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Abstract

In this paper, the nonlinear oscillator arising in the microbeam-based micro-electromechanical system (MEMS) is described. The motion
equation of a microbeam is simplified into an ordinary differential equation by using the Galerkin method. The nonlinear ordinary differ-
en-tial equation is solved by using two methods including the Parameter-Expansion and Equivalent Linearization Methods. To verify the
accu-racy of the present methods, illustrative examples are provided and compared with other analytical, exact and numerical solutions.
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1. Introduction

Micro-electromechanical systems (MEMS) is a process technolo-
gy used to create tiny integrated devices or systems that combine
mechanical and electrical components. They are fabricated using
integrated circuit (IC) batch processing techniques and can range
in size from a few micrometers to millimetres. These devices (or
systems) have the ability to sense, control and actuate on the micro
scale, and generate effects on the macro scale. MEMS are used in
many engineering applications such as: microswitches, transistors,
accelerometers, etc. While working, electrostatic actuation, large
deflections and damping caused by different sources raises nonlin-
ear behavior. Nonlinearity in MEMS may cause some difficulties
in computations. Until now, several techniques have been used to
find numerical solutions of this nonlinear problem, for example
the shooting method [1], the differential quadrature method [2]
and the Adomian decomposition method [3]. Although it is diffi-
cult to get analytic approximations for different phenomena in
MEMS, there are some analytic techniques for nonlinear problems
of MEMS such as perturbation techniques [4], the energy balance
method (EBM) [5], the homotopy analysis method (HAM) [6] and
the He’s Variational Approach (VA) [7].

The Equivalent Linearization method (ELM) is one of the com-
mon approaches to approximate analysis of nonlinear dynamical
systems. The original linearization for deterministic systems was
proposed by Krylov and Bugoliubov [20]. Then Caughey [21]
expanded the method for stochastic systems. To date, there have
been some extended versions of the Equivalent Linearization
method [22, 23]. It has been shown that the Equivalent Lineariza-
tion method is presently the simplest tool widely used for analyz-
ing nonlinear stochastic problems.

The Parameter-Expansion Method proposed by He [8, 10] is an
effective approach to analytical investigation of nonlinear prob-
lems. This approach are investigated in different works [9, 11-17].
In this work, the Parameter-Expansion Method (PEM) and the
Equivalent Linearization Method (ELM) are applied to analyse the

nonlinear oscillator arising in the microbeam-based micro-
electromechanical system. The analytical results achived by two
methods are compared with the previous analytical results, the
exact results and the numerical results.

2. Basic of parameter-expansion method

In order to introduce the PEM, we consider the general form of
Duffing equation in the following form:

U+eu+1-NQu,t)=0 1)

Where N(u, t) includes the nonlinear term.

Expanding the solution u, & as a coefficient of u, and 1 as a coef-
ficient of N(u, t), the series of p can be introduced as follows [8,
10]:

u=3p'u, ) =u,(t) +pu, )+ pu, )+ @
E=R' 43P 0 =0+ P, +Pw, - (3)
1=3p'a =pa+pa+- @

Substituting Egs. (2)- (4) into Eq. (1) and equating the terms with
the identical powers of p, we have:

0

p°: U, +eu, =0 (5)

1

p': U, +o'u,+ou,+aN U,t)=0 (6)
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Considering the initial conditions uo(0) = A and u,(0)=0, the so-
lution of Eq. (5) is u, =A cos(at) . Substituting uo into Eq. (6), we
obtain:

p': U +a'u, +wAcos(at) +aN (Acos(at),t) =0 @)

For achieving the secular term, we use Fourier expansion series as
follows:

N (A cos(at),t) = 3b,, , cos((2k +1)et) (8)
Substituting Eq. (8) into Eq. (7) yields:
p': U+, +(wA+ap,)cos(at) =0 9)

For avoiding secular term, we consider:

®A+ab, =0 (10)
Setting p=1in Egs. (3) and (4), we have:

o=c-0 (11)
a =1 (12)

Substituting Egs. (11) and (12) into Eq. (10), we will achieve the
first-order approximation frequency of this oscillator (1). Note that,
from Egs. (4) and (12), we can find that ai=0 for all i=1,2,3.4,...

3. Basic of equivalent linearization method

To introduce an overview of the Equivalent Linearization meth-
od, we consider the oscillation described by following nonlinear
differential equation:

X +g9(X)=0, X (0)=A, X (0)=0 (13)
where g(X) is a nonlinear function of X and A is the initial ampli-
tude.

The idea of the Equivalent Linearization method is to replace the
nonlinear term g(X) in Eq. (13) by the linear term as follows [21]:

g(X)—>ax (14)

By this manner, the linearized equation of Eq. (13) is given by:
X +aX =0 (15)

where the cofficient o of the linear term is determined by using
the mean-square criterion [21-23]:

e’(X)=[g(X)-aX ] - Min (16)
Thus, from:
o (x) _,
oa
yields:

In Eq. (17), the symbol <~> donotes the time-averaging operator
in classical meaning [20]:

(f (t)):Jigl_rllf (t)dt (18)

For a w-frequency function f{wt), the averaging process is taken
during one period T, i.e.

(f (at)) :ngf (et )t :i?f (M7, -t

(19)

Using the solution of the linearized equation (15), we can calcu-
late averaging values in Eq. (17), and thus the frequency - ampli-
tude relationship of the oscillation is obtained in closed form.

4. Modeling and formulation

Consider a fixed-fixed microbeam placed between two stationary
electrodes with length I, width band thickness h, whose sketch is
shown in Fig. 1 together with coordinate oxyz, where go is the
initial gap and v the electrostatic load. The equation of motion that
governs the transverse deflection w(x,t) is written as [5]:

_ ow ow | - EStiow Y, |ow
El + S —[N +j£[a—xj dx}ax +q(x,t)

(20)

2

Where E is the effective modulus, should be noted that, when a
wide microbeam (b > 5h) is considered, E becomes the plate
modulus E =E /(1-v?) where E is the Young’s modulus and v is

the Poisson ratio, while a narrow microbeam is considered, E
simply becomes the Young’s modulus E; S=bh and 1=bh%12 are
the area and moment of inertia of the cross-section, respectively.
N denotes the tensile or compressive axial load created by the
mismatch of both thermal expansion coefficient and crystal lattice
period between substrate and the thinfilm (microbeam). The sec-
ond term on the right-hand side, q(x,t), denotes the driving force
per unit length, resulting from electrostatic excitation [20]:

0k t):gvbvz{ 1 1 }

- 21
2 [(g,-w) (g,+w) (1)

Where ¢, is the dielectric constant of the gap medium which is
usually taken as & =8.85pF/m.

As fixed-fixed microbeams are of primary interest here, the
boundary conditions are given by:

(22)

Fig. 1: Schematics of A Double-Sided Driven Clamped-Clamped Mi-
crobeam-Based Electromechanical Resonator.

For convenience, the following nondimensional variables and
parameters are introduced:
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LR s ()

N 9, pzb (23)
N Ny e 24elV

| Eh’g?
The normalized form of the governing equation is given by:

N 1
ow aw _| ow ) ow v*I@a-w) (24)
o0&t ort +aj(—J d¢los 4| 1
o\ o¢ LW )’

And the corresponding nondimensional boundary conditions are:

(25)

The deflection W (&,7) in Eq. (24) is expressed as a sum of spatial
shapes that, a priori, satisfy the imposed boundary conditions:

W (&) =249, (7) (26)

Where n is the number of degrees of freedom, ¢ (&) is the ith
eigenfunction of the beam and u, (z) is the ith time-dependent

deflection parameter of the beam. Based on a single degree-of-
freedom model of the beams (n=1), Eq. (24) can be solved with
appropriate accuracy [18]. Hence, the solution is constructed by
expressing the deflection function W (&,7) as the product of two
separate functions:
W (£,7) =p(S(2) (27)
As most earlier work suggested, here the trial function is
#(&£) =16 (1-£)* [19]. Obviously, Eq. (27) satisfies all the bound-
ary conditions listed in Eq. (25). In order to avoid division by zero
in the electrostatic force term, we multiply Eq. (24) by @-w )’.
Substituting Eq. (27) into the resulting equation, multiplying by
#(£) , and integrating the outcome from 0 to 1, we obtain:

(au+ayu’+a)i+au+au’+au’+au’ =0 (28)
where

a=[#ds a=2fgdsa = ]pus

a,=](¢79-Ngo—V ¢)ds;

a=-l(264-2Ngg+apgi(s) de)es (29)

aﬁ

(69 -Ngo +2a9°](9) ac)ac:

a =-f(assl(s) ac)as.

Here a overdot (.) denotes differentiation with respect to the time
variable r, while a prime (') indicates the partial differentiation
with respect to the coordinate variable &. Eq. (28) is a nonlinear
ordinary differential equation. In the next sections, the parameter-
expansion and equivalent linearization methods are utilized to
study this nonlinear oscillator.

5. Application of the parameter-expansion
method

To apply PEM, first we rewrite Eq. (28) in the form:

e 2 3 5 7
&, Qulrauiirau’rau’rau’

. a ! (30)

u(0)=A,u(0)=0

Assume that the solution can be expressed as a power series in an
artificial parameter p:

u=3p'u,(r)=u,(7) + pu, () + P () +--- (31)

where p is a booking parameter. We assume that the coefficients
as/az and 1 on the left of Eqg. (30) can be respectively expanded
into a series of p:

(32)

a n
“=@'+Yp'w=0"+pa,+pw+-
33 i=1

1=3p'b =pb, +pb, +-- (33)

Substituting Egs. (31), (32) and (33) into Eq. (30) yields:

(U, + pu, + pi, +--) + (0" + poy,

+piw, +--)(U, + pu, + piu, +--) +

i(uu+pu1

a3

+pu, +--) (U, + pUL + P, )+
a

—=(U,+py, (34)
a

+(pb, + pb, +---)x| +pu, +---)} (U, + pu, + p,+--)+ |=0

i(u +pu,+pu,+--)’
a3 o 1 2

+$(u0+ pu, +pu, +---)°
8,

+$(u0+pu1+ pu,+--)
a,

Equating the terms with the identical powers of p yields:

0

p°: U, +awu,=0, u,(0)=A,u,(0)=0 (35)

. . a, ,.
p': U, +@u +wu,+b &y +b Zuap +b, Sy
1 1 170 1a3 0o ;la3 0o 1a3 0

(36)
+b, 20t b, 207 =0, u,(0)=0
3, 3,

The solution of Eq. (35) can be easily obtained

u, =A cos(wr) (37)

Substituting the result (37) into Eq. (36), we have:

U, + @’u, + w,A cos(at) —b, %u;‘Asw2 cos’ (at) —

3

blﬁAsw2 coss(a)t)+b1%A3cosg(a>t) + (38)

b, % A* cos* (et) +b, b, & A" cos’ (at) =0
3, a, 'a

3

Note that:

3cos(wr) + cos(3wr)

2 (39)

cos’(wr) =
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cos* (o) = 10cos(wr) +5cos(3wr) + cos(5wr) (40) u,(r)=—(E,+E, +E,)cos(wr) + E, cos(3w7) + (51)
16 E, cos(5w7) + E, cos(7wr)
cos' () = 35COS(a)T)+21COS(3wT; :7005(5mr)+cos(7a)r) (41) where
E, =2 52
Substituting Egs. (39), (40) and (41) into Eq. (38) yields: iy (52)
a)lA—E liAﬁa)z—gbliAga)2 E —_ B, (53)
. 32 a, 16 2 240°
U, +o’u, + 10 cos(wr) @
Zb Ly +1gh, Ly 64b1$A7
- - - £, =2 (54)
——balAS 2_b2A32 [0}
16 'a, a,
1 a5 a L2 e, cos(3er) (42)  substituting Eqs. (48)- (50) into Egs. (52)- (54), and then substi-
ZblgA +EblgA 64b a A tuting the results into Eq. (51), we have:
A s o 1 s A5 av r 1
-—b 2A’w —bA b 5 s o 108,
+( a +16 a 4™ a jcos( 7) _Eb Z:A o _ZblaTA »
+ 20,2 A" cos(Twr) =0 FETNC O Y a5A5 &As
64 "a, 47", 16 'a,
No secular terms in us requires: u@=- 5 cos(wr) -
' ——bli ‘o +Sb B A
16 'a, 1
a1 9,8, ,;,
A——b @' ——b, ZA%w 7.4 ,, 1, a .,
32 'a, 16 ‘a, 4 +ablgA 64b aIA
a, 10 a, 35 a “3) + 2 + 2
b A+ b AS+h AT=0 L 240 480" |
a 64 "4,
A a5 o
If the first-order approximation is sufficient, then we set p=1 and ‘Eb a, A b A
from Eqs. (32) and (33), we have:
ib zA +E ::Af- 64b%A5
=0+, (44) 8w’ cos@er) -
—Eb &a 16b ab 2A7
1=b, (45) - > 4(02 cos(5wr)
From Egs. (43), (44) and (45), we have the approximate frequen- b a,
cy: 64 'a,
7cos(mr)

_ [64a, +48a,A +40a,A° +352,A°

= 46
“ 7\ 4(16a, +10aA" +12a A7) (46)
Substituting Eq. (46) into Eq. (36), and noting Eq. (43), yields:
U, +@'u, =B, cos(3wr) + B, cos(5wr) + B, cos(7wr) 47)
where:
%bliAS 2 i 12A3 2
5= ) . (48)
& b &, 208,
4 a3 a3 64 a,
_Eb LY +%b & p
B=-| _ ¥ (49)
+—b & A’
64 " a,
B,=——b 2 A (50)
64 "a

Solving Eq. (47), we obtain:

(55)

Last, substituting Egs. (37) and (55) into Eq. (31), we obtain the
first-order approximate solution of this oscillator:
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_——b a‘Af’a)2 b 2 A0+ ] < >=<A cos (a)r)> —_— f cos (a)r)dr—3A4 (62)
16 'a, a, 2 8
1 a5 A3 a‘s A5 b EAS
4 a, 16 a, 64 133 V= (A® 6 :&Z’ﬂm 6 d :5A6 63
o (u*)=(A* cos*(ar)) - { cos’ (wr)d 7 G (63)
_Eb & At +—b —=A°+ 35A0
u(r) = A cos(ar) - a3 & cos(wr) - (u®)=(A®cos’(wr)) = T S (onr="20 (63)
64b a3
240° {u) = —<A ‘0’ cosz(a)r)> =
(65)
i ﬁ ; Azwa 2rle , Azwz
64 'a, Ton { cos’(wr)dz=—
L 480° J
uv)=—(A'e’ cos"(wr)):—A @ z”j/mcos"(an-)dz-:f3A @ (66)
b2 A% — b, &A% + '
16 a,
1 as as 5 av 5 5 6 2 6 A6w3 2rlo 6 SAECUZ
=h,=A° +— A®+ b A Ul =—(A*w’ cos’(wr))=——— | cos’(wr)dr=— 67
47a, 16 'a, 64 'a cos(3err) - )= ) 27 I 16 (67)
8w’
(56)  Substituting Egs. (61) - (67) into Eq. (59), we get:
TR ORI TN VORI . .
16 4, 16 4, 64 cos(5wr) [f—a1 77a A'—=aA’+=A’? J
240 2 _ 2 2 +
N 68
ab a, A EaA2+3aA +£aA +£@AS 0
i COS(707) 2 8" 16 " 128
@ 1
,AZ
2

where w is given in Eq. (46).
The higher-order approximations for w and u(z) can be established
in a similar manner.

6. Application of the equivalent linearization
method

Now, we will apply the equivalent linearizaton method to find the
solution of Eq. (28). The linearized equation of Eq. (28) has the
form:

U+wu=0 (57)
The equation error between the two Eqgs. (28) and (57) is:
e(U)=(au*+au’+a)i+au+au’+au’+au’ —Uu—-wu (58)

The unknown coefficient w? is determined from the mean square
error criterion:

A

2 w) -0

it follows that:

e (au +auii +aud —ui) (au’+au‘+au’+au®)

- + - (59)
() )
The periodic solution of Eq. (57) is:
u(r) = Acos(wr) (60)

Using (60), we calculate averaging operators in Eq. (59):

2

(u?)=(A*cos*(w7)) = 2— j cos (a)r)dr—A? (61)

From Eq. (68), we obtain the approximate frequency of this oscil-
lator:

[64a, +48a,A° +40a,A* +35a,A°

(69)
"\ 40aA"+48aA" +64a,

According to Egs. (60) and (69), we can obtain the approximate
solution of this oscillator:

L(e)=A COS[ [64a, + 482, A7 + 40a,A" + 352 A° TJ (70)

\  40aA‘+48a,A°+64a,

Note that the frequency in Eq. (69) obtained by ELM is the same
one in Eq. (46) obtained by PEM.

7. Discussions

In order to validate the effectiveness of the current approaches,
Tab. 1 compares the frequencies obtained by the Energy Balance
Method wesm [5], Variational Approach wva [7], Parameter-
Expansion Method (in Eq. (46)), Equivalent Linearization Method
(in Eq. (60)) and the exact solution wex [6] for various parameters
N, a, V and initial amplitudes A. The values of dimensionless pa-
rameters N, o, V in Tab. 1 correspond to different forces and volt-
ages acting on the microbeam.

Figs. 2(A), 2(B), 2(C) and 2(D) represent comparisons of the ana-
Iytical solutions of u(z) based on time with the Energy Balance
Method, Variational Approach and numerical solutions. It could
be obtained from the figures that the motion of the system is a
periodic motion and the amplitude of vibration is a function of the
initial conditions.
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Table 1: Comparison of Frequencies Corresponding to Various
Parameters of System

case A N o V ox[f] O ova[7] @remand
[5] WELM
1 03 10 24 0 26.8372 26.3867 26.3644 26.8304
2 03 10 24 20 16.6486 16.3829 16.3556 16.6445
3] 06 10 24 10 285382 28.9227 28.5579 28.4030
4 06 10 24 20 18.5902 17.5017 17.0940 18.5409
(A
0.4 T
- = =vA
EBM
030y ' +O PEM
+  Numerical
0.2} h
01}
E} or
=0 B R
-0.2}
—03b e
-0.4 . - i i
o] 0.1 0.2 0.3 0.4 0.5
t
(B)
0.4
- = =VA
< EBM
038y PEM | A
+ Numerical
0.2 R
[ e Rt E IR IR -
r
E} of 7
A \y
B0 T T . . O S
-0.2 i
—0B[ e  l
-04 L L L L
0 0.1 0.2 0.3 0.4 0.5
t
©
0.8 T
- = =VA
P T R | © EBM
; —d— PEM
+  Numerical
0.4
0.2F - g
=3 of
o2t @ oo g0 N e ]
-0.4
—06F oo B LA
-0.8 i - . i
0 0.1 0.2 0.3 0.4 0.5

()]
0.8
-—-=VA
0.6 O EBM

—se— PEM
+  Numerical

0.2 0.3 0.4

t
Fig. 2: Comparison Of Solution Corresponding to Various Parameters of

System: (A) A=0.3, N=10, A=24, V=0; (B) A=0.3, N=10, A=24, V/=20;
(C) A=0.6, N=10, A=24, V=10; (D) A=0.6, N=10, A=24, V=20;

Figs. 3(A), 3(B), 3(C) and 3(D) show the comparisons of the ana-
lytical solution of du(z)/dr based on u(z) with the energy balance
method, variational approach and numerical solutions.

A
10 T
VA
8l O EBM
A PEM
6F g +  Numerical
at b
2r B
k=]
S 0 7
°
-2} p
—al R A
-6} b
-8} B
-10 i i i i i i
-0.4 -0.3 -0.2 -0.1 0 0.1 0.2 03 04
u
(B)
: VA
sr o EBM
4 PEM
al e +  Numerical
21 b
3 of 1
o
e T S b
al . N P S ]
s E : . . - N
-0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4
u
(©)
25 T
: : . VA
2O e O  EBM
E 3 : —4— PEM
ASfF F " +  Numerical
A0f T T REETERRRREEE
5 B
2 of 1
=
T L N T S p
B T
—1s} b
20 : g
—25 i i : i
-0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 o8



International Journal of Engineering & Technology

603

(D)
15 r
VA
O EBM
10} —4A— PEM
+  Numerical
51 4
©
3 of 1
©
5} ]
—-10} 4
—15 i i i i
-0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8

u
Fig. 3: Comparison Of Phase Solution Corresponding to Various Parame-
ters of System: (A) A=0.3, N=10, A=24, V=0; (B) A=0.3, N=10, A=24,
V=20; (C) A=0.6, N=10, A=24, VV=10; (D) A=0.6, N=10, A=24, \V=20;

Fig. 4 is presented to show the effect of amplitude A on the phase
plan of the problem. And the effects of V, « and N on the phase
plan of the problem are presented in Figs. 5, 6 and 7, respectively.

Figs. 8-10 are presented the effects of V, N, a parameters on non-
linear frequency base on amplitude, respectively. From Fig. 8, we
see that when the voltage V acting on the microbeam increases
then the frequency decreases. But from Figs. 9 and 10, the fre-

quency increases when the axial force and the ratio g,/h increase.

25 T T T T T

PEM

........ . #  Numerical

20f

151

w0

du/dt
o

-25 i i i i i i i
-0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8

Fig. 4: Effect of Amplitude A on the Phase Plan of the Problem for N=10,
A=24, V=5,

PEM
+  Numerical

du/dt
=)

-5} -

-15 L
-0.5 0 0.5

Fig. 5: Effect of V on the Phase Plan of the Problem for N=10, A=24,
A=0.4.

15

PEM
*  Numerical

10}

du/dt
=]

-5} -

alpha=24
—10}

-15 i i i i

Fig. 6: Effect of a on the Phase Plan of the Problem for N=10, V=10,
A=0.5.

PEM
Numerical
10
5k
=]
5 of
°
-5}
-10}
-15 L L

-0.4 -0.2 0 0.2 0.4 0.6
u

Fig. 7: Effect of N on the Phase Plan of the Problem for A=24, V=10,
A=0.5.

35 T T T T T T T T

o

0 0.1 0.2 03 0.4 0.5 0.6 07 0.8 0.9
Amplitude

Fig. 8: Effect of VV Parameter on Nonlinear Frequency Base on Amplitude
for A=24, N=10.

30

28

18

1] 0.2 0.4 0.6 0.8 1
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Fig. 9: Effect of N Parameter on Nonlinear Frequency Base on Amplitude
for A=24, V=10.
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30 [8] J. H. He. “An elementary introduction to recently developed as-
2 ymptotic methods and nanomechanics in textile engineering”. In-
ternational Journal of Modern Physics B (IJMPB), Vol.22(21)
28| (2008), pp. 3487-3578.
https://doi.org/10.1142/S0217979208048668.
27 [9] J. H. He and D. H. Shou. “Application of parameter-expanding
B ol method to strongly nonlinear oscillators”. International Journal of
g Nonlinear Sciences and Numerical Simulation, Vol.8 (2007),
8 25| pp.121-124.

24

23

221

21 : . : .
0 0.2 04 0.6 0.8 1
Amplitude
Fig. 10: Effect of a Parameter on Nonlinear Frequency Base on Amplitude

for N=10, V=10.
8. Conclusions

In this paper, the Parameter-Expansion Method and the Equivalent
Linearization Method were employed to solve the nonlinear gov-
erning equation of the microbeam-based micro-electromechanical
system where the midplane stretching effect and distributed elec-
trostatic force are both considered. The frequency — amplitude
relationships achived by two methods are obtained in the closed
forms. Excellent agreement between approximate frequencies can
be seen. The high accuracy of two methods is presented by com-
paring the present solutions with the previous solutions and the
exact solutions as well as the numerical solutions.

The effect of the initial amplitude A and the parameters V, o and
N on the phase plan of the problem are investigated. And the ef-
fects of parameters V, N and o on nonlinear frequency base on
amplitude A are also presented.

The results show that the two current methods are very useful in
analyzing nonlinear oscillations.
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