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Abstract

This paper presents the Markov model for the reliability analysis of a linear consecutive 2-out-of-4 repairable system operating with the help
of a linear consecutive 2-out-of-4 external supporting device. The system is analyzed using first order linear differential equation to develop
the explicit expression for steady-state availability, busy period and profit function. Based on assumed numerical values given to system
parameters, graphical illustrations are given to highlight important results. In addition, the effect of failure and repair on availability and

profit are researched.
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1. Introduction

Systems are usually studied with intention to the evaluation of their
reliability measures in terms of busy period of repairman, availability
and generated revenue. In real-life situations, we often encounter
cases where systems that cannot work without the help of exter-
nal supporting devices connect to such systems. These external
supporting devices are systems themselves that are bound to fail.
Such systems are found in power plants, manufacturing systems,
and industrial systems. Improving the reliability and availability of
such systems with their supporting device is vital in ensuring quality
of products. Due to their importance in promoting and sustaining
industries and economy, reliability and economic analysis of such
systems have become an area of interest. Among the reliability
measures of interest are the steady-state availability, busy period,
profit function and mean time to system failure (MTSF). Improving
the availability of such systems leads to an increase in production
and associated profit. Large volumes of literature exist on the is-
sue relating to prediction of reliability characteristics of consecutive
k-out-of-n systems. Parashar and Taneja [1] deals with reliability
and profit evaluation of hot standby PLC system. Singh and Taneja
[2] analyzed the reliability of power generating system with random
inspection. Yusuf [3] performed the reliability comparison between
redundant systems requiring supporting device for operation. Yusuf
and Bala [4] analyzed the reliability characteristics of parallel system
with external supporting device for operation. Yusuf and Hussaini
[5] studied the reliability characteristics of 2-out-of-3 standby system
under perfect repair condition. Aliyu et. al.[6] studied the optimiza-
tion of availability and profit of series-parallel system with linear
consecutive cold standby units. Krishnan and Somasundaram [7]

analyzed the reliability and profit of Repairable K-Out-of-N System
with Sensor. Bhardwaj and chander [8] analyzed the reliability and
profit of 2-out-of-3 redundant system with general repair distribution.
Bharwaj and Malik [9] studied cost effectiveness of 2-out-of-3 cold
standy system with repair and inspection. Chander and Bhardwaj
[10] analyzed the reliability of 2-out-of-3 redundant system with
repair priority.

Existing literatures ignores the impact of having more redundant
supporting device connected to the system or where each unit is
connected to its supporting device to improve the reliability of the
system. Such literature works laid emphasis on reliability of the
system with one supporting device whose failure retards the opera-
tion of the system. More sophisticated models of redundant systems
connected to multi redundant external supporting device should be
developed to assist in reliability of the system, reducing operating
costs and the risk of a catastrophic breakdown.

This paper presents availability and profit analysis of a linear con-
secutive 2-out-of-4 system that worked with the aid of an external
linear consecutive 2-out-of-4 supporting device and derived its cor-
responding mathematical models. The objectives of our analysis are
twofold. First is to capture the effect of failure and repair rates on
steady-state availability and profit. Second is to capture the impact
of steady-state availability on profit. The organization of the paper is
as follows. Section 2 contains the description of the system under
study. Section 3 present Material and method while section 4 present
formulations of the models. The results of our numerical simulations
are presented in section 5. Finally, we make a concluding remark in
Section 6.
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use, distribution, and reproduction in any medium, provided the original work is properly cited.
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2. Description and States of the System

In this paper, a linear consecutive 2-out-of-4 redundant system is
considered. The system is connected to external 2-out-of-4 support-
ing devices for its operation. Each unit has its own supporting device
independent to the other units. When a unit failed, its supporting
will stagnate (an idle supporting device) and vice versa. There two
repairmen that attend to the system, one attached to the system and
the other to the supporting device. When the first unit failed with rate
Bi1, immediately is sent for repair with rate ¢} and the next standby
unit and its supporting device are switch into operation. Similarly,
at the failure of the supporting device, with rate f,, immediately is
sent for repair with rate o and the next supporting device in standby
is switch into operation. It is assumed that switching from standby
to operation is perfect. System failure occurs when three units/three
supporting devices have failed. Priority in repair is considered here.

Ss

Se

Figure 1: Schematic diagram of the System

State O: Initial state, units A; and A;, supporting devices P, and P;
are operational; units A3 and A4, supporting devices P; and P, are
on standby. The system is working.

State 1: Unit A is idle; supporting device P| has failed and is under
repair, units A, and A3, supporting devices P> and P; are operational,
unit A4 and supporting device P4 are on standby. The system is
working.

State 2: Unit A; has failed and is under repair, supporting device Py
is idle, units A, and A3, supporting devices P> and P; are operational,
unit A4 and supporting device P4 are on standby. The system is
working.

State 3: Units A; and A; are idle, supporting device P| has failed
is waiting for repair, supporting device P is under repair, units A3
and Ay, supporting devices P3 and P, are operational. The system is
working.

State 4: Unit A; is waiting for repair, unit A, is under stage I repair,
supporting devices P; and P, are idle, units A3 and A4, supporting
devices P3 and Py are operational. The system is working.

State 5: Units Ay, Ay, A3 and A4 are idle, supporting devices Py, P;
are waiting for repair, supporting device P; is under repair, support-
ing device Py is idle. The system is down.

State 6: Units A; and A; are waiting for repair, unit A3 is under
repair, unit A4 is idle, supporting devices P;, P», P3 and Py are idle.
The system is down.

State 7: Units Ay, A; and A4 are idle, units A3 is under repair sup-
porting device P; is waiting for repair, supporting device P> is under
repair, supporting devices P3 and Py are idle. The system is down.
State 8: Unit A is waiting for repair, unit A, is under stage I repair,
supporting devices P| and P, are idle, units A3 and A4, supporting
device Py are idle, supporting device P3 is under repair. The system
is down.

3. Material and Method

In this study we analyzed the probabilistic analysis of the system by
using of the linear first order differential equations and have obtained
explicit expressions for the steady state availability, busy period
of repairman due to failure of the supporting device, busy period
of repairman due to failure of the unit. Profit was calculated as the
difference between generated and costs incurred due to repair of both
supporting device and unit. Graphical study of the system behaviour
has been made using MATLAB computer package.

Notations

Si: state of the system
P,(t):  probability that the system in state S; at
time ¢

AolARrlAw/Ag/A[/AF:  unit in operation/under repair/waiting
for repair/in standby/is idle/failed.
Po/PrIPywPs/P[/Pr:  supporting device in operation/under re-

pair/waiting for repair/in standby/is idle
/failed.

Pi:  failure rate of the unit.

Bo:  failure rate of the supporting device.

oq:  repair rate of the unit.

p:  repair rate of the supporting.

Cp:  revenue generated when the system is in
working state and has no income when
in failed state.

Cy:  costof each repair for supporting device.

Cy:  cost of each repair for failed unit.

4. Model formulation

Let P(t) = [Py(¢),P1(¢),P>(2), -+, P3(t)] be the probability vector
for system at time ¢ > (. Relating the state of the system at time ¢
and ¢ + dt the steady state differential equations for the system are
as follows:

deLt(f) = —goPy(t) + 0Py (1) + 04 o 1)

df; t<’> = —q1Pi (1) + B2Po(r) + P (1)

P goa(0) + B () + caPa(r)

e t(’ = —43P5(1) + BaPi (1) + 05 (1) + 01 Py ()

P gups) 4 BiPs(e) + cn Ple) + () @
d’zt(’) = —aPs5(t) + BoPs (1)

d’j;’t(’) = —ay Ps(t) + Bi Pa(1)

dP7t(’) = —oyPy(t) + BiP3(1)

W eahy(e) +BoriC)

This can be written in the matrix form as

P’ =MP(t), where
90 = (B1 +B2).q1 = (2 +B2) .2 = (a1 + 1),
g3 = (0 +B1 +PB2).q4 = (a1 +B1 +B2)

w o o 0 0 0 0 0 0
B @ 0 o 0 0 0 0 0
Bi 0 - 0 o 0 0 0 0 2)
0 B 0 —q3 0 o 0 o 0
M=|0 0 Bi 0 —q4 0 o 0 o
0 0 0 B 0 —a 0 0 0
0 0 0 0 B 0 —a 0 0
0 0 S 0 0 —a 0
0 0 0 R 0 0 o
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For the analysis of availability case of system, we use the following
procedure to obtain the steady-state availability, busy period and
profit function.

Iy —q 0 0 0 0 0 0 Py
1% B> —q1 0 a 0 0 0 0 0 P
P’ B 0 -¢ 0 o 0 0 0 0 P
123 0 B 0 —q3 0 o 0 o 0 Py
R |=]0 0 B 0 —q4 0 o 0 7] Py
Py’ 0 0 0 B> 0 - 0 0 0 Ps
P 0 0 0 0 By [ 0 0 Ps
P’ 0 0 0 B 0 0 0 —o 0 Py
Ply 0 0 0 0 B> 0 0 0 —m) \RK

5. Numerical examples

In this section, we numerically obtained the results for system avail-
ability and profit function for all the developed models. The follow-
ing set of parameter values were fixed throughout the simulations
for consistency:

oy =0.6,ap =0.5,8; =0.3,8, = 0.1,Cp = 10000,C; = 1500,C, = 2000

Let T be the time to failure of the system for system. The explicit
expressions for the steady-state availability, state busy period of
repairmen due to failure of units and supporting device are as follows:

A (o0) = Py () + Py (0) + P2 (0) + P3 (o0) 4 P4 (o) 3)
Bri(o0) = Py (00) 4 P3 (00) 4 P5 (00) + Py (o0) “)
Br(e0) = Py (00) + Py (00) + Ps (00) + Py (o) Q)

In the steady state, the derivatives of the state probabilities become
zero and therefore equation (2) becomes

--

MP=0 (6)
which is in matrix form
a0 o o 0 0 0 0 0 0 Py (=) 0
By -4 0 o 0 0 0 0 0 Py (=) 0
B 0 a0 0 o 0 0 0 0 Py (=) 0
0 B> 0 —q3 0 a 0 o 0 || P3() 0
0 0 By 0 —44 0 o) 0 @ | [ Pal=) [ =10 @)
0 0 0 B 0 —ay 0 0 0 Ps (o) 0
0 0 0 0 B 0 —a 0 0 Py (o) 0
0 0 0 B 0 0 0 —a 0 || Pr(e) 0
0 0 0 0 By 0 0 0 —ay) \Pg(e0) 0,
Using the following normalizing condition
8
Y Pile) =1 ®)
k=0
we substitute (8) in last row in (7) to yield
0 a o 0 0 0 0 0 0 Py (o) 0
B —q1 0 253 0 0 0 0 0 Py () 0
By 0 —q2 0 o 0 0 0 0 Py () 0
0 B 0 -q3 0 23 0 o 0 P3 () 0
labelegnd | 0 0 By 0 —ay 0 o 0 o || B | =]0
0 0 0 B 0 —a 0 0 0 | | Ps(e) 0
0 0 0 0 By 0 —ay 0 0 | | Pg(e) 0
0 0 0 B 0 0 0 —a; 0 ]| Py 0
1 1 1 1 1 1 1 1 1 Py (eo). 1
)

The explicit expressions for (3), (4) and (5) are as follows:

3.3 3.2 2.3 3., R2 32
_ oo o a; B+ o as B+ o a5 + oy o By

A (oo
7(o) A rA
_ B +ofapi + o +aias i
Bri(=) = A+
_ aogBi + 0oy 03 BE+ o3 B + af i 7
Brale) = AL +4A;
where

Ay =05 05 + o 03 B + o 0 B3 + 0 B3 + o 03 By
Ay = P B3 + o103 B+ i 03 BB + 03 B}

From Figure 1, the units and supporting unit are subjected to cor-
rective maintenance in states 1, 2, 3, 4, 5, 6 and 7 respectively. Let
Profit = total revenue generated - cost incurred by the repairman due
to when repairing the failed supporting device in the interval (0,z)
- cost incurred when repairing the failed units in the interval (0,7).
Thus,

Pp(e0) = CoAr (20) — C1Br1(o0) — C2B72(0) (10
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Figure 2: Availability against ¢
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Figure 3: Availability against §;

Effect of B on steady-state availability and profit can be observed
in Figures 3 and 3. From these figures it is evident that the steady-
state availability and profit decrease with increase in ;. Results of
steady-state availability and profit with respect to o are given in
Figures 2 and 4. It is evident from these Figures that as ¢ increases,
the steady-state availability, and profit also increase. The impact of
availability on profit, is depicted in Figure 6. In this figure, profit
increases with increase in the steady-state availability.

Failure of supporting device has an implication on reliability mea-
sures such as system availability and profit. Furthermore, it is a
common knowledge that such failure can reduce system performance
and production output.

Figures 7 and 9 displays the trends of system availability and profit
against the failure rate ; for different values of supporting device
rate. It is evident from the figures that system availability and profit
display decreasing pattern with f; for different values of supporting
device failure rate. The gaps between the curves in the figures
become smaller as 3, increase. Thus, the system availability and
profit are more sensitive to 8. This sensitivity analysis implies
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that major maintenance should be invoked to minimize the failure
of supporting device in order to improve and maximize the system
availability and profit.

On the other hand, system availability and profit will also be affected
by other parameter such as failure rate. Thus, the higher the unit and
supporting device failure rates are, the less the system availability,
production output as well the as net profit.

Figures 8 and 10 shows the behavior system availability and profit

03

0.9| =0.4

B2
s

o8

o7

Avalability

o6l el

Profit
-

Figure 8: Availability against o different values of ,(0.3,0.4,0.5)
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Figure 10: Profit against ¢ different values of $,(0.3,0.4,0.5)

against the repair rate o for different values of supporting device
failure rate. It is clear from these figures that system availability
and profit display increasing pattern with ;. The gaps between the
curves in the figures widen as «; increases. This sensitivity analysis
implies that major maintenance to the units/supporting device/entire
system should be invoked to improve and maximize the system
availability, production output as well as the profit.

6. Conclusion

In this paper, we analyzed linear consecutive 2-out-of-4 systems with
2-out-of-4 supporting device attached to the systems. Explicit ex-
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pressions for steady-state availability, busy period and profit function
for the system were derived. Graphical analysis was also performed
numerically. Maintaining high or required level of availability and
profit is often an essential requisite. From the analysis, we conclude
that availability and profit of a linear consecutive 2-out-of-4 will be
higher if each unit has its own supporting device rather than sharing
the supporting device. This will help to minimize system failure
and lead to increase in production output as well as the revenue
generated. Maintenance managers, reliability engineers and system
designers are faced with the challenges of competition and market
globalization on maintenance system to improve efficiency and re-
duce operational costs, this study will serve as a guide in relation
to efficiency, reduction of failure and operational costs, increase in
production output and revenue mobilized.
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