].

The order parameter concept of synergetics for pattern formation has been applied in the field of motor control
as well. For example, synchronization of rhythmic limb movements to a metronome beat and synchronizing two os-
cillating limbs with each other has been modeled using order parameter equations [4, 5, 6, 7, 8]. Transitions between
one-handed and two-handed grasping when the size of the to-be-grasped objects increases have been examined using
an order parameter equation [3, 9, 10]. Applications of order parameter equations in social psychology examined
infant-mother face-to-face communication [11] and personal space [12] and applications in clinical psychology have
addressed schizophrenia, bipolar disorder and obsessive-compulsive-disorder [13, 14, 15, 16, 17, 18, 19].

In the context of gait control, it is of interest to note that walking and running of humans have been considered as
spatio-temporal patterns emerging via self-organization of the human motor control system such that the concepts
of pattern formation [7] and self-organization [20] apply. Therefore, following the claim made above, walking and
running may be studied on the basis of appropriately defined amplitude equations. In fact, for another class of
gross motor patterns, namely, grasping patterns, an order parameter model has been developed and applied to
experimental data [3, 9, 10, 21]. This model can easily be adopted to describe transitions between walking and
running in gait transition experiments. However, what has been missing in previous research is an appropriate
focus on the role of a particular model parameter: the offset parameter L2,0. The parameter L2,0 belongs to the
second order parameter that describes the amplitude of the second motor pattern (i.e., the running pattern in gait
experiments). Therefore, in Sec. 2 the order parameter model developed earlier for grasping transitions [3, 9, 10, 21]
will be briefly introduced in the context of gait transitions. Subsequently, an in-depth discussion of the role of the
parameter L2,0 will be provided. It will be shown that it determines the size of the gait attractors in the space of the
locomotion speed. In Sec. 3 the model will be applied to previously reported data from gait transition experiments.
Two studies for walking on titled floors will be reviewed and re-analyzed. In these previous studies it has been
shown that the speed at which walk-run and run-walk transitions can be observed depends on the inclination
angle of the floor. Consequently, the studies support the hypothesis that gait control relies on feedback about the
environment. An analysis of this issue with respect to the synergetic gait transition model will shed new light on
the nature of this feedback mechanism. It will be shown that the floor inclination affects the aforementioned model
parameter L2,0. Therefore, the conclusion will be drawn that in general the size of gait attractors is not fixed but
context dependent. For example, it is affected by the inclination angle of the supporting surface on which walking
or running is performed.

2. Synergetic gait transition model

2.1. Walking and running attractors: definition via amplitude equations

Let us adopt the grasping transition model developed earlier [9] to describe gait transitions. Note that the grasping
transition model is a version of the pattern formation model suggested by Haken [22]. In general, we will consider
amplitude equations that have been discussed frequently in the context of pattern formation. The amplitude
equations that will be presented below describe pattern formation in fluid layers under Benard instability [22, 23,
24, 25, 26, 27, 28, 29, 30], pattern formation in chemical reaction-diffusion systems [31], pattern formation in metal
solidification processes [32] and the emergence of patterns in diffusive signaling processes in cells [33, 34]. Moreover,
the amplitude equations can be transformed into the form of Lotka-Volterra equations [35]. Such Lotka-Volterra
equations have been suggested to capture the amplitude dynamics of neural activity patterns [36]. Therefore, the
amplitude equations that will be used below are not only typical for pattern formation systems of the inanimate
and animate world, rather, they may reflect neural activity patterns associated with walking and running.

In line with the model on transitions between one-handed and two-handed grasping [3, 9], we consider the order
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parameter equations of the form

d

dt
ξ1 = λ1 ξ1 − g ξ22 ξ1 − ξ31 , (1)

d

dt
ξ2 = λ2 ξ2 − g ξ21 ξ2 − ξ32 . (2)

In Equations (1) and (2), ξ1 and ξ2 are the order parameters of the walking and running modes, respectively. More
precisely, if ξ1 > 0, ξ2 = 0 holds, then the model describes a walking actor. In contrast, if ξ2 > 0, ξ1 = 0 holds,
then the model describes a running actor. In this study, magnitudes of ξ1 and ξ2 are not directly evaluated. The
focus is on examining whether a behavioral mode is present (e.g. ξ1 > 0) or absent (e.g. ξ1 = 0). The parameter
g is the coefficient that occurs in the mixed terms and represents the strength of the interaction between walking
and running. Here, interaction refers to the notion that the two gaits compete with each other for being performed.
The larger the interaction between the gaits, the larger is the value of g. The parameter g must satisfy g ≥ 1. Only
in this case the model can account for the mutual exclusivity of the behavioral modes. If g < 1 then modes may
co-exist. This is inconsistent with the experimental paradigm under consideration that allows an agent to perform
either walking or running but not both at the same time. The parameters λ1 and λ2 are growth parameters. If
positive they describe how fast the order parameters ξ1 and ξ2 increase exponentially provided that both parameters
are close to zero. The growth parameters also determine the stability of the fixed points, as we will discuss in what
follows.

2.2. Fixed points

The order parameter equations (1) and (2) exhibit four fixed points provided that λ1, λ2 > 0. The fixed points are

ξ1 = 0 ∧ ξ2 = 0 , (3)

ξ1 =
√

λ1 ∧ ξ2 = 0 , (4)

ξ1 = 0 ∧ ξ2 =
√

λ2 , (5)

ξ1 > 0, ξ2 > 0 ∧ ξ21 + ξ22 =
λ1 + λ2

1 + g
. (6)

The fixed point ξ1 = 0 ∧ ξ2 = 0 describes the origin. It is unstable for λ1 > 0 or λ2 > 0 as can be shown by a
linear stability analysis. Since in applications to gait transitions at least one of the two parameters is larger than
zero, it follows that the origin is an unstable fixed point. Likewise, the co-existence fixed point defined by Eq. (6)
is unstable for g ≥ 1 as can be shown by a linear stability analysis again [9]. The remaining fixed points defined
by Eqs. (4) and (5) are so-called winner-takes-all fixed points. They may both be stable or only one of them may
be stable. More precisely, for λ1 > λ2/g the fixed point of the walking mode with ξ1 > 0 is asymptotically stable.
Otherwise, the fixed point is unstable. Likewise for λ2 > λ1/g the fixed point of the running mode with ξ2 > 0 is
asymptotically stable. Otherwise, the fixed point is unstable. Consequently, for 1/g < λ1/λ2 < g both fixed points
are stable.

2.3. Control parameter

As reviewed above, on the one hand, λ1 and λ2 determine the stability of the two modes: walk and run. On the
other hand, in laboratory experiments the locomotion speed is manipulated and gait transitions are observed at
certain critical speeds. It is useful to rescale locomotion speed to obtain a dimensionless number, the so-called
Froude number [37], which will be denoted by α. The Froude number is defined by α = v2/(Lleg ggrav), where v
is the locomotion speed, Lleg is the leg length of the walker and ggrav corresponds to the gravitational constant.
Note that the Froude number is defined such that at Froude numbers larger than 1 walking is impossible because
the centrifugal force produced by the swinging body will lift a walker off the ground. Only running is possible for
Froude numbers α larger than 1. Since according to the model λ1 and λ2 affect the stability of walking and running,
whereas from experimental studies it is known that α determines the gait transitions, it is assumed that λ1 and
λ2 depend on α. Without loss of generality [9], we assume that the growth parameters are linear functions of the
control parameter α like

λ1 = 1− α (7)

and

λ1 = L2,0 + α . (8)
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In Eq. (7) the constant on the right-hand-side of the equation is chosen such that when α > 1 we have λ1 < 0. In
this case, the fixed point that is defined by ξ1 =

√
λ1 ∧ ξ2 = 0 and represents the walking mode does not exist.

Therefore, the choice of the constant is consistent with the biophysical considerations about walking made above.
The parameter L2,0 occurring in Eq. (8) is an offset parameter. As mentioned in the introduction, we will focus on
this parameter and consequently discuss below the meaning of L2,0 in detail.

2.4. Gait transitions

As mentioned above, the conditions λ2 = gλ1 and λ1 = gλ2 describe the gait transition points [9]. Solving
λ2 = L2,0 + α = gλ1 = g(1− α) for α we obtain the critical values αc,2 for walk-to-run transitions:

αc,2 =
g − L2,0

g + 1
. (9)

In a similar manner, we can derive αc,1 for run-to-walk transitions like

αc,1 =
1− gL2,0

g + 1
. (10)

That is, the fixed point ξ1 = 0 ∧ ξ2 =
√
λ2 (representing running) is asymptotically stable for α > αc,1 and

unstable for α < αc,1. Likewise, the fixed point ξ1 =
√
λ1 ∧ ξ2 = 0 (representing walking) is asymptotically

stable for α < αc,2 and unstable for α > αc,2. Consequently, when increasing locomotion speed v and the Froude
number α gradually (ascending experimental condition) the walk-to-run transition occurs at α = αc,2. In contrast,
when decreasing locomotion speed v and the Froude number α gradually (descending experimental condition) the
run-to-walk transition occurs at α = αc,1.

2.5. Hysteresis

In the context of gait transitions, note that αc,2 ≥ αc,1 (because we consider the case g ≥ 1). That is, the model
predicts hysteretic transitions [9]. In particular, combining Eqs. (9) and (10), we compute the hysteresis size
∆α = αc,2 − αc,1 by

∆α =
(g − 1)(1− L2,0)

1 + g
. (11)

In the hysteresis interval given by [αc,1, αc,2] the system is bistable. Since the function u(g) = (g − 1)/(g + 1) is a
monotonically increasing function for g ≥ 1 starting at u(g = 1) = 0, from Eq. (11) it follows that the larger the
interaction parameter g is, the wider is the bistable domain (see also Fig. 4a in Ref. [3])

2.6. Parameter estimation

From Eqs. (9) and (10) it follows that the offset parameter L2,0 can be computed like [9]

L2,0 = 1− αc,1 − αc,2 . (12)

Moreover, if we substitute Eq. (12) into Eq. (9) and solve for g, we obtain

g =
1− αc,1

1− αc,2
. (13)

Equations (12) and (13) are the estimators for the model parameters L2,0 and g. Let us assume that in gait
transition experiments the critical Froude numbers αc,1 and αc,2 can be measured. Then based on the experimental
values for αc,1 and αc,2, the model parameters L2,0 and g can be computed using Eqs. (12) and (13).

2.7. The role of L2,0 for the size of gait attractors in the space of locomotion speed

As mentioned above, in order to study walk-to-run and run-to-walk transitions, the Froude number α = v2/(Lleg ggrav)
seems to be a promising control parameter because it predicts that any walker must transition to running at α = 1
irrespective of the leg length of the walker.
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Keeping this argument in mind, we will discuss the meaning of the model parameter L2,0. In previous studies
on grasping transitions [3], the parameter L2,0 has been interpreted as a overall measure for the ”strength” of the
second behavioral mode (which is the two-handed grasping in the context of grasping experiments or running in
the context of gait transition experiments). More precisely, L2,0 determines the overall magnitude of the growth
parameter λ2 of the second mode. This is illustrated in Fig. 1. When L2,0 increases then the growth parameter of
the second mode becomes stronger for any given Froude number α. More precisely, the function λ2(α) is shifted to
higher values (see Fig. 1 again).
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Figure 1: Growth parameter λ2 as a function of α for two different offset parameters L2,0 = −0.1 (dashed line) and
L2,0 = 0.3 (solid line) as computed from Eq. (8).

Although this observation captures an important aspect of L2,0, it does not refer directly to the bifurcation
points αc,1 and αc,2 of gait transitions as defined by Eqs. (9) and (10). From Eqs. (9) and (10) it follows that the
critical values αc,1 and αc,2 decay as functions of L2,0. However, this affects the domains of the attraction for the
walking and running attractors differently. As shown in Fig. 2 the domain of the walking attractor in the space
of locomotion speed measured in terms of Froude numbers α is given by the Froude numbers α smaller than the
boundary αc,2 = q(g − L2,0) with q = 1/(1 + g). In contrast, the domain of the running attractor measured in
the space of Froude numbers α is given by the Froude numbers α larger than the boundary αc,1 = q(1 − gL2,0).
If L2,0 increases then both boundaries αc,1 and αc,2 are shifted to lower values. This implies that the domain for
the walking attractor becomes smaller, whereas the domain for the running attractor becomes larger. That is, L2,0

reflects the dominance of the running attractor relative to the walking attractor, in the sense that increasing L2,0

increases the dominance of the running attractor over the walking attractor in the space of the relative locomotion
speeds α.

Let us make this interpretation of L2,0 more quantitative. To this end, we introduce the size of the domain of an
attractor in the space given by the interval α = [0, 1]. Consequently, the size S reflects a percentage value ranging
from 0 to 100 percent. From Fig. 2 it follows that the size of the walking attractor is defined by

S(walk) =

 1 for L2,0 < −1
αc,2 otherwise
0 for L2,0 > g

(14)

Likewise, the size of the running attractor is defined by

S(run) =

 1 for L2,0 > 1/g
1− αc,1 otherwise

0 for L2,0 < −1
(15)

Figure 3 depicts S(walk) and S(run) as functions of L2,0 for a given parameter g. Again, we see that the two gait
attractors are affected differently by L2,0. The size S(walk) of the walking attractor decays when L2,0 is increased.
In contrast, the size of the running attractor S(run) is increased when L2,0 is increased. Note that for any parameter
g ≥ 1 the graphs S(walk) and S(run) behave qualitatively as shown in Fig. 3.
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Figure 2: Domains of attraction of walking and running attractors in the space of relative locomotion speed measured
in terms of α. There are two relevant boundary levels: αc,2 = q(q − L2,0) for walk (see left) and αc,1 = q(1− L2,0)
for run (see right). Here: q = 1/(1 + g).
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Figure 3: Size of gait attractors for walking (dotted line) and running (solid line) as a function of L2,0. The graphs
were computed from Eqs. (14) and (15). Parameter: g = 1.5.

3. Gait transition experiments on tilted floors

Let us review two studies in which gait transitions on tilted floors have been observed [38, 39]. In both studies
participants were asked to walk on a treadmill. Treadmill speed was either gradually increased to induce a walk-
to-run transition or gradually decreased to induce a run-to-walk transition. Importantly, both studies allow us to
discuss gait transitions with respect to relative locomotion speed as defined by the Froude number α. In both
studies, the ramp of the treadmill was tilted such that walkers had to walk or run on a tilted floor. In the study by
Hreljac et al. [39] three angles of inclination were used. For sake of conveniency, the inclination angles were express
in percentage values like θ = 0%, θ = 10%, and θ = 15%. In the study by Diedrich and Warren [38] two angles of
inclination were used: θ = 0% and θ = 10% (the latter was equivalent to an angle of 5.7 degrees).

3.1. Descriptive results

Table 1 shows for the three angles θ the critical treadmill speeds at which on the average walk-to-run and run-to-
walk transitions were observed by Hreljac et al. [39]. Furthermore, since Hreljac et al. reported a mean leg length
Lleg of 0.88 m, the critical locomotion speeds vc,1 and vc,2 were transformed into Froude numbers αc,1 and αc,2.
Overall the critical velocities (locomotion speeds) decreased when the inclination of the floor was increased. This
implies that the critical Froude numbers calculated in Table 1 decreased as well as a function of θ.

In the study by Diedrich and Warren [38], mean critical Froude values averaged across walk-to-run and run-to-
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Table 1: Descriptive measures observed in the gait transition experiment by Hreljac et al. [39]. Critical Froude
values were not reported in Hreljac et al. [39]. The critical Froude numbers shown in this table were calculated
from the velocities using αc = v2c/(Lleg ggrav) with Lleg = 0.88 m.

θ[%] Condition Critical velocities vc [m/s] Critical Froude values αc

0 Walk-to-run 1.9 αc,2 = 0.42
Run-to-walk 1.8 αc,1 = 0.38

10 Walk-to-run 1.8 αc,2 = 0.38
Run-to-walk 1.7 αc,1 = 0.33

15 Walk-to-run 1.7 αc,2 = 0.33
Run-to-walk 1.6 αc,1 = 0.30

walk transitions were reported. Mean critical Froude values of αc,m = 0.55 for θ = 0% and αc,m = 0.46 for θ = 10%
were observed. Again, it was observed that the critical Froude values on average shifted to lower values when the
inclination of the floor was increased.

3.2. Model-based re-analysis of gait transition experiments

Using Eqs. (12) and (13), we calculated the model parameters g and L2,0 from the critical Froude values αc,1 and
αc,2 reported in Table 1. Table 2 reports the estimated model parameters thus obtain. The interaction parameter
g varied only slightly as a function of the inclination angle. In contrast, L2,0 increased with increasing angle θ by a
fair amount. In line with our considerations on L2,0 made earlier, we conclude that the dominance of the running
attractor increased when inclination angle was increased. This model-based conclusion is illustrated in Fig. 4.
Figure 4 plots the domains of attraction for the walking and running attractors in the space of relative locomotion
speeds (as measured by α). The domains are plotted for the three inclination angles separately. The graphical
illustration supports our conclusion that the domain of attraction of the running attractor increased with increasing
inclination angle. In contrast, the domain of attraction of the walking attractor decreased with increasing inclination
angle. Finally, using Eqs. (14) and (15) attractor size was determined. The results are reported in Table 3. In line
with the increase of L2,0 as a function of θ, we found that the size S(walk) of the walking attractor decreased when
increasing the floor inclination θ, while the size S(run) of the running attractor increased when increasing θ.

Table 2: Model parameters g and L2,0 estimated for the gait transitions observed in the gait transition experiment
by Hreljac et al. [39].

θ[%] g L2,0

0 1.07 0.21
10 1.06 0.29
15 1.06 0.37

Table 3: Effect of floor inclination on the size of the gait attractors for walking (S(walk)) and running (S(run)) as
obtained from the model-based re-analysis of the gait transition study by Hreljac et al. [39].

θ[%] S(walk)[%] S(run)[%]
0 42 62
10 38 67
15 33 70

As mentioned above, in the study by Diedrich and Warren [38] only critical Froude values averaged across
walk-to-run and run-to-walk transitions were reported. It is known that such critical values are consistent with the
critical values obtained from random conditions in behavioral transition experiments [40]. However, such random
conditions cannot address hysteresis. Therefore, for these averaged critical Froude values (reflecting a pseudo-
random condition) it is useful to put the interaction parameter g equal to unity. In this case, from Eq. (11) it
follows that the model does not account for any hysteresis effect. That is, for g = 1 hysteresis size equals zero.
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Figure 4: Domains of attraction for walking and running attractors as functions of the floor inclination. See text
for details.

Re-writing Eq. (12) like L2,0 = 1−2αc,m, where αc,m is the averaged critical Froude number αc,m = (αc,1+αc,2)/2,
we estimated L2,0 from the values αc,m reported in the study by Diedrich and Warren [38]. From αc,m = 0.55 for
θ = 0% we obtain L2,0 = −0.10. From αc,m = 0.46 for θ = 10% we obtain L2,0 = 0.08. Just as in the previous
study, we found that L2,0 increased when floor inclination was increased.

4. Discussion

We studied gait transitions between walking and running from a nonlinear physics perspective and within the
framework of pattern formation. To this end, we presented a re-interpretation of a previously developed model for
grasping transitions. The model describes on a macro-level two order parameters ξ1 and ξ2 reflecting the amplitudes
of the walking and running gait patterns. We demonstrated that the model can capture hysteretic gait transitions
from walk-to-run and run-to-walk in terms of bifurcations involving the order parameters ξ1 and ξ2. The model
features two parameters: g and L2,0. Importantly, based on experimentally observed data both model parameters
can be estimated.

In this context, we arrived at a novel interpretation of the model parameter L2,0. L2,0 determines the dominance
of the running attractor relative to the walking attractor. The domain of attraction in the space of relative
locomotion speeds is positively correlated with L2,0 for the running attractor but negatively correlated with L2,0

for the walking attractor. Likewise, using an appropriately defined measure for the attractor size S we showed that
attractor size S increases with L2,0 for the running attractor but S decreases with L2,0 for the walking attractor.

Two experiments reported in the literature on the impact of floor inclination were considered. The critical
Froude numbers decreased with higher level of inclination. The first model parameter g varied only slightly with the
inclination level meaning that the interaction between the walking and running modes remained largely unaffected
by the manipulation of the floor inclination. In contrast, the parameter L2,0 increased by a fair amount with the
inclination level demonstrating that the attractor domains in general and attractor size in particular are affected
by floor inclination. This illustrates that external conditions, that is, environmental conditions, in general have an
impact on the self-organization of human gaits and can affect gait attractors in particular. In other words, our
model-based analysis suggests that the gait attractor involved in human locomotion are context dependent.
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