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Abstract 
 

In this present work, the Coupled Higgs Field Equation, which is a nonlinear evolution equation (NLEE), is reduced to a nonlinear ordi-

nary differential equation (NLODE) using transformations of variables and functions and the Trial Equation Method is applied for estab-

lishing Soliton Solutions of the coupled equation. 
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1. Introduction 

Since a few recent decades, investigation of nonlinear evolution equations (NLEEs) is becoming an important area of research as they 

have a variety of applications in various branches of social and scientific disciplines like Ecology, Social Dynamics, Financial Mathemat-

ics, Engineering and many branches of Physics such as Biophysics, Chemical Physics, Fibre Optics, Fluid Mechanics, Neuro-physics, 

Particle Physics, Solid State Physics and many more. Many powerful and efficient methods of finding exact solutions of NLEEs have 

been proposed so far and the Trial Equation Method [ 1 - 5] is one of them. Many authors have successfully used the method in finding 

exact solutions of a number of NLEEs. In the present paper, soliton solutions of the Coupled Higgs Field Equation [ 6 - 10 ] are being 

obtained using the Trial Equation Method. 

 The Coupled Higgs Field Equation describes system of conserved scalar nucleons interacting with neutral scalar mesons in particle 

physics. This coupled equation has applications in the studies of Field Theory and Electromagnetic waves as well. This coupled equation 

introduces the Higgs field to illustrate the mechanism of generation of mass for Gauge Bosons. The Coupled Higgs Field Equation is 

generally expressed as the following pair of NLEEs 

 

utt − uxx − βu +  γ|u|2 u − 2uv = 0                                                                                                                                                          (3) 

 

and 

 

vtt + vxx −  γ (|u|2)xx = 0.                                                                                                                                                                          (2) 

 

Here, x and t are spatial and temporal variables respectively, the function u(x, t) is a complex scalar nucleon field, the function v(x, t) is 

a real scalar meson field, β and γ are arbitrary real constants and the subscripts denote partial differentiations with respect to them. 

Using the Trial Equation Method, the above coupled NLEE is to be solved to obtain some soliton solutions. 

2. Outlines of trial equation method 

In this section, the outlines of the Trial Equation Method are briefly presented. The main steps are 

Step 1: 

In a given nonlinear partial differential equation of a function u of two real variables x (spatial) and t (temporal) in the form 

 

P(x, t, u, ux, ut, uxx , utt , uxt . . . . ) = 0                                                                                                                                                           (3) 

 

where P is a polynomial of the shown variables and the subscripts denote partial differentiations with respect to them, the equation is first 

transformed into a nonlinear ordinary differential equation in the form 

 

Q(ξ, U, U′, U′′, U′′′, . . . ) =  0                                                                                                                                                                          (4) 
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where Q is also a polynomial of the newly introduced variable ξ = x − ct, the newly introduced function U(ξ) and various derivatives of 

U(ξ). Here, c is a real constant (generally the constant speed of the associated wave),  

 

U′ =  
dU

dξ
 , U′′ =  

d2U

dξ2  etc.  

 

If all the terms of Eq.(4) contain derivatives, the equation is to be integrated once or more until one term does not contain derivative(s) 

whilst the integration constant(s) are to be chosen as zero. 

Step 2: 

We assume a Trial Equation in the form 

 

(U′)2 = F(U) =  ∑ aj U
jm

j=0                                                                                                                                                                            (5) 

 

where aj( j = 0, 1, 2, 3, . . . m) are constants to be determined. 

Substitution of Eq. (5) and other derivatives of U such as U′, U′′ etc. into Eq. (4) will yield a polynomial G(U) of U. Then, the value of m 

can be determined from the balancing principle. Next, setting the various coefficients in the polynomial G(U) to zero separately, we will 

obtain a system of algebraic equations. Solving such system of equations, we can determine the values of aj(j = 0, 1, 2, 3, . . . m) and the 

constant c. 

Step 3: 

We can write Eq. (5) in integral form as 

 

± (ξ − ξ0) =  ∫
dU

√F(U)
                                                                                                                                                                                    (6) 

 

where ξ0 is a constant? 

Classifying the roots of the function F(U) and evaluating the integral in Eq. (6), we can obtain exact solutions of Eq.(3). 

3. Application of trial equation method to coupled higgs field equation 

In this section, the Trial Equation Method is being applied to seeking exact solutions of Coupled Higgs Field Equation, thereby yielding 

some soliton solutions and some periodic solutions. 

Let us first reduce the Coupled Higgs Field Equation to two simultaneous nonlinear ordinary differential equations. To do this, let us 

introduce new functions with new variables as in the following. 

 

u(x, t) = U(ξ) e− (kx− ωt)                                                                                                                                                                               (7) 

 

and 

 

v(x, t) = V(ξ)                                                                                                                                                                                                 (8) 

 

where U(ξ) and V(ξ) are real functions of a new variable ξ defined by ξ =  x − ct and c, k, ω are constants to be determined. 

Using the newly introduced variable and the functions, we write Eq. (1) as 

 

(c2 − 1)U′′ + 2i(k −  ωc)U′ + (k2 − ω2 −  β)U +  γU3 − 2UV = 0                                                                                                       (9) 

 

where 

 

U′ =  
dU

dξ
 ,  U′′ =  

d2U

dξ2  , etc.  

 

Imaginary part of Eq.(9) yields k =  ωc and, hence, we re-write Eq.(9) as 

 

(c2 − 1)U′′  +  (k2 −  ω2 −  β)U +  γU3 − 2UV = 0.                                                                                                                              (10) 

 

Further, Eq. (2) can also be written as 

 

(c2 + 1)
d2 V

dξ2 =  γ 
d2(U2)

dξ2  .  

 

Integrating twice with respect to ξ and choosing the integration constants as zero, we write  

 

V =  
γ U2

c2+1
 .                                                                                                                                                                                                    (11) 

 

Substituting Eq.(11) into Eq.(10) and using k =  ωc, we write 

 

(c4 − 1)U′′  +  {(c4 − 1)ω2  −  β(c2 + 1) } U +  γ (c2 − 1) U3 = 0.                                                                                                      (12) 

 

Now, U(ξ) can be solved from Eq.(12) and then substituting in Eq. (11), we can obtain V(ξ) also. Then, substituting U(ξ) and V(ξ) into 

Eqs. (7) And (8) and using ξ = x − ct, we can obtain the solutions u(x, t) and v(x, t) of Eqs. (1) and (2) respectively. 

Now, recalling Eq. (5) and using derivatives of U(ξ), we balance U′′ with U3 to yield 
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m = 4. Thus, we re-write Eq. (5) as 

 

(U′)2 = F(U) =  a0 +  a1 U + a2 U2  +  a3 U3 + a4U4 .                                                                                                                         (13) 

 

Differentiating both sides of Eq. (13) with respect to 𝜉 and then dividing the results by 2𝑈′, we obtain 

 

𝑈′′ =  
1

2
 𝐹′(𝑈) =  

1

2
 𝑎1 + 𝑎2 𝑈 +  

3

2
 𝑎3 𝑈2 +  2 𝑎4 𝑈3 .                                                                                                                           (14) 

 

Substituting Eq. (14) into Eq. (12), we obtain 

 

(𝑐4 − 1) (
𝑎1

2
+ 𝑎2 𝑈 +  

3

2
 𝑎3 𝑈2 + 2 𝑎4 𝑈3)  + {(𝑐4 − 1)𝜔2 − (𝑐2 + 1)𝛽}𝑈   

 

+ 𝛾(𝑐2 − 1)𝑈3 = 0.   
 

 

Equating the various coefficients of different powers of U to zero, we obtain the following system of algebraic equations. 

 
1

2
(𝑐4 − 1) 𝑎1 = 0,   

 

(𝑐4 − 1) 𝑎2 +  (𝑐4 − 1) 𝜔2 − (𝑐2 + 1)𝛽 = 0,  
 
3

2
 (𝑐4 − 1) 𝑎3 = 0,  

 

and 

 

2 (𝑐4 − 1) 𝑎4 +  𝛾 (𝑐2 − 1) = 0.  
 

Solving the above system of equations, we obtain 

 

𝑎1 = 0,   𝑎2 =  
𝛽

𝑐2 −1
− 𝜔2 ,   

 

𝑎3 = 0   𝑎𝑛𝑑   𝑎4 =  − 
𝛾

2 (𝑐2 + 1)
 .  

 

Substituting the values of these coefficients into Eqns.(6) and (13), we obtain 

 

± (𝜉 −  𝜉0)  = ∫
𝑑𝑈

√𝑎0+ 
𝛽 − (𝑐2 − 1)𝜔2

𝑐2 −1
 𝑈2 − 

𝛾

2 (𝑐2 +1)
 𝑈4

 .                                                                                                                                          (15) 

 

If we set 𝑎0 = 0 in Eq.(15), then integrating with respect to U, we can obtain 𝑈(𝜉) .  
Substituting the expression for 𝑈(𝜉) thus obtained into Eq.(7), we obtain a bright and a singular soliton solutions of Eq.(1) as  

 

𝑢(𝑥, 𝑡) = ± √
2{𝛽(𝑐2+ 1)− (𝑐4 −1)𝜔2}

𝛾 (𝑐2 −1)
 ×  𝑠𝑒𝑐ℎ [ √

𝛽− (𝑐2−1)𝜔2

𝑐2−1
 (𝑥 − 𝑐𝑡 − 𝑥0) ] ×  𝑒− 𝑖(𝑘𝑥− 𝜔𝑡)                                                                    (16) 

 

and 

 

𝑢(𝑥, 𝑡)  

 

= ± √− 
2{𝛽(𝑐2+ 1)− (𝑐4 −1)𝜔2}

𝛾 (𝑐2 −1)
 ×  𝑐𝑜𝑠𝑒𝑐ℎ [√

𝛽− (𝑐2−1)𝜔2

𝑐2−1
 (𝑥 − 𝑐𝑡 − 𝑥0)]  ×  𝑒− 𝑖(𝑘𝑥− 𝜔𝑡)                                                                          (17) 

 

where 𝑥0 =  𝜉0 is a constant. 

 

Eq. (16) represents a bright soliton solution whereas Eq. (17) represents singular soliton solution and these are valid for  

 

(𝑐2 − 1){𝛽 −  (𝑐2 − 1)𝜔2}  > 0.  
 

Using Eqs. (8) and (11), we obtain the corresponding bright and singular soliton solutions of Eq. (2) as  

 

𝑣(𝑥, 𝑡)  =  
2{𝛽 (𝑐2+1)− (𝑐4−1) 𝜔2}

𝑐4− 1
 ×  𝑠𝑒𝑐ℎ2 [√

𝛽− (𝑐2−1)𝜔2

𝑐2 − 1
 (𝑥 − 𝑐𝑡 − 𝑥0)]                                                                                                 (18) 

 

and 

 

𝑣(𝑥, 𝑡)  = − 
2{𝛽 (𝑐2+1)− (𝑐4−1) 𝜔2}

𝑐4− 1
 ×  𝑐𝑜𝑠𝑒𝑐ℎ2 [√

𝛽− (𝑐2−1)𝜔2

𝑐2 − 1
 (𝑥 − 𝑐𝑡 − 𝑥0)].                                                                                         (19) 
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For (𝑐2 − 1) {𝛽 − (𝑐2 − 1)𝜔2}  < 0,   Eq. (1) will have periodic solutions given by 

 

𝑢(𝑥, 𝑡) = ± √
2{𝛽(𝑐2+ 1)− (𝑐4 −1)𝜔2}

𝛾 (𝑐2 −1)
 × 𝑠𝑒𝑐 [ √− 

𝛽− (𝑐2−1)𝜔2

𝑐2−1
 (𝑥 − 𝑐𝑡 − 𝑥0)]  ×  𝑒− 𝑖(𝑘𝑥− 𝜔𝑡)                                                                   (20) 

 

and  

 

𝑢(𝑥, 𝑡)   = ± √
2{𝛽(𝑐2+ 1)− (𝑐4 −1)𝜔2}

𝛾 (𝑐2 −1)
 ×  𝑐𝑜𝑠𝑒𝑐 [ √− 

𝛽− (𝑐2−1)𝜔2

𝑐2−1
 (𝑥 − 𝑐𝑡 − 𝑥0) ] ×  𝑒− 𝑖(𝑘𝑥− 𝜔𝑡).                                                            (21) 

 

 Using Eqs. (8) and (11), the corresponding periodic solutions of Eq.(2) are given by 

 

𝑣(𝑥, 𝑡) =  
2{𝛽(𝑐2+ 1)− (𝑐4 −1)𝜔2}

 (𝑐4 −1)
 ×  𝑠𝑒𝑐2 [ √− 

𝛽− (𝑐2−1)𝜔2

𝑐2−1
 (𝑥 − 𝑐𝑡 − 𝑥0) ]                                                                                               (22) 

 

and 

 

𝑣(𝑥, 𝑡) =
2{𝛽(𝑐2+ 1)− (𝑐4 −1)𝜔2}

 (𝑐4 −1)
 ×  𝑐𝑜𝑠𝑒𝑐2 [√−

𝛽− (𝑐2−1)𝜔2

𝑐2−1
(𝑥 − 𝑐𝑡 − 𝑥0) ]                                                                                              (23) 

 

If we choose 𝑎0 =  − 
(𝑐2+1) {𝛽− (𝑐2−1)𝜔2}2

2𝛾 (𝑐2−1)2  in Eq. (15), then integrating with respect to U, we can obtain 𝑈(𝜉) .  

Substituting the expression for 𝑈(𝜉) thus obtained into Eq. (7), we obtain a dark and a singular soliton solutions of Eq.(1) as 

 

𝑢(𝑥, 𝑡)  =  ± √
𝛽(𝑐2+1)− (𝑐4−1)𝜔2

𝛾 (𝑐2−1)
 ×  𝑡𝑎𝑛ℎ [√− 

𝛽− (𝑐2−1)𝜔2

2 (𝑐2−1)
 (𝑥 − 𝑐𝑡 −  𝑥0)] ×  𝑒− 𝑖(𝑘𝑥− 𝜔𝑡)                                                                    (24) 

 

and 

 

𝑢(𝑥, 𝑡)  =  ± √
𝛽(𝑐2+1)− (𝑐4−1)𝜔2

𝛾 (𝑐2−1)
 ×  𝑐𝑜𝑡ℎ [√− 

𝛽− (𝑐2−1)𝜔2

2 (𝑐2−1)
 (𝑥 − 𝑐𝑡 − 𝑥0)] ×  𝑒− 𝑖(𝑘𝑥− 𝜔𝑡).                                                                    (25) 

 

The dark and the singular soliton solutions in Eqs. (24) And (25) are valid for  

 

(𝑐2 − 1) {𝛽 − (𝑐2 − 1)𝜔2}  < 0.  
 

Using Eqs. (8) And (11), the corresponding dark and singular soliton solutions of Eq.(2) are given by 

 

𝑣(𝑥, 𝑡) =
𝛽(𝑐2+1)− (𝑐4−1)𝜔2

 (𝑐4−1)
 ×  𝑡𝑎𝑛ℎ2  [√− 

𝛽− (𝑐2−1)𝜔2

2 (𝑐2−1)
 (𝑥 − 𝑐𝑡 − 𝑥0)]                                                                                                   (26) 

 

and 

 

𝑣(𝑥, 𝑡)  =
𝛽(𝑐2+1)− (c4−1)ω2

 (c4−1)
 ×  coth2  [√− 

β− (c2−1)ω2

2 (c2−1)
 (x − ct − x0)] .                                                                                                  (27) 

 

For the condition  

(c2 − 1) {β −  (c2 − 1)ω2}  > 0,  we will obtain periodic solutions. 

4. Conclusion 

In this study, the Trial Equation Method has been applied for finding some exact solutions of the Coupled Higgs Field Equation and 

thereby some soliton solutions and periodic solutions are obtained. It is seen that the performance of the method is quite effective and 

reliable and the application of the method can be extended to many other NLEEs arising in many areas of nonlinear sciences. 
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