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Abstract

A combinatoric model for the multiple constant multiplication (MCM) operation is developed. The model is found
by decomposing each coefficient using the A−operation into two subexpressions. The constituted subexpressions
are, in turn, decomposed using the A−operation. Connecting all of the decompositions results the decomposition
graph which represents the solution space. The decomposition graph itself is not feasible for routing to find the
minimum solutions. Therefore, a transformation on the A−operation is proposed to make the decomposition
graph routable. In this case, the A−operation is transformed into a subexpression operation by replacing the shift
information attached to the arcs by the other subexpression information which is called the demand. A demand
that attached to an arc will represent its cost. The resulting transformed graph is called the demand graph. The
demand graph is augmented with deadheading arcs to make it routable. Deadheading arcs are with zero demand.
Similarly, traversing an arc with synthesized demand is of zero cost. Enumerating all of the routes that start from
the signal vertex and visit all the coefficients gives all the solutions of the MCM problem. The routing technique
requires redirecting the route when encountering an unsynthesized demand. The route in this case backtrack to the
first encountered synthesized ancestors for this demand. This routing style analogous to the dynamic capacitated
arc routing. To prevent exhaust routing, ant colony optimization (ACO) meta-heuristics is proposed to traverse
the augmented demand graph. The solution space contains all the possible solutions that can be obtained from
using both of the common subexpression elimination (CSE) and graph dependent heuristics that traditionally used
to solve the MCM operation.
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1. Introduction

Multiple constant multiplication (MCM) operation is a core operation in DSP systems. Examples of DSP building
blocks that implement MCM are found in finite impulse response (FIR) filters, infinite impulse response (IIR) filters,
and the Constant Matrix-Vector Multiplication (CMVM) operation such as the Fast Fourier Transform (FFT) and
Discrete Cosine Transform (DCT) [2]. Therefore, optimizing MCM operation optimizes the performance of the
underling DSP system. This is why the problem of optimizing the MCM operation has been an active research
area in the last three decades [3] [5] [9] [12] [13] [20] [26] [28] [29] [37] [45] [47]. Optimizing the MCM operation is
achieved by minimizing the number of logic operators and logic depth in it. To explain the concept, consider the
2-tap FIR filter shown in Fig. 1. In this figure, 37 and 47 are the coefficients, xn is the input variable at discrete
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time n, and Z−1 is the delay operator. The direct realization of Fig. 1 requires using 2 hardware multipliers and 1
structure adder. If the signal xn is of 8-bit wordlength, then two 8× 6 digital multipliers are required to implement
the multiplier block (MB) shown in Fig. 1. The total number of full adders (FA) in the two multiplier arrays will be
2×8×6 = 96. This example shows the reason of considering the multiplier as a bottleneck element in DSP systems
because it consumes a large area, high power, and has a long delay (critical path) [1]. To solve the multiplier
problem, the MCM is designed to be free of the explicit multiplication (multiplierless) [5] [47] by using simpler logic
operations of shift and add/subtract as shown in Fig. 2. The shift operation can be realized by redirecting the
signal path making it a hardware free operation, while the hardware cost of addition and subtraction is assumed to
be the same [20] [29] [44] [47]. In Fig. 2, the number of MB adders equals 4, if 8-bit length adders are used, then
the total number of FA becomes 4× 8 = 32 FA. This number is less than that implemented by the two multipliers
shown in Fig. 1. In addition, the number of MB adders can be reduced if common factors are found and eliminated
inside the block. For example, the multiplier 15xn in Fig. 2 is common between the two multipliers 37 and 47.
Sharing this block between the multipliers 37 and 47 results Fig. 3 with a number of FA equals to 3×8 = 24, which
is about quarter of the cost of realizing Fig. 1. This method of finding and eliminating the common factors in the
MB is called common subexpression elimination (CSE) [28].
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Figure 1: The transposed structure of the FIR filter yn = 47xn−1 + 37xn.
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Figure 2: Multiplication free realization of the filter yn = 47xn−1 + 37xn.
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Figure 3: Eliminating the common factor 5xn in Fig. 2 reduces the number of MB adders to 3.

The hardware complexity of the multiplierless MCM block is measured by the number of adders or logic operators
(LO) required to implement it and by the logic depth (LD), which is the longest path of consecutive adders.
The problem of minimizing the hardware complexity of MCM is now achieved by minimizing its LO and LD.
The minimum LD of MCM is specified by the coefficient w if its canonical signed digit (CSD) representation is
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of maximum adder step δw among other coefficients’ adder steps, where the CSD representation is the same of
binary but with no two adjacent digits both of them are of non-zero value. The coefficients are assumed to be
synthesized from their CSD representations in order to use minimum number of adder steps. For example, the CSD
representation of 47 is 1010001 with a minimum Hamming weight ofH = 3, whereH is the number of non-zero digits
in the representation. The resulting minimum adder step realization of 47 is shown in Fig. 4 which is with δ47 = 2.
The relationship between the adder step δw of coefficient w and the Hamming weight Hw is given by [21] [24] [47]

δw = dlog2(Hw)e. (1)
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Figure 4: Synthesis of 47 from its CSD representation 1010001 requires 2 adders.

The problem of minimizing the hardware complexity of MCM is classified as NP-hard because there is no
guarantee to find the minimum solutions in polynomial time [25] [29] [44] [46]. Therefore, heuristic algorithms are
needed to solve the problem in polynomial time. Examples of heuristics that traditionally used to tackle the MCM
problem are the CSE [8] [12] [33] [43] [47] and graph dependent (GD) methods [3] [9] [13] [25] [46]. The CSE
method (described previously) searches a space of subexpressions [47] to find minimum realization of the MCM
coefficients. On the other hand, the GD method searches for the minimum number of fundamentals [13] required
to synthesis the MCM coefficients.

Finding more efficient search algorithms than heuristics requires developing a combinatorial model for the
MCM problem. Once this model is found, metaheuristic algorithms can be used instead of heuristics to search
a space of candidate solutions. Examples of metaheuristics include evolutionary computation and ant colony
optimization [11] [15]. One definition of metaheuristic is given by Dorigo [15] as ”a metaheuristic can be seen as
a general-purpose heuristic method designed to guide an underlying problem-specific heuristic toward promising
regions of the search space containing high-quality solutions”. To the best of our knowledge, there is no combinatorial
model in the literature that describes the MCM problem. In this work we develop such model using the subexpression
space concept proposed in [5]. The individual subexpression spaces of coefficients and subexpressions are combined
into one large space resulting in an acyclic directed graph called the decomposition graph. In this way, subexpressions
are shared by common paths which makes the problem of minimizing of the MCM as a graph traversal. However,
to be able to traverse the decomposition graph, it must be transformed into a demand graph by transforming the
shift operation over arcs into demand of subexpressions. Traversing an arc will cost a number of adders determined
by the complexity of the demand subexpression attached to this arc. Each traversed arc becomes a deadheading
which means there is no cost when visiting this arc in the subsequent time steps [19]. Additional deadheading arcs
can be added to the demand graph to make it a directed cyclic graph, which is called the augmented demand graph.
Solutions to the MCM problem are found by constructing tours on the augmented demand graph. Each possible
tour starts from the signal vertex with value 1 and should passes by all unsynthesized coefficients. If one tour passed
by an arc with unsynthesized demand, this tour should be redirected toward the closest synthesized ancestor of
this demand. This behavior of redirecting the tour belongs to the class of arc routing problem that called Dynamic
Capacitated Arc Routing Problems (DCARP) in which the rout is re-planned during servicing [6] [18] [27] [35]. An
example of the DCARP is the dynamic winter gritting problem [27]. Ant Colony Optimization (ACO) technique
is found as an efficient metaheuristic method that can be used to solve such problems [7] [34] and to search the
graph in parallel [36]. In this case, each ant constructs one possible complete tour by selecting arcs with minimum
complexity and maximum sharing with other ants. Sharing of an arc between different ant tours is measured
by the accumulated pheromone amount on this arc. This is similar to the real life ants behavior in which ants
deposit pheromone on their path from the nest to the food source. This pheromone is accumulated by time over
shortest paths and evaporated from the longer paths. This natural behavior is simulated in the ACO by letting
each ant deposit on its tour a pheromone quantity that is proportional with the quality of its solution. Pheromone
evaporation is applied equally likely over all the arcs.

The paper is structured as follows: The derivation of the MCM combinatorial model is described in Section 2.
Arc routing problems are discussed in Section 3. Constructing tours over the demand graph is shown in Section 4.
Ant colony optimization metaheuristic is described in Section 5. Finding the heuristic parameters for MCM problem
is described in Section 6. The results of implementing of the ACO are shown in Section 7. Conclusions are given
in Section 8.
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2. Decomposition, demand, and augmented demand graphs

To develop the combinatorial model of the MCM operation, consider the coefficient set W = {5, 37, 47}. The
decomposition graph is started with the vertices 1, 5, 37, and 47 as shown in Fig. 6 (a). The vertex with value 1 is
the signal vertex. The binary signed digit (BSD) subexpression tree of 47 is generated as shown Fig. 5. The tree
grows from the root node of value 47, which is at depth 0, towards leaves at depth L = 6 (from the least significant
digit (LSD) toward the most significant digit (MSD)). Tree growth can be expressed by the recursion [5] [30]

vc =
vp − d

r
, (2)

where vp is the parent node value, vc is the child node value, and d is the edge value between them. The modulo
operation vp ≡ d mod r partitions the digit set D into r disjoint sets [5]. Digits will be released from their disjoint
sets when the modulo operation is applied at nodes. For BSD, the digit set D = {1, 0, 1} is partitioned into two
disjoint sets, D0 = {0} and D1 = {1, 1} [5]. Starting from 47, we have 47 ≡ d0 mod 2, where d0 is the LSD and
47 ≡ d0 mod 2 means 47 is congruent to d0 modulo 2. The digits 1 and 1 are released from the set D1 = {1, 1} to
satisfy Equation 2. This is represented in Fig. 5 by two edges emitted from 47 with values −1 and 1 respectively.

Left and right children are calculated using Equation 2 to give nodes vc = 47−(−1)
2 = 24 and vc = 47−1

2 = 23
respectively. Consider the right branch of the tree of 47 shown in Fig. 5. The digit d0 = 1 is considered as one
co-prime part (subexpression) named by s1 of the two-part decomposition of the value 47. The other part of
decomposition is called s2. The general A−operation for decomposing w into two parts s1 and s2 is given by

Aw(s1, s2) = |s1 ± s2 � i|, (3)

s2 � i represents the shift of s2 to the left by i positions. Applying the A−operation to the value 47 with s1 = 1
(known) results in 47 = 1 + s2 � i. Therefore, the subexpression s2 is calculated as s2 � i = 47 − 1 = 46, or
alternatively s2 = 46� −i. The value i represents the required right shift for 46 to become a co-prime number. In
this case, i = 1 resulting in s2 = 23. Therefore, the decomposition set of 47 at node 23 is given by P 23

47 = {(1, 23)} as
shown in Fig. 5. The subexpression set at node 23 is given by S23

47 = {1}. Adding the vertex 23 to the decomposition
graph and connecting it with the vertex 1 to compose the coefficient 47 results in Fig. 6 (b). In this figure, the
coefficient 5 is of adder step δ5 = 1 so it can be synthesized from the vertex 1 using one adder. The next level
released digit of the same branch is 1 which is of weight 2. The new subexpression set is found as [5]

Sc
w = Sp

w

⋃
{rl × d}

⋃
{s1 + rl × d,∀s1 ∈ Sp

w}, (4)

where w is the coefficient being decomposed, l is the tree depth, d is the edge connecting child node with its parent,
and Sp

w and Sc
w are the parent and child subexpression sets, respectively. In this case, the subexpression set is given

by S11
47 = S23

47

⋃
{21 × 1}

⋃
{1 + 21 × 1} = {1, 2, 3} and the decomposition set is given by P 11

47 = {(1, 23), (3, 11)}
Adding the vertices 3 and 11 to the decomposition graph shown in Fig. 6 (b) gives Fig. 6 (c). The subexpression

3 is of adder step δ3 = 1 and can be synthesized from the vertex 1 using a minimum adder cost of 1 adder.
Unsynthesized subexpressions with adder step δ > 1 are moved to the coefficient set. In this case, the coefficient
set becomes W = {37, 11, 23}. The procedure continues until the coefficient set W becomes empty. The resulting
decomposition graph consists of 24 nodes and 1174 edges. A subgraph of the resulting decomposition graph is shown
in Fig. 7 (a). In this figure, arcs with the same color represent the inputs of the A−operation given in Equation 3.
For example, the green pair that enters vertex 47 represents the decomposition 47 = 31� 1− 15 = 62− 15.

To make the decomposition graph shown in Fig. 7 (a) unicursal (routable) [19], a transformation is applied to
the A−operation. The transformation steps are shown in Fig. 9. The graph representation for the A−operation
is shown in Fig. 9 (a). In this case, arcs’ attributes are the shift information. Fig. 9 (b) combines the addition
vertex (+) with the output of the A−operation (w). The final step of the transformation is shown in Fig. 9 (c)
which includes replacing the shift information with the subexpression information. The subexpression information
is considered as a demand on the traversed arc. Thus, traversing an arc from vertex s1 to w requires synthesizing
(servicing) vertex s2. Similarly, traversing the arc from vertex s2 to w requires servicing vertex s1.

Applying the transformation shown in Fig. 9 to the decomposition graph shown in Fig. 7 (a) results in another
graph called the demand graph as shown in Fig. 7 (b). Crossing unsynthesized arc in this graph will not synthesize
the target vertex completely. It is required to return back to the nearest synthesized ancestors of the demand
to synthesize it and then complete synthesizing the target vertex. To make the demand graph routable requires
augmenting it with deadheading [19] arcs of zero cost as shown by the dashed arcs in Fig. 7 (c), resulting in the
augmented demand graph. To find the optimal solutions of MCM, it requires to construct tours that start from
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Figure 5: The subexpression tree of the coefficient 47.
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Figure 6: Steps show growing the decomposition graph of the coefficients 37 and 47. (a) Initial graph. (b) Composing 47
from the co-prime pair (1, 23). (c) Add the decomposition pair (3, 11) of 47. All the subexpressions of δ = 1 are composed
from the pair (1, 1).

vertex 1 and synthesizes all the coefficients as mentioned in Section 1. Each constructed tour represents one solution
of the MCM problem. This sort of graph routing is called arc routing because the routing problem regards the
arcs [18] [17], not the nodes. Therefore MCM belongs to the arc routing category (this will be shown in Section 4).
A literature review about some of common arc routing problems is given in the following section.

3. Arc routing problems

Graph routing problems are classified into two main categories, which are vertex (node) routing and arc (edge)
routing problems [19]. Vertex routing includes problems where service (demand) occurs at the vertices of the graph.
Examples include traveling salesman, traveling tourist, etc [19]. Arc routing includes problems where the service
occurs on the graph arcs. Examples include street maintenance, garbage collection, milk or mail delivery, school
bus tour, electric meter reading, and winter gritting [17] [18].

Arc routing problem is classified as Capacitated Arc Routing Problem (CARP) when some of the graph arcs
have zero demand. In this case, only a subset R ⊆ A of the graph arcs require servicing, where A is the arc set
in the graph G. Other arcs that do not require servicing are used to deadhead between arcs that require service.
In this case, deadheading corresponds to traveling on roads that do not require service. Usually deadheading is
minimized. The CARP is NP-hard [19]. An example of the CARP is the rural postman problem (RPP) [18]. In the
rural postman problem not all street segments require service. Here, the postman traverses deadheading streets to
arrive at the street segments to be serviced. The undirected and the directed rural postman problems are NP-hard
so heuristics are required to solve the problem. Another example of the CARP is the winter gritting or salting
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Figure 7: (a) A subgraph of the decomposition graph of the coefficients 37 and 47. A pair of similar color arcs entering a
vertex represents a decomposition. (b) Applying the transformation in Fig. 9 on the decomposition subgraph transforms it
to the demand subgraph. (c) Augmenting the demand graph with deadheading arcs.

problem described in the next section.

3.1. Dynamic Winter Gritting (Salting) Problem

When roads become hazardous due to ice or snow, a de-icing agent (usually salt) is spread on them for safety
reasons. The problem of winter gritting is how to design routes for a fleet of vehicles that depart from a depot to
minimize the costs. A depot here is where the vehicles are loaded with salt. This problem belongs to the CARP,
therefore it is an NP-hard problem [31] [17] [18]. Many constraints may be imposed on the driver such as time,
different priorities of roads, and limited vehicle capacity. However, in snowy weather, the most significant problem
is in the priority of which roads to grit [27]. A wrong decision of spreading salt on roads that do not require
service is a financial loss. On the other hand, untreated roads are a major hazard. Therefore the decision should
be taken on dynamic basis. This means that the driver may re-plan the route according to newly received weather
forecast information. The route in this case become dynamic and using static heuristics may be insufficient to find
a solution.
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Figure 8: Three possible realizations for the coefficients {5, 37, 47}.
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Figure 9: Transforming the shift information to a subexpression information. (a) Representing the A−operation where the
arcs carry shift information. (b) Combining the addition vertex with the output vertex. (c) A new representation for the
two part decomposition.

4. Dynamic winter gritting analogy

We have shown in Section 2 that the MCM problem can be modeled by a graph called the demand graph. The
existence of demands on the demand graphs’ arcs can be analogized to the dynamic arc routing problems [18] [27] [35]
such as the dynamic winter gritting problem [27]. Consider the MCM example shown in Fig. 8. One of the possible
tours on the augmented demand graph is shown in Fig. 10 (a). This tour results in the realization shown in Fig. 8
(a) with logic operator LO = 4 and logic depth constraint of LD = 2. The analogy of the tour in Fig. 10 (a) is the
winter gritting route shown in Fig. 10 (b). In this case, a vehicle departs from the depot to service the roads 5, 37,
and 47. The blocks are just for illustration and not necessary represent city blocks. To make the things simple,
the capacity of the vehicle is assumed to be 20 tons and each road consumes 10 tons of salt. Assuming that the
cost correspondence between the salt weight and adder cost is that each 10 tons ≡ 1 adder. The correspondence
between the adder depth constraint and vehicle capacity is that violating the constraint LD = 2 is equivalent to
violating the vehicle capacity which is 20 tons. The depot in Fig. 10 (b) corresponds to the signal vertex shown
in Fig. 10 (a) which labeled by the number 1. Assume that due to a change in the weather forecast, road 15 becomes
more hazardous than other roads and requires urgent servicing. Therefore, the station would signal to the driver
to service road 15 first. The driver in this case should re-plan his/her route and go to service road 15. Again for
simplicity and to illustrate the concept, road 15 is draw to be next to the depot and in the reality the deriver could
drive a long distance from the depot when he/she received the redirection. The corresponding movement on the
graph shown in Fig. 10 (a) is to go from vertex 1 to synthesize coefficient 15 as shown by the red arc (1, 15). The
red arrow in Fig. 10 (b) illustrates this service which is labeled by (1, 15). The cost of servicing road 15 equals 10
tons which is indicated by the plus sign on the direction (arrow) of the vehicle. The plus sign here is introduced
to keep the corresponding with the augmented demand graph. After servicing road 15, the driver returns to the
original plan and finds that road 47 is the closest one to his/her position as shown in Fig. 10 (b). Servicing road 47
from the end of 15 is labeled by (15, 47) which consumes another 10 tons. The corresponding movement on Fig. 10
(a) is to synthesize 47 from 15 resulting LD = 2. At this point the vehicle is empty and the deriver cannot
continue to serve other roads. Therefore, the driver decides to return to the depot through the deadheading roads
47 and 15 indicated by the red dashed lines shown in Fig. 10 (b). These roads are considered deadheading because
they have been serviced. A similar situation of breaching logic depth constraint arises when try synthesizing the
coefficients 5 and 37 from 47. Therefore, the corresponding movement on the graph shown in Fig. 10 (a) is to return
over the dashed red arcs (47, 15) and (15, 1) respectively. These arcs are also deadheading because their attached
subexpressions are already synthesized. The winter gritting route is now (depot→ 15→ 47→ 15→ depot) which
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is corresponding to the tour (1, 15), (15, 47), (47, 15), (15, 1) on the demand graph in Fig. 10 (a). After reloading
the vehicle at the depot, road 5 is serviced with 10 tons of salt followed by servicing road 37 by another 10 tons
of salt. This is correspond to synthesize 5 from 1 in Fig. 10 (a), then synthesize 37 from 5. The resulting logic
depth after synthesizing 37 equals 2 adders which will not violate the logic depth constraint. On the other hand,
the winter gritting route ends after finishing road 37 and the driver returns to the depot via the deadheading arcs.
The vehicle route is now (depot → 15 → 47 → 15 → depot → 5 → 37 → 5 → depot). The corresponding tour
on the graph in Fig. 10 (a) is ((1, 15), (15, 47), (47, 15), (15, 1), (1, 5), (5, 37), (37, 5), (5, 1)). This is a feasible tour on
the demand graph because it will not violate the adder depth constraint. The resulting LO of this tour equals 4
adders. Fig. 11 (a) shows another possible tour on the augmented demand graph which results in the realization
shown in Fig. 8 (b) with LO = 4 under the constraint LD = 2. Obtaining realizations with smaller LO is possible if
the LD constraint is relaxed (increased). This can be illustrated by using the same example of the coefficients 5, 37,
and 47 when LD is allowed to be of value of 3 adders. The corresponding tour on the demand graph is illustrated
in Fig. 11 (b) which results in the realization shown in Fig. 8 (c) with LO = 3 and LD = 3. The same realization
would be obtained from using the graph dependent method.
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Figure 10: (a) A possible tour on the augmented demand graph results in the realization shown in Fig. 8 (a). (b) The
corresponding winter gritting route. A solid arrow with plus sign indicates the salting action and the label preceding each
arrow is the next destination after this road. A dashed arrow means traversing a deadheading road. The roundabouts are
labeled by the road number and the road is labeled by the path between two roundabouts.

5. Ant colony optimization

Ant colony optimization (ACO) metaheuristics proposed by Dorigo [10] to solve large combinatorial optimization
problems. The algorithm is inspired by the swarm intelligence of a real life ant colony when searching for food.
Each ant excretes a chemical factor called pheromone and deposits it on its trail. The quantity of pheromone on the
shortest paths to the food is reinforced by the successive passing of other ants. On the other hand, the pheromone on
the longer paths evaporates during the time. Ants choose the path with high pheromone concentrations, increasing
the pheromone concentration and encouraging most of subsequent ants select that path too. A minority of ants
selects alternative paths. The behavior of this minority is important because these ants continue searching for
better solutions [34] [38].

ACO algorithms use artificial ant agents that search the graph concurrently. Each artificial ant builds its solution
by constructing a tour on the graph making ACO algorithms to be easily amendable to parallel computation [36] [48].
Each ant tour starts from the source vertex and ends when all the coefficients have been synthesized. In their touring,
ants use the information of pheromone quantity and heuristic values that are stored in the arcs’ attributes to decide
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Figure 11: (a) A possible tour on the augmented demand graph results in the realization shown in Fig. 8 (b). (b) A possible
tour on the augmented demand graph results in the realization shown in Fig. 8 (c).

the next arc to be traversed. Heuristic values could be the length of an arc as in CARP problems. Pheromone
levels are initialized to the same value. Through successive iterations arcs with low heuristic values and stronger
pheromone quantities become more attractive. After all the ants finish their tours, the pheromone levels are reduced
according to some evaporation formula. Then each ant deposits a pheromone value on the arcs of its tour. The
deposited pheromone value is proportional to the quality of the solution found by the corresponding ant. Pheromone
evaporation and depositing continue until some ants find an optimum solution.

There are four basic ACO algorithms and other algorithms are derived from them. These algorithms are the Ant
System (AS), MAX-MIN Ant System (MMAS), Elitist Ant System (EAS), and Rank based Ant System [15] [14].
The MMAS is chosen as the most suitable for the MCM as it prevents early stagnation (all the ants follow a
particular tour). However, the MMAS itself is derived from the AS algorithm so the latter is discussed first in the
next section.

5.1. Ant System

In the AS, m artificial ants are initially distributed randomly on chosen graph vertices. Before the ants start their
first tour, the pheromone’s level are initialized. The initial value of the pheromone, τ0, should not be too high,
otherwise the search is quickly biased by the first tours generated by the ants [10]. On the other hand, choosing
τ0 too low may slow convergence of the algorithm. After depositing τ0 on all the graph arcs, ants start their
movement on the graph. The ants construct their solution such that each one determines its next move according

to a probabilistic formula. An ant k at vertex vi moves to the adjacent vertex vj with probability p
(k)
(vi,vj)

given by

p
(k)
(vi,vj)

=
τα
(vi,vj)

ηβ
(vi,vj)∑

l∈V k
vi

τα
(vi,vl)

ηβ
(vi,vl)

if vj ∈ V
(k)
vi , (5)

= 0 if vj 6∈ V
(k)
vi , (6)

where τ(vi,vj) is the strength of the pheromone on the arc (vi, vj), η(vi,vj) is a heuristic related to the cost of
traversing arc (vi, vj), α and β are two parameters which determine the relative influence of the pheromone trail

and the heuristic information, and V
(k)
vi is the set of vertices that ant k has not yet visited from vertex vi. Equation 5

is interpreted as follows. The probability of ant k crossing from vertex vi to vertex vj increases with the value of
pheromone trail τ(vi,vj) on this arc and with the heuristic value η(vi,vj) associated with this arc [15].

After each ant has constructed (finished) its tour, a pheromone update cycle starts with the pheromone evapo-
ration

τ̂
(n)
(vi,vj)

= (1− ρ)τ
(n−1)
(vi,vj)

, ∀(vi, vj) ∈ A, (7)

where τ̂
(n)
(vi,vj)

is the pheromone strength after evaporation, τ
(n−1)
(vi,vj)

is the pheromone strength at the previous

iteration, 0 < ρ ≤ 1 is the pheromone evaporation rate and A is the arc set. After evaporation, all the ants deposit
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pheromone on the arcs they have crossed in their tour according to

τ
(n)
(vi,vj)

= τ̂
(n)
(vi,vj)

+

m∑
k=1

∆τ
(k)
(vi,vj)

, ∀(vi, vj) ∈ A, (8)

where τ
(n)
(vi,vj)

is the new pheromone strength, and ∆τ
(k)
(vi,vj)

is the pheromone quantity deposited by ant k on the

arcs visited by this ant. This value is chosen to reflect the solution quality of ant k. For example, if ant k found a

solution with cost Rk, then a possible selection of ∆τ
(k)
(vi,vj)

is

∆τ
(k)
(vi,vj)

=

{
1
Rk

, if arc (vi, vj) belongs to the tour of ant k;

0, otherwise.
(9)

5.2. Max-Min Ant System

The Max-Min Ant System (MMAS) is a modification to AS introduced to prevent early stagnation of the algorithm
in which all the ants follow the same tour [42]. The algorithm allows either the best-so-far ant (the ant that
produced the best tour since starting the iterations) or the best-iteration ant (the ant that produced the best tour
in the current iteration) to deposit pheromone. The pheromone level is limited to the range [τmin, τmax]. The
pheromone levels are initialized to τmax. If the algorithm reaches a stagnation state or there is no improvement
in the solution, the pheromone level is reinitialized. The value of τmax is estimated from the best-so-far (bs) tour
solution, i.e. τmax = 1

Rbs
, where Rbs is the cost of the best-so-far tour. In other words, the value of τmax is updated

each time a new best-so-far solution is found. The lower pheromone levels is estimated to τmin = τmax

b , where b is
a parameter that can be tuned to prevent the stagnation [15]. The equation of pheromone evaporation is the same
as Equation 7, while pheromone updating is given by

τ
(n)
(vi,vj)

= τ
(n−1)
(vi,vj)

+∆best
(vi,vj)

, (10)

where

∆best
(vi,vj)

=

{
1

Rbi
, if best-iteration tour is chosen

1
Rbs

, if best-so-far tour is chosen,
(11)

where Rbi is the cost of the best-iteration tour. The algorithm alternates using the best-so-far and the best-iteration
updating rules. The frequency of alternating between these rules is related to the problem size. It has been shown
that for small combinatorial problems the algorithm gives better results when using only best-iteration tours. With
larger combinatorial problems, the best-so-far tour gives better results [15]. When some of pheromone level reach
the value of minimum pheromone level τmin or maximum levels τmax [15], the algorithm re-initialize these levels to
τ0 which is calculated according to

τ0 =
τmax

c
, (12)

where τmax = d
(ρRbs)

and τmin = e τmax

d . And where c, d, and e are tunable parameters.

6. Heuristic parameters for the MCM problem

To apply ACO to the MCM problem it is necessary to modify Equation 5 to take into account of the routing over
the demand graph. In the demand graph each vertex is a subexpression, so that the vertex notation in Equation 5
is changed from vi to si. The other important modification is that Equation 5 considers the case of searching a
graph with no parallel arcs while the demand graph is a multigraph with parallel arcs. In this case, each ant choses
to cross one of the arcs A(si,sj) = {(si, sj)1, (si, sj)2, · · · , (si, sl)1, (si, sl)2, · · · } that depart from subexpression si.
Therefore the probability that an ant k crosses from si to sj using arc (si, sj)h ∈ A(si,sj) is given by

p
(k)
(si,sj)h

=
τα(si,sj)hχ(si,sj)h

−β∑
sl∈V

(k)
si

,(si,sl)n∈A(si,sl)
τα(si,sl)nχ(si,sl)n

−β
, (13)

if sj ∈ V (k)
si and (si, sl)n ∈ A(si,sl)

for n = 1, 2, · · ·
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where p
(k)
(si,sj)h

is the probability of ant k crossing arc number h denoted by (si, sj)h, τ(si,sj)h is the pheromone

strength on arc (si, sj)h, χ(si,sj)h is the complexity (heuristics value) of arc (si, sj)h, α and β are two positive

parameters that determine the relative influence of the pheromone trail and the heuristic information, A
(k)
(si,sl)

is

feasible arc set which does not violate the logic depth constraint, and V k
si is the set of unvisited vertices for ant k

at vertex si.
Assume an ant wants to cross the arc (si, sj)h. The complexity of the arc is given by

χ(si,sj)h = π + LmaxHsh + Lsh (14)

where Lmax is the maximum wordlength, Lsh and Hsh are respectively the wordlength and Hamming weight of the
demand sh, and π is the priority of crossing arc (si, sj)h which is calculated according to Table 1. In this table, W
is the set of coefficients waiting for synthesis, T is the set of traversed vertices (synthesized subexpressions), and a
and b are constants used to determine the priority parameter π in Equation 14. The parameters in Equation 14
are chosen to favor the priority π over the Hamming weight Hsh and the latter over the wordlength Lsh . A low
priority number is more desirable. If an ant compares two arcs with the same priority, it choses to cross the one
with a demand of smallest Hamming weight. If the Hamming weights are the same, the arc with short wordlength is
preferred. The priority values are chosen to encourage the ants to search for the coefficients (food). The minimum
value of π should be such that

a

b5
> LmaxHsh + Lsh , (15)

to dominate the second and third terms in Equation 14. The maximum possible Hamming weight is Hmax = Lmax.
Therefore, Equation 15 becomes

a

b5
> L2

max + Lmax. (16)

Table 1: Priority values of the demand sh associated with arc (si, sj)h. W is the set of subexpressions waiting for synthesis,
T is the set of synthesized subexpressions, a and b are constants. π is the priority of crossing an arc. A low priority number
is more desirable.

sh sj π
T W 0
W W a

b5

6∈W ∪ T W a
b4

T 6∈W ∪ T a
b3

W 6∈W ∪ T a
b2

6∈W ∪ T 6∈W ∪ T a
b

7. Implementation of the ACO

7.1. Implementation

The MMAS ant system was implemented for constructing tours on the demand graph using Multi-threading coding
with OpenMP and Visual C++. The code was run on a platform with 3.6 GHz Quad Core CPU and 8 GB of
RAM. The demand graph is implemented using the Boost Graph Library (BGL) which is a C++ template graph
library [40] [16]. The demand graph is generated in two stages to reduce the computation time. Firstly, the
representation tree of each subexpression is generated. Secondly, each representation tree is traversed using the
depth first search (DFS) algorithm [16]. The DFS is modified to work as a subexpression tree algorithm as described
in Section 2. The C++ Eigen template library for linear algebra was used to handle fast vector operations such as
calculating the subexpressions [22].

The demand graph is used as a shared data structure between the threads. Each thread implements a compu-
tational ant which searches the demand graph independently. It is not necessary to add actual deadheading arcs
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to the demand graph and increase the storage requirement. The augmentation is implemented during ant tour by
permitting ants to backtracking to the desired ancestor nodes. Listing 1 shows the implementation of the MMAS
algorithm. Steps 9-12 show that each ant is assigned a rank. The ants’ tours are constructed by distributing
them over the vertices with adder step δ = 1. At each new iteration a random shuffle is applied at the departure
subexpressions (step 8) to prevent possible stagnation. If an ant reaches vertex vk, it starts calculating its next
move by determining the arc with minimum heuristic value and maximum pheromone level. It does this by calling a
’sort’ function that sorts the out arcs of vk in ascending order of complexity which is determined from the heuristic
value and the pheromone level. These arcs are pushed onto the stack in this order (step 19). Therefore an arc with
minimum complexity will be at the top of stack. If an ant is chosen to cross an arc with unsynthesized demand (as
shown in steps 28 and 32 of Listing 1), a predecessor map is searched recursively (steps 29 and 33) until finding the
first synthesized ancestors. This requires pushing again the last popped arc onto the stack (step 30). At this point
the tour is redirected to the ancestors of the demand as shown in steps 31 and 35 of Listing 1. This redirection
is a dynamic behavior. The Synthesize function in step 25 checks the adder step of vertex w before an ant moves
beyond this vertex. When an ant reaches a vertex that violates the logic depth constraint, it is used to prune the
corresponding path that led to this vertex. Pruning also includes paths that led to leaf subexpressions not in W
(subexpressions waiting for synthesis). The costs of the ant tours are calculated and compared using the function
Cost which is called in step 49 of Listing 1. This function returns the value of the best-so-far tour. Pheromone
evaporation and updating functions are called in steps 50 and 51 respectively. Each function is implemented to
loop over the graph arcs and change the pheromone levels according to the pheromone updating formulas given
by Equations 16 and 17. Pheromone levels are reinitialized to prevent early stagnation as shown in step 54. The
reinitializing occurs when the pheromone levels on one arc or more become greater than the specified upper limit
τmax, or when they become less than the specified lower limit τmin. The new initial pheromone level equals the
previous initial level plus a small increment ∆. The small increment is chosen to be the reciprocal of best-so-far
tour length, i.e. ∆ = 1/Rbs.

7.2. Results

The parameters α and β were tuned experimentally. A set of 100 MCMs with N = 15 and wordlengths 8 ≤ L ≤ 20
was used. The initial pheromone level was adjusted to the value τ0 = 1 (after several experiments) and the maximum
pheromone level was set to τmax = 10 and the minimum pheromone level was set to τmin = 10−4. The pheromone
levels are re-initialized about every ten generations. The number of ant agents was set to equal the out-degree of
vertex 1. The percentage of the number of ants that found the best-so-far tour was recorded against the values
of α and β. The best values found are α = 1 and β = 2, which coincides with the experiments of [15] (P71) for
parameter values for MMAS.

The MMAS algorithm was used to synthesize the filters S2 [39], L1 [32], and D [13] and results are shown
in Table 2. It is found that using 8 is sufficient in finding the minimum solution. The time required to generate the
demand graph is denoted by tg and that required to search the graph is denoted by ts.

Table 2: Synthesis of the filters S2 , L1, and D using the parallel MMAS algorithm. tg and ts are the generating and the
search times respectively.

Filter vertices edges ants tg ts LD LO

S2 45 503 22 3.5 2 2 28

D 649 861623 20 70 980 3 18

L1 1203 2375596 24 420 3620 3 53

The MMAS algorithm was compared with the pattern preservation algorithm (PPA) [4], subexpression tree
algorithm (STA) [5], difference based adder graph (DBAG) [23], and Yao [47], using a set of 100 MCM with N = 5.
The wordlength was changed in steps starting from L = 6 to 15 and for each wordlength the average LO, LD,
and time (t) are calculated as shown in Fig. 12. A minimum LO is obtained in the case of MMAS and DBAG
as shown in Fig. 12 (a) at the expense of LD as shown in Fig. 12 (b). However, the MMAS succeed in obtaining
realizations of relatively shorter LD than that of the DBAG method. The high quality of the solutions is found by
the MMAS because it searches a large space of candidate solutions and there is a high probability of finding one or
more optimal solutions (if they exist) as a result of using multi computational agents. A minimum LD constraint
was used in the STA and Yao algorithms as shown in Fig. 12 (b). The saving in the case of STA algorithm is better
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than that of the Yao and PPA algorithms. The LD was not constrained in the case of PPA but its adder saving
was poorer than the others except Yao. The time complexity performance of the algorithm shown in Fig. 12 (c)
reveals that the MMAS needs a longer run time than other algorithms except the PPA. This is because of the large
space searched by the algorithm.
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Figure 12: (a)The average number of LO versus wordlength obtained when the algorithms PPA [4], MMAS, STA [5],
DBAG [23], and Yao [47] used to synthesize random MCMs of 5 coefficients. The LD was constrained to the minimum in the
case of Yao and STA algorithms. (b) The average number of LD versus wordlength obtained when the algorithms PPA [4],
MMAS, STA [5], DBAG [23], and Yao [47] used to synthesize random MCMs of 5 coefficients. The LD was constrained
to the minimum in the case of Yao and STA algorithms. (c) Comparison between the run time of the algorithms PPA [4],
MMAS, STA [5], DBAG [23], and Yao [47] used to synthesize random MCMs of 5 coefficients.

The experiments were repeated using a set of 100 MCM with N = 10 as shown in Fig. 13. The PPA algorithm
was excluded from the comparison because of its relatively long run time as compared with the other algorithms.
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Figure 13: (a)The average number of LO versus wordlength obtained when the algorithms PPA [4], MMAS, STA [5],
DBAG [23], and Yao [47] used to synthesize random MCMs of 10 coefficients. The LD was constrained to the minimum
in the case of Yao, STA, and MMAS algorithms. (b) The average number of LD versus wordlength obtained when the
algorithms PPA [4], MMAS, and DBAG [23] used to synthesize random MCMs of 10 coefficients. The LD was constrained
to the minimum in the case MMAS algorithm. (c) Comparison between the run time of the algorithms PPA [4], MMAS,
STA [5], DBAG [23], and Yao [47] used to synthesize random MCMs of 10 coefficients.

The MMAS algorithm was compared with the algorithm Hcub [46] found on [41]. A ten random MCMs were
used, each of length N = 10 and with wordlengths 8− 19. The result of this comparison is shown in Fig. 14 which
reveals that the MMAS algorithm performs better than the Hcub [46] algorithm. Adding to this the higher degree
of freedom provided by the MMAS of obtaining multi minimum solutions.

8. Conclusions

A combinatorial model for the MCM problem is developed. The model is found to be a graph and called the
demand graph. Constructing routes over the demand graph solves the MCM problem. Routing over the demand
graph gives all the possible minimum realizations. This helps in choosing the one with the smallest wordlength in
order to reduce the adder width.

Ant colony metaheuristic is proposed to find all the minimum solutions in the search space while avoiding the
enumeration of all the possible routes. The solutions that obtained from using the traditional heuristics optimization
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Figure 14: Comparing the MMAS algorithm with Hcub [46] algorithm used to synthesize random MCMs of 10 coefficients.

methods such as the CSE and GD methods become a subspace of the minimum solutions space. The results of
using ACO are compared with several MCM optimization methods that found in the literature. It is found that
the ACO has a better performance.

Now days there is a revolution in large scale graph data base such as twitter cassovary, GraphChi, Neo4j and
many other libraries. Some of these data bases help to store and query graphs of sizes of billions of vertices and
arcs on a PC. This opens the way to solve large sized MCMs problems in the near future which makes developing
the combinatorial model of the MCM a major contribution in this field.
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[2] Levent Aksoy, Eduardo Costa, Paulo Flores, and José Monteiro. Optimization Algorithms for the Multiplierless
Realization of Linear Transforms. ACM Transactions on Design Automation of Electronic Systems, 17(1), Jan.
2012.
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Listing 1: Parallel implementation of the MMAS algoritm.

main
input H, LD, α, β, τmax, P . Input parameters
W ← Prepare(H) . Make the coefficients unique
G← GenerateDemand(W,LD) . Generate the demand graph
G← Initialize(G, τ0) . Initialize pheromone
ant← ant.resize(M) . Number of ants M ≤ P
for (k = 0 ; k ≤ 30 ;++ k) do . Number of iterations

W2 ← RandomShuffle(W2) . Random shuffle of δ = 1 subexpressions
start← rank . Distribute computation between processes
stop← start + 1
for (m = start ;m < stop ;++m) do . Ants departure

w2 ←W2[m] . Get departure vertex value w2

ant[m]← ant[m].clear() . Clear ant m containers
ant[m].w ←W . Initialize coefficients container
ant[m].t← {1} . Initialize synthesized coefficients container
ant[m].r ← {} . Initialize visited arcs container
ant[m]← Synthesize(ant[m], w2, 1, 1,LD) . Synthesis w2

ant[m].r ← ant[m].r + arc(1,w2) . Add visited arc to ant m path
ant[m].stack ← SortArcs(ant[m].stack,Vertex(w2, G)) . Best next move at the top of stack container
while (ant[m].stack 6= φ ∧ ant[m].w 6= φ) do

arc(s1,w)← Pop(ant[m].stack) . Extract s1 and w from popped arc
(s2, τ)←Weight(arc, G) . Find arc attributes, s2 and τ
if w 6∈ ant[m].t then . Unsynthesized vertex

if s1 ∈ ant[m].t ∧ s2 ∈ ant[m].t then . Optimum case
ant[m]← Synthesize(ant[m], w, s1, s2,LD) . Synthesis vertex w
ant[m].r ← ant[m].r + arc(s1,w)
ant[m].stack ← SortArcs(ant[m].stack,Vertex(w,G))

else if s1 ∈ ant[m].t ∧ s2 6∈ ant[m].t then
arc(p1,p2)← predecessors(s2, G) . Find synthesized predecessors of s2
ant[m].stack ← Push(ant[m].stack, arc(s1, w))
ant[m].stack ← Push(ant[m].stack, arc(p1, p2)) . Redirect the tour

else if s2 ∈ ant[m].t ∧ s1 6∈ ant[m].t then
arc(p1,p2)← predecessors(s1, G)
ant[m].stack ← Push(ant[m].stack, arc(s1, w))
ant[m].stack ← Push(ant[m].stack, arc(p1, p2))

end if
else if (ant[m].stack = φ ∧ ant[m].w 6= φ) then . Check if all the required arcs have been serviced

for each u2 ∈W2 do . Paths for the non serviced arcs
if arc(1, u2) 6∈ ant[m].r then

ant[m]← Synthesize(ant[m], u2, 1, 1,LD)
ant[m].r ← ant[m].r + arc(1,u2)
ant[m].stack ← SortArcs(ant[m].stack,Vertex(w2, G))
break

end if
end for

end if
end while

end for
bs← Cost(G, ant) . Calculate the best-so-far tour cost
G← PheromoneEvaporate(G, ant)
G← PheromoneUpdate(G, ant,bs)
for arc ∈ G do . Check for stagnation

if τarc ≥ τmax ∨ τarc ≤ τmin then
G← Initialize(G, τ0 +

1
bs ) . Re-initialize pheromone levels

break
end if

end for
end for
end main
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