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Abstract

Nucleosomes are shown to be barriers for RNA Polymerase Il elongation along DNA, and their entry site behaves as the major obstacle.
In this work, based on recent available in vivo data, we introduce a mathematical model for RNA Polymerase Il reads. Moreover, as an
alternative way, we use Radial Basis Function Network to predict RNA Polymerase Il reads. Results of our models are in good agree-
ment with experimental data. Furthermore, we introduce a random walk model which includes stalling, backtracking, and elongation
phenomena. This model can predict and simulate the RNA Polymerase 11 trajectory on DNA, when it meets various nucleosomes.
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1. Introduction

In eukaryotic, RNA Polymerase 1l moves along DNA and copies
it into RNA. During this process, called transcription, RNA Poly-
merase 1l meets nucleosomes, in which DNA is wrapped 147bp
around a histone octamer (See Figure 1a). Studies show that RNA
Polymerase Il elongation is influenced and regulated by nucleo-
somes. It has been shown that nucleosomes mostly behave as
physical barriers in vitro [1], [2], and in vivo [3]; and the strength
of this barrier is not constant across one nucleosome or among
different nucleosomes. Some of the key elements affecting this
barrier strength are believed to be histone tails, histone-DNA con-
tact points, and their connections [4].

In a recent work, Weber and his coworkers [3], by sequencing
3'end of nascent RNA, determined the precise location of RNA
Polymerase 1l, in vivo. They mapped it on DNA strands overlaid
on a nucleosome landscape derived from MNase-seq. They found
that for almost all genes, the first nucleosome is a major barrier for
the elongation. This fact has been also observed in vitro by other
people [1], [2] and mathematical model based on these in vitro
results are also introduced [4]. However, in vivo studies show
barrier positions that differ from in vitro results [3].

In this work, we use in vivo extracted data from [3] and based on
that we defined a mathematical model to predict RNA Polymerase
Il reads at each position. We also use Radial Basis Function Net-
work, as an alternative method, to predict RNA Polymerase 11
reads. Based on these models, we extract another model to predict
the elongation, stalling, or backtracking probability at each point
of nucleosomes. Since we include the nucleosome positions in our
model, it can be used in understanding the effect of nucleosomes
on elongation or stalling of RNA Polymerase Il.

2. Methods

To extract experimental data from [3], first of all, we find the posi-
tion of each gene from [5]. Then we consider three facts: First, the

entry of the nucleosome is a major barrier for transcription; sec-
ond, the consensus barrier position for nucleosomes is at about -
7bp from nucleosome entry [3]; and third, nucleosome length is
about 147bp. Thus, in next step, we use the data provided by [3]
for reads of 3'end of nascent RNA, which is used as RNA Poly-
merase Il reads (RNAP Il reads) and find the highest peak position
at the beginning of each gene. Then, we assume that 7bp down-
stream that point would be the nucleosome entry, and that nucleo-
some continues 147bp further downstream. RNAP 11 reads of this
area, which is the first (+1) nucleosome is what our model pre-
dicts. Then we find the next peak in RNAP Il reads, and again
repeat steps mentioned above to find second and third (+2 and +3)
nucleosome positions and model RNAP |1 reads on those spots.
RNAP |1 reads for all genes drops very fast before the peak (up-
stream); however, it decreases gradually after that (downstream)
until it reaches the nucleosome exit. That means, to model RNAP
Il reads, we need an asymmetric function that falls at a faster rate
on one side with respect to the other side. Thus normal distribu-
tion, which is usually a good candidate for modeling some natural
processes, can’t be used here. However, a good candidate, having
these properties, is the log-normal (Galton) distribution [6], which
can be written as:
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where x is position on DNA (distributed random variable), M is
the magnitude, p is the mean, and o is the standard deviation. In
order to find optimal p and o, to fit the log-normal distribution on
RNAP II reads, objective function [7], is used to find the error and
it should be minimized:
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where f and f* are the model and experimental reads for RNAP Il
reads and T=2 in our modeling. We use a computer code (See
supplementary materials) to find these optimal p in [0.01,0.6] and
o in [1,60] for nucleosomes on different genes (e. g.u; and o, for
all +1 nucleosomes, p, and o, for all +2 nucleosomes, and so on).
We employ magnitude (M) as another degree of freedom which is
unique for any individual nucleosome. Since x in (1) should al-
ways be positive, and because we assigned negative numbers to
positions upstream nucleosome entry, a positive shift in x before
using (1) and a negative shift after that is required.

In addition to our log-normal model, we use Radial Basis Function
(RBF) Network to predict RNA Polymerase Il reads, by defining a
hidden layer of kernel nodes:

N
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where N is the number of kernels in the hidden layer, w; and c; are
the center vector and weight for kernel node i, respectively, and p
is the activation function, which characterizes the kernel shape [8].
This function is included in most of programming software, and
by defining the number of kernels in the hidden layer, one can
model a distribution. We found optimal N to be 15, for achieving
minimal error and minimizing over-fitting for each set of nucleo-
somes, explained in Supplementary Materials. We use experi-
mental data of RNA Polymerase Il reads on several nucleosomes,
from [3], to train our RBF Network model, which later is used to
predict the data for reads on other nucleosomes on other genes.
Based on our model for RNAP |1 reads, we derive a random walk
model to simulate RNAP Il trajectory. Figure 1b illustrates RNAP
II “random walk” along DNA. In this figure, RNAP II is on posi-
tion x, and in next time step it may either go further to position
x+1 (elongation), or stop at position x (stall), or go backward to
position x-1 (backtracking).
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Fig. 1: Cartoon Illustration of RNAP Il Movement on a Gene. (A) RNA
Polymerase Il (Orange) Approaches the Nucleosomes (Blue Cylinders).
Blue and Red Arrows Represent Elongation And Backtracking Probabili-
ties. (B) RNA Polymerase Positions along DNA. X Stands for the Current
RNAP II Position, while X+1 Is One Step Downstream, and X-1 Is One
Step Upstream. Blue and Red Arrows Represent Elongation and Back-
tracking Probabilities.

Here, to simplify our model and to be able to use available exper-
imental data, first we assume that RNAP Il either stalls or elon-
gates along the DNA, neglecting backtracking:

P(x+1[x) = PElongation (4)
P(x]|x) = Pstan ()
PElongation + Psan = 1 (6)

where P (x|x) stands for probability of RNAP Il staying at position
X in next time step, given that it is at position x, and P(x+1[x)
stands for probability of RNAP Il moving to position x+1 in next
time step, provided that it is at position x. Normalizing RNAP 11
reads leads us to stalling probability (Psgy (X)) at each point of the

gene. Using this model, we assign a start point to RNAP I, and
then predict whether it goes forward (elongates) or stops at that
point (stall). Then, having that result, we predict RNAP Il position
at next time step, and continuing this process yields to RNAP Il
trajectory simulation.

In next step, to include backtracking in our model, we assume that
if RNAP I starts stalling (P>0.008) the elongation probability
is twice the backtracking probability. Thus, in addition to equa-
tions (4, 5), we can write (7):

P(x — 1|x) = Pgacktrack Q)

Where Pg,eirack Stands for backtracking probability, and equation
(6) is replaced by (8, 9):

PElongation + Pstanl + Ppacktrack = 1 (8)
PElongation = 2PBacktrack ©)
3. Results

Results for deriving fitting parameters p and o for our log-normal
model for the first three nucleosomes are listed in Table 1. Simi-
larly, results for deriving the third fitting parameter, M, in this
model is shown in Table 2. Based on these parameters, we model
the results in Figures 2, 3, and 4 for +1, +2, and +3 nucleosomes,
respectively. These figures show that our model is in a good
agreement with experimental data.
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Fig. 2: Modeling RNA polymerase Il Reads When It Approaches +1 Nu-
cleosome, Based on Log-Normal Distribution. Experimental (Blue) and
Simulation (Red) Results for +1 Nucleosome for (A) Acon, (B) CG31627,
(C) CG9246, (D) Mcm10, (E) Bur, (F) CG9243, and (G) CG9247. Exper-
imental Results are based on [3]. X-Axis Stands for RNAP Il Position with
Respect to the Entry Site of the Nucleosome.
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Fig. 3: Modeling RNA polymerase Il reads when It Approaches +2 Nucle-
osome, Based on Log-Normal Distribution. Experimental (Blue) and Sim-
ulation (Red) Results for +1 Nucleosome For (A) Acon, (B) CG9246, (C)
Mcm10, (D) Bur, and (E) CG9243. Experimental Results Are Based on
[3]. X-Axis Stands For RNAP Il Position With Respect To The Entry Site
of the Nucleosome.
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Fig. 4: Modeling RNA polymerase |1 reads when it Approaches +3 Nucle-
osome, Based on Log-Normal Distribution. Experimental (Blue) and Sim-
ulation (Red) Results for +1 Nucleosome for (A) CG9246, (B) Mcm10,
(C) Bur, and (D) CG9243. Experimental Results are based on [3]. X-Axis
Stands for RNAP |l Position with Respect to the Entry Site of the Nucleo-
some.

Table 1: Optimal Values for M and X. Values are used for All Genes.
Results are Based on Experimental Data from [3] and Optimization Code,
Described in Supplementary Materials.

Table 2: Optimal Values for Magnitude (M). Results are based on Curve
Fitting Using Experimental data from [3]. NA is used for Nucleo-
somes, for which we could not extract data.

Aco CG31 CG924 Mc bur CG92 CG92
n 627 6 m10 43 47
Ltc 3000 50 2000 500 5000 1000 8000
-Itlzuc 800 NA 1000 440 8050 200 NA
= NA NA 700 550 240 100 NA
Nuc

0 c
+1 Nucleosome 0.29 3.7
+2 Nucleosome 0.8 4

+3 Nucleosome 0.4 4.5

As another modeling method, we use RBF Network, in which we
first use experimental data of RNAP Il reads, from [3], to train our
model, and then predict that for other nucleosomes on other genes.
In Figures 5, 6, and 7, model training (red) and prediction (black)
results are provided in comparison to experimental data (blue), for
+1, +2, and +3 nucleosomes, respectively. In this model, we use
15 kernel nodes, which is a good choice for N, to reduce errors.
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Fig. 5: Modeling RNA Polymerase Il Reads when it Approaches +1 Nu-
cleosome, Based on RBF Network (N=15). Results of Model Training
(Red) and Prediction (Black) are Compared with Experimental Data (Blue)
from [3].(A) Acon, (B) CG31627, (C) CG9246, (D) Mcm10, (E) Bur,(F)
CG9243, and (G)CG9247.X-Axis Stands for RNAP 11 Position with Re-
spect to the Entry Site of the Nucleosome.
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Fig. 6: Modeling RNA Polymerase Il Reads when it Approaches +2 Nu-
cleosome, Based on RBF Network (N=15). Results of Model Training 50
(Red) and Prediction (Black) are Compared with Experimental Data (Blue) 0 " : f

from [3]. (A) Acon, (B) CG9246, (C) Mcml0, (D) Bur, And (E)
CG9243.X-Axis Stands for RNAP Il Position with Respect to the Entry
Site of the Nucleosome.
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Fig. 7: Modeling RNA Polymerase Il Reads when it Approaches +3 Nu-
cleosome, Based on RBF Network (N=15). Results of Model Training
(Red) and Prediction (Black) are Compared with Experimental Data (Blue)
from [3]. (A) CG9246, (B) Mcm10, (C) Bur, and (D) CG9243.X-Axis
Stands for RNAP |l Position with Respect to the Entry Site of the Nucleo-
some.

We further simulate the trajectory of RNAP Il along the first three
nucleosomes of different genes. To do this, we use our random
walk model, when we neglect backtracking, and the results are
plotted in Figure 8. Supplementary movie S1 illustrates RNAP 11
movement simulations, when it meets +1 Nucleosome on Acon
gene.
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Fig. 8: RNAP Il Trajectory Simulation. Simulation Results are Demon-
strated by Black, Red, Blue, Green, Dashed Black, Dashed Red, and
Dashed Blue Curves for Acon, CG31627, CG9246, Mcm10, Bur, CG9243,
and CG9247, Respectively for (A) +1 Nucleosome, (B) +2 Nucleosome,
and (C) +3 Nucleosome. X-Axis Stands for RNAP Il Position with Re-
spect to the Entry Site of the Nucleosome.

4. Discussion

RNA Polymerase 1l movement along the DNA is influenced by
nucleosomes. We derive models for this effect and simulate
RNAP Il movement. The process of extracting data from available
experimental results is not always easy. Our definition for nucleo-
some positions is based on RNAP Il reads. We do not use MNase-
seq data [3], because assuming peaks in MNase-seq data as nucle-
osome positions, places big RNAP Il read peaks downstream nu-
cleosome dyad. This is not consistent with what we expect and
experimental findings of [3] (see Figure S1). Another problem,
prohibiting us from using MNase-seq data is the existence of dou-
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ble peaks, and difficulty in finding the exact position of the nucle-
0Somes.

Several curve fitting methods, such as polynomial or exponential
curve fitting are available. However, we chose to use log-normal
distribution as a mathematical model to repeat experimental re-
sults extracted from [3]. The benefit of this method is simplicity
and small number of parameters. To find optimized p and o, vari-
ous methods such as Matlab functions, Matlab statistics toolbox,
and minimizing the error (the difference between data and model)
can be used. But; error minimization is one of the best methods for
our case, in which several data sets need to be modeled by a single
fitting parameter set.

There are some points on genes at which unexpected peaks in
experimental RNAP Il reads are available. Moreover, since our
goal is to have a single model for all nucleosomes on different
genes, at some points, the error of our log-normal based model is
increased comparing with other points. However, in general, the
output is in a relatively good agreement with experimental data
(See Figures 2, 3, and 4).

We noticed that different p and o are required for different nucleo-
somes. A reason for this could be the difference in RNAP Il read
data distribution. In particular, RNAP Il reads upstream the first
peak in the first nucleosome drops faster rather than the second
and third nucleosomes, resulting in a smaller p for the first nucleo-
some in comparison to the other two (considering the fact that, the
more data we have before the first peak, the bigger shift in posi-
tion we need in modeling). Moreover, the entry of the first nucleo-
some is a stronger barrier to RNAP |1 elongation, so the curve has
a bigger peak and is narrower, which affects .

In order to predict RNAP Il reads with less error, we use another
model based on Radial Basis Function Networks. This model is
able to repeat experimental data more accurately rather than our
log-normal model. We analyzed the effect of network size on
reducing/eliminating over-fitting and found optimal N for our
modeling. Based on these models, we also introduced a random
walk model which can predict the trajectory of RNAP Il along
genes, when it meets different nucleosomes. For including back-
tracking in our model, we made some assumptions, mentioned in
Methods section. As it can be seen in Figure 8, in all genes and all
nucleosomes, the slope of curves is increased, just before the en-
trance of the nucleosomes, represented by 0. This increase in
curve slope (speed drop) is because of RNAP Il stalling. However,
after the time that RNAP 11 enters the nucleosome, stalling proba-
bility decreases and as a result RNAP 1l gradually moves faster.
The movement of RNAP |1 based on this model is similar to what
is expected from experimental data provided by [3]. The same
behavior can be seen in supplementary movies S1 and S2.RNAP
I1 moves with a relatively constant speed when there is no nucleo-
some on DNA,; however, approaching nucleosome slows down the
RNAP 1I. This speed reduction continues until RNAP Il reaches
about 7b.p. upstream the nucleosome entrance. At this point,
RNAP 11 has its minimum speed and then it speeds up again, at a
lower rate rather than reduction speed which happens before the
nucleosome entry. The same thing happens in different nucleo-
somes on different genes. But the magnitude of this speed reduc-
tion and stalling is different in different nucleosomes and different
genes. The strongest barrier is at the entrance of the first nucleo-
some (+1) and it decreases at other nucleosomes in gene body.

In our future works, we will model the case in which more than
one RNA Polymerase Il elongate on a single DNA molecule. We
also will exclude the exon junctions in our models, to reduce the
modelling errors. Another possibility is to consider the initiation
rate, which was not considered in the current model, because it is
based on the experimental data. Moreover, in future works, we
will investigate the ability of our models to predict RNA polymer-
ase Il movement on more genes. Furthermore, we will employ
some other methods to be able to involve the MNase reads and
ChiP profiles into our model, so that it will include factors such as
histone modifications and nucleosome composition. Finally, we
will use our models for biological interpretations.
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