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Abstract

The schemes of the arrangements based on the Mach-Zehnder interferometer and the interferometer with two polarizing beam splitters are
considered. The interferometers in both the schemes are equipped with some devices, creating a Kerr medium, to perform the quantum
non-demolition measurement of a single photon. Such a device gives which way information of the photon while preserving the work of the
interferometer.
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1. Introduction

The outcomes of the interferometer and which way detector are orthogonal each other. It is thereby impossible to have both interference
and which way information for a single particle in the same set up. This follows from the Bohr’s complementarity principle [1]. The
interplay of the interference and which way information is defined by the relationship of the complementarity parameters, visibility and
distinguishability [2]. The problem can be represented in terms of wave-particle duality. To this end, an interpretation of wave-particle
duality was suggested in [3, 4].
The Bohr’s complementarity principle is about the projective measurement. Instead, one can apply other types of measurement, allowing
detection of interference and which way information in the different configurations. The concept of weak measurement [5, 6] makes it
possible to have both interference and which way information in the different configurations, in accordance with the Bohr complementarity.
Several techniques of the weak measurement have been implemented with the flux of photons, e.g. [7, 8].
The scheme of the arrangement to perform the weak measurement of a single photon was suggested in [9]. The arrangement includes
the modified Mach-Zehnder interferometer and which way detector. The system of the mirrors deflects the components of the photon,
traveling two legs of the interferometer. Within the interferometer, the deflection is rather small thus not destroying interference. After the
interferometer, the trajectories of the components of the photon diverge and may be distinguished at the which way detector. Following [9],
the scheme of the modified interferometer with two polarizing beam splitters was considered [10]. One can use the arrangement [10] for
attack on the protocol BB84 [11, 12].
The concept of quantum non-demolition (QND) measurement was designed to obtain information about the state, without destroying it,
e.g. [13] and references therein. As a consequence, QND measurements yield identical results when repeated. In optical QND measurements,
a signal beam is coupled to a meter in a Kerr medium, making a phase shift on the meter, depending on the intensity of the signal beam.
A Kerr medium, working at the single photon level, can be realized in cavity quantum electrodynamics [14]. The QND detection of a
single photon was demonstrated in the optical domain [15], and in the microwave domain [16, 17]. The detection technique is based on the
strong-coupling regime of cavity quantum electrodynamics. A single photon is reflected off a cavity that leads to a phase flip of the atom in
the cavity. Subsequent readout of the atomic phase allows to nondestructively detect the photon. Also, other techniques were realized to
create a Kerr medium, dealing with single photons, e.g. [18, 19, 20].
The QND measurement of a single photon may be used to obtain which way information of the photon, without affecting its degrees of
freedom like spacial-temporal shape and polarization. In the present paper, we shall consider the schemes of the arrangements based on the
Mach-Zehnder interferometer and on the interferometer with two polarizing beam splitters. The legs of the interferometers are equipped with
some devices, creating a Kerr medium to make the QND measurement of a single photon. The QND measurement occurs in the configuration
other than the configuration of the interferometer, allowing to obtain which way information of the photon while preserving the work of the
interferometer.
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Figure 1: Scheme of the arrangement based on the Mach-Zehnder interferometer. BS: beam splitter, KM: Kerr medium, M: meter, D: detector.

2. Schemes of the arrangements

Consider the scheme of the arrangement based on the Mach-Zehnder interferometer equipped with some devices, creating a Kerr medium,
one device on each leg, see Fig. 1. A cavity with an atom can be used as such a device [14]. In the standard Mach-Zehnder interferometer, a
single photon is split into two components at the first 50/50 non-polarizing beam splitter. The components of the photon on legs a and b form
the superposition state

|ψ〉= (|ψa〉+ |ψb〉)/
√

2. (1)

When coupling at the second 50/50 non-polarizing beam splitter, the two components interfere. Having the phase between the components
tuned, the photon goes out of the interferometer through the bright port of the second beam splitter, with the unity probability, and through
the dark port, with the null probability. In the scheme in Fig. 1, each component of the photon, traveling the leg of the interferometer,
interacts with a meter in a Kerr medium. Specifically, we shall take the atom in the cavity as a meter.
Interaction of a single photon with the atom in the cavity can be realized with the technique of the QND measurement, based on the
strong-coupling regime of cavity quantum electrodynamics utilized in [15, 16, 17]. The technique allows QND detection of the photon. After
the interaction with the meter atoms, the components of the photon are reflected off the cavities and directed to the second beam splitter.
When coupling the components of the photon and the meter atoms, their states become entangled. The composite states of the components of
the photon and the meter atoms on legs a and b are given respectively by

|Ψa〉= (|0a〉|ga〉+ |1a〉|ea〉)/
√

2 (2)

|Ψb〉= (|0b〉|gb〉+ |1b〉|eb〉)/
√

2 (3)

where |0〉 and |1〉 are the states of the photon in the photon-number basis, |g〉 and |e〉 are the ground and excited states of the meter atom
respectively. The states of the photon and the meter atom are correlated. The meter atoms on legs a and b are subjected to the projective
measurements in the basis of the ground and excited states. The projective measurements on the meter atoms give indirectly which way
information about the photon. Thus, the atoms in the cavities act as which way detectors.
The state of the photon reflected off the cavity does not change. The spacial-temporal shape and polarization of the reflected photon remain
the same. There is no transfer of the energy-momentum from the photon to the which way detector (atom in the cavity). Therefore, coupling
the components of the photon and the meter atoms does not affect the work of the interferometer. The superposition of the photon eq. (1) is a
one-particle state in which the components of the photon are defined in the space basis. The superpositions of the photon and atom eqs. (2,3)
are two-particle states in which the components of the photon are defined in the photon number basis. The projective measurement on the
meter atom makes collapse of the two-particle state but does not affect the one-particle state of the photon. One can observe interference due
to the superposition state eq. (1) at the second beam splitter of the interferometer. In the scheme, interference and which way information can
be obtained in the different configurations, in accordance with the Bohr’s complementarity principle.
To this end, the two-slit experiment with entangled photons showed both interference and which way information of the photon [21]. One of
the entangled photons was taken to form interference in the two-slit configuration, and the twin photon served a detector to obtain which way
information of the first photon. Like the experiment [21], the proposed scheme draws on the which way detector entangled to the photon.
The photon reflected off the cavity acquires the π-phase shift, conditioned on the excited state of the meter atom. Addition of the π-phase
shift to one of the components on leg a or leg b results in the interchange of the bright and dark ports of the second beam splitter. To obviate
the interchange of the bright and dark ports one can utilize the phase shifters placed after the cavities, one on each leg. Upon having the
projective measurements on the meter atoms on legs a and b made, instrument readings are expected to indicate one of the meter atoms in
the ground state and the other in the excited state. Depending on the results obtained, one should switch on the phase shifter on the leg,
corresponding to the excited meter atom, to do the −π-phase shift on the component of the photon thus erasing the phase information about
the interaction of the component of the photon and the meter atom. Having the phase information erased, one can observe interference like in
the standard Mach-Zehnder interferometer.
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Figure 2: Scheme of the arrangement based on the interferometer with two polarizing beam splitters. PBS: polarizing beam splitter, KM: Kerr medium, M:
meter.

Consider the scheme of the arrangement based on the interferometer with two polarizing beam splitters equipped with some devices, creating
a Kerr medium, one device on each leg, see Fig. 2. The interferometer works as follows. Let a single photon enter the first polarizing beam
splitter in the polarization state |H〉+ |V 〉 where H and V are horizontal and vertical polarizations respectively. After the first polarizing
beam splitter, the components of the photon on legs a and b form the superposition state

|ψ〉= (|Ha〉+ |Vb〉)/
√

2. (4)

At the second polarizing beam splitter, the two components couple, restoring the initial state of the photon. In the scheme in Fig. 2, each
component of the photon, traveling the leg of the interferometer, interacts with the meter in a Kerr medium. We shall take the atom in the
cavity as a meter.
The composite states of the components of the photon and the meter atoms on legs a and b are given respectively by

|Ψa〉= (|0Ha〉|ga〉+ |1Ha〉|ea〉)/
√

2 (5)

|Ψb〉= (|0V b〉|gb〉+ |1V b〉|eb〉)/
√

2. (6)

The projective measurements on the meter atoms give indirectly which way and polarization information about the photon. The discussion of
the scheme in Fig. 1 is applicable to the scheme in Fig. 2. One should use the phase shifters to compensate the π-phase shift of the photon
reflected off the cavity. Then, the projective measurements on the meter atoms do not destroy the work of the interferometer, and the photon
leaves the interferometer in the initial state.
The QND measurements in the arrangement in Fig. 2 give the polarization state of the photon within the interferometer |H〉 or |V 〉 at
random. Several passages of the photon through the arrangement in Fig. 2 collect statistics of the polarization state of the photon within the
interferometer. From this, one can obtain the polarization state of the photon beyond the interferometer. Thus, the multiple passage of the
photon through the arrangement in Fig. 2 allows to determine the polarization state of the photon. The scheme of the arrangement based on
the interferometer with two polarizing beam splitters equipped with some devices, making the weak measurement, was considered in [10].
The arrangement can be used to perform an attack on the protocol BB84 [11, 12]. The attack on the protocol BB84 proposed in [11, 12] can
be realized with the use of the arrangement in Fig. 2.
The proposed schemes draw on the entanglement as a resource for getting which way information of the photon in the QND measurement.
In this case, the interferometer and the which way detector act in the different configurations, and their readings do not influence each
other. Depending on the detector, the photon can be at the same time in the pure state (which way detector) and in the superposition state
(interferometer). According to the interpretation of quantum mechanics [3, 4], a single photon follows a definite way (leg a or leg b) at
random while the superposition state eq. (1) describes the possibilities provided by the interferometer to the photon. It reflects the inability of
the interferometer to reveal the way of the photon.

3. Conclusion

We have addressed the problem of which way information of the photon in the interferometer obtained by means of the QND measurement.
We have considered the schemes of the arrangements based on the Mach-Zehnder interferometer and the interferometer with two polarizing
beam splitters equipped with some devices to perform the QND measurement of a single photon. In the QND detection of the photon, there
is no exchange of the energy-momentum between the photon and which way detectors. Therefore, the QND detection of the photon does
not affect the work of the interferometer. In both the schemes, interference and which way information can be obtained in the different
configurations, in accordance with the Bohr’s complementarity principle. The arrangement based on the interferometer with two polarizing
beam splitters allows to determine the polarization state of the photon without destroying it. The arrangement can be used to perform an
attack on the protocol BB84.
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