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Abstract 
 

Two-phase flow exists mostly in pipes and is of substantial importance in pipeline industry. Numerical data are 

presented in this paper for water and air velocity in two-phase flow through vertical circular channel using both K-ε 

model and empirical correlations. In order to investigate the pressure distribution for various flow conditions, two-phase 

flow was considered through two vertical pipes with different lengths and the same diameters. Moreover, we studied 

flow entering from below and getting out from top of the pipe. Results obtained in this study have been analyzed with 

experimental data, showing that the average void fraction rises with increasing inlet gas velocity and drops with 

increasing inlet water velocity. Also results show that Hassan & Kabir method is the most appropriate approach in 

comparison with the others. 
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1. Introduction 

Two-phase flow in vertical pipe, are commonly used in many applications such as: petroleum industry, food processing, 

chemical industry, power plants like coal fired power plant and heat transferring of fluids. Two-phase flow and pressure 

distribution through the pipe have been studied numerically and experimentally by many researchers [1-4]. Cho et al. 

[1] numerically analyzed the transient two-phase flow in nuclear reactor components, a three- dimensional thermal 

hydraulics code, named COPID. The simulation result showed that it can reproduce the important characteristics of the 

downcomer boiling, such as a flow pattern change from a bubbly flow to churn and mist flows and a circulation of 

liquid accelerated by bubbles. Zhao and Bi [2] investigated experimentally two-phase flow in vertical miniature 

triangular channels, effect of hydraulic diameter and Reynolds number on gas velocity, void fraction and pressure drop. 

Ohnuki and Akimoto [3] studied experimentally flow pattern and phase distribution in air-water two-phase flow along a 

large vertical pipe, no large bubbles were observed in the region L/D<20 which corresponds to the developing region of 

the axial differential pressure curves. The large coalescent bubbles were generated in L/D>20.  

In this paper, we will consider differential pressure under different inlet gas and liquid velocities using different 

methods, numerically (      model (mixture approach)) and with empirical correlations (Duns and Ros [7], 

Orkiszewski [8], Hasan & Kabir [25-27] and Mukherjee & Brill [28]). Then we’ll compare the results with 

experimental data and the appropriate method will be determined. 

2. Methods 

2.1. Pressure gradient 
 

The pressure-gradient equation derived for single-phase flow can be modified for multiphase flow by considering the 

fluids to be a homogeneous mixture [20]. Thus,  
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The pressure-drop component caused by friction losses requires evaluation of a two-phase friction factor. The pressure 

drop caused by elevation change depends on the density of the two-phase mixture which is usually calculated with Eq. 

3. 

                                                                                                                                                                   (3) 

The pressure-drop component caused by acceleration is normally negligible and is considered only for cases of high 

flow velocities. 

 

2.2. Flow patterns 
 

Predicting the flow pattern that occurs at a given location in a well is extremely important. The empirical correlation or 

mechanistic model used to predict flow behavior varies with flow pattern. Essentially all flow-pattern predictions are 

based on data from low-pressure systems, with negligible mass transfer between the phases and with a single liquid 

phase. These flow patterns, shown schematically in Fig. 1. Slug and churn flow are sometimes combined into a flow 

pattern called intermittent flow. It is common to introduce a transition between slug flow and annular flow that 

incorporates churn flow. 

 
Fig. 1: Upward Vertical Flow Patterns 

 

2.3. Pressure-gradient prediction 
 

The methods used to predict pressure gradient can be classified as empirical correlations and computational method. 

 

2.4. Empirical correlations 
 

Empirical correlations used in this paper, are based on Duns and Ros [7], Orkiszewski [8], Hasan & Kabir [25-27] and 

Mukherjee & Brill [28] method. All Theses correlations require liquid holdup, friction factor and flow pattern to be 

determined. 

 

2.4.1. Duns and Ros empirical correlation 

 

Duns and Ros method is a result of an extensive laboratory study in which liquid holdup and pressure gradients were 

measured. Liquid holdup was measured by use of a radioactive-tracer technique. For each of three flow patterns 

observed, correlations were developed for friction factor and slip velocity, from which liquid holdup could be calculated 

[7]. 

 

2.4.1.1. Flow-pattern prediction 

 

Fig. 2 shows the flow-pattern map developed by Duns and Ros. The flow-pattern transition boundaries are defined as 

functions of the dimensionless groups, namely,     and   .  
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Fig. 2: Duns And Ros Flow-Pattern Map. 

 

2.4.1.2. Liquid-holdup prediction 

 

Duns and Ros developed empirical correlations for a dimensionless slip-velocity number and defined holdup as follows,  
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The friction pressure-gradient component for bubble and slug flow is given by,  
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Also for mist flow is given by,  
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2.4.2. Orkiszewski empirical correlation [8] 

 

Orkiszewski selected what he considered to be the most accurate correlation for bubble and mist flow and proposed a 

new correlation for slug flow. This slug-flow correlation was developed with Hagedorn and Brown [6] data. 

Orkiszewski selected the Griffith and Wallis [10, 11] method for bubble flow and Duns and Ros [7] method for mist 

flow. 

 

2.4.2.1. Flow-pattern prediction 

 

Orkiszewski used Duns and Ros flow-pattern transition for the boundaries between slug and mist flow, including the 

transition region between them. For boundary between bubble and slug flow, he chose criteria established by Griffith 

and Wallis. 
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Bubble Flow:  
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Slug Flow: 

   
  

     
      

                                                                                                                                                         (16) 

 
  

  
   

     
 

   
  

      

     
                                                                                                                                              (17) 

  
          

                                   

             



64 International Journal of Engineering & Technology 

 

 
2.4.3. Hasan and Kabir Method [25-27] 

 
2.4.3.1. Flow-pattern prediction 

 

To model flow-pattern transition, Hasan and Kabir identified the same four flow patterns shown in Fig. 1. 
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   Is the flow coefficient given by Eq. 19? 
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For the transition to dispersed-bubble flow, Taitel et al. [23] proposed  
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2.4.3.2. Flow-behavior prediction 

 

Total pressure gradient in two-phase flow can be written as the sum of the gravitation or hydrostatic         , friction 

           and acceleration            component. Thus, 
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Where 

                                                                                                                                                                 (22) 

In general, the acceleration component can be neglected. 

In bubble and dispersed-bubble flow the expression for holdup,   is 
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To estimate total pressure gradient, Eq. 21 can be used with the mixture density calculated from liquid holdup estimated 

with Eq. 23. Estimation of the friction component presents some difficulty, because some liquid flows downward in a 

film around the Taylor bubbles, while most of liquid flows upward in the liquid slug. Wallis [24] suggested that the wall 

shear stress around the vapor bubble should be ignored. With this assumption, the friction pressure gradient becomes: 
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2.4.4. Mukherjee and brill method [28] 

 
2.4.4.1. Flow-pattern prediction 

 

For flow-pattern observations and measuring liquid holdup, they used air and kerosene or lube oil. Approximately 1000 

pressure-drop measurements and more than 1500 liquid-holdup measurements were obtained for a broad range of gas 

and liquid flow rates.  
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Where 

                                              

      
                          

                                                                                                                                   (27) 

In downflow and horizontal flow, the bubble/slug transition is described by 

      
                                                                                                                                                                       (28) 

Where 
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Fig. 3: Flow Chart to Predict Flow Patterns by Use of the Flow-Pattern Transition Equations. 

 
2.4.4.2. Liquid-holdup prediction 

 

The liquid-holdup data were correlated with an equation of the form 
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Bubble and Slug Flow: 

The pressure gradient for bubble flow and slug flow is determined from 
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Where  
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Annular Flow: 

The pressure gradient for annular flow is determined from Eq. 31 and 
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2.5. Numerical model 
 

2.5.1. Original     model 

 

The K-epsilon model is one of the most common turbulence models. It is a two equation model that means, it includes 

two extra transport equations to represent the turbulent properties of the flow. This allows a two equation model to 

account for history effects like convection and diffusion of turbulent energy. The first transported variable is turbulent 

kinetic energy, k. The second transported variable in this case is the turbulent dissipation, . The      Model Equations 

are, 

For Turbulent Kinetic Energy: 
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For Dissipation: 
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http://www.cfd-online.com/Wiki/Turbulence_modeling
http://www.cfd-online.com/Wiki/Two_equation_models
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S is the modulus of the mean rate-of-strain tensor defined as,  

                                                                                                                                                                              (37) 

   is the effect of buoyancy which has been neglected in this subject. 

Turbulent viscosity is modeled as, 
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Model Constants,  

         ,         ,          ,       ,        

 
2.5.1.1. Mixture approach [22] 

 

The average equations of multiphase flow can be written in numerous ways. Equations can be derived by time 

averaging, space averaging, or by any combination of these. In all these methods, the resulting equations contain 

basically the same terms. 

 
2.5.1.1.1. Continuity equation for the mixture 

 

The continuity equation for k phase is: 
 

  
       

 
               

 
       

 
                                                                                                                  (39) 

  Is the rate of mass transfer (kg/     . Because the total mass is conserved, the right hand side of Eq. (46) must be 

vanished, 
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And we obtain the continuity equation of the mixture 
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Here the mixture density and the mixture velocity are defined as 

        
 
                                                                                                                                                                 (42) 

   
 

  
       

 
                                                                                                                                                        (43) 

Equation (48) has the same form as the continuity equation for single phase flow. If the density of each phase is a 

constant and the interphase mass transfer is excluded, the continuity equation for the mixture is 
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2.5.1.1.2. Momentum equation for the mixture 

 

The continuity equation for k phase is: 
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Using the definitions (49) and (50) of the mixture density    and the mixture velocity  , the second term of (52) can 

be rewritten as  

              
 
                                 

 
                                                                                      (46) 

Where,     is the diffusion velocity, the velocity of phase k relative to the center of the mixture mass. 

                                                                                                                                                                         (47) 

   Is the average interfacial momentum source for phase k and    is the average viscous stress tensor. 

 

2.5.2. Numerics 

 

In the present work, the single phase      model (Launder and Spalding, 1974) was extended to multiphase flows by 

appropriately accounting for the volume fraction of the phases. The equations were discretized using the finite-volume 

method. The simulation program could use the second-order upwind discretization scheme (Melaaen, 1992).  

 

2.5.3. Velocity field 

 

The superficial gas and liquid velocities,    and    and the mean gas and liquid phase velocities,    and    are defined, 

respectively, as 
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In above considerations, since the length of the pipe is not so long, superficial velocities mean velocities and inlet 

velocities have been approximated equally. 

3. Results 

3.1. Flow pattern 
 

Prediction of flow pattern based on Duns and Ros [7] (Fig. 2), Orkiszewski [8] (Eq. 11-16), Hasan & Kabir [25-27] and 

Mukherjee & Brill [28] method considered and results can be observed in table 1. Table 1 show that Ork. Method has 

approximately different result in flow pattern in comparison with three other methods (Duns & Ros, Hasan & Kabir, 

and Mukherjee & Brill). 

 
Table 1: Ork. Method Which Has Approximately Different Result in Flow Pattern in Comparison with Three other Methods (Duns & Ros, Hasan & 

Kabir, Mukherjee & Brill). 

Length of pipe =12.3 m 

Velocity (m/s) Flow Pattern 

    
 

 
      

 

 
  Duns & Ros Method Ork. Method Hasan & Kabir Method Mukherjee & Brill Method 

0.18 0.03 Bubble Slug Bubble Bubble 

0.18 0.83 Slug Bubble Slug Slug 

0.18 2 Slug Bubble Slug Slug 

0.18 4.7 Slug Bubble Slug Slug 

1.06 0.03 Bubble Bubble Bubble Bubble 

1.06 0.26 Bubble Bubble Bubble Bubble 

1.06 0.83 Bubble Bubble Slug Slug 

1.06 3.1 Slug Bubble Slug Slug 

 

3.2. Differential pressure 
 

Fig. 4, 5 show the differential pressure in vertical pipe (L=12.3m) under the inlet various velocities in different 

methods. Also Fig. 6 shows the mean error of different methods with respect to experimental data [3]. The void fraction 

is a function of gas and liquid velocity increasing with rising gas velocity and decreasing with rising the liquid velocity. 

This affects Eq. 3 and changes the mixture density. Increasing gas velocity, according to Eq. 48, causes gas volume 

flow rate to increase. Eq. 52 shows that increasing gas volume flow rate subsequently leads to reduce the holdup (  ). 

So, total density (Eq. 22) which depends on holdup, reduces due to the fact that       and also because      is 

affected more compared to    . Finally, based on Eq. 2, rising gas velocity accompanies with differential pressure 

decrease (pressure drop). Knowing that hydrostatic pressure loss is more than that of frictional pressure loss, reduction 

of gas velocity or rising of liquid velocity will lead to opposite result, i.e. they result in rise of pressure (pressure drop). 

As mentioned before, rising gas velocity causes holdup to reduce. Also according to Eq. 53, reduction of holdup will 

increase void fraction (  , i.e. accelerating gas velocity will increase void fraction.  Since     , in vertical flows 

directing upward, gas moves faster and this causes the volume occupied by gas to increase and void fraction 

subsequently increases. Based on explanations in the preceding paragraphs, rise of void fraction causes a decrease in 

differential pressure. Therefore, in two-phase upward vertical flows, increasing the height will be accompanied by 

reduction in differential pressure. The flow below the height of nearly 4m is not developed and this causes to nonlinear 

relationship between the elevation and differential pressure, so at the height of 4m, a peak of differential pressure is 

observed which is clear from the experimental data. Fig. 6 depicts that Hasan & Kabir method is the best method 

compared to the others. In the second case, the boundary conditions of the problem have been changed. In this case, the 

length of pipe has been considered 24m, the same amount for which Shen et al. [4] have worked according to 

experimental condition. This time, gas velocity is constant and liquid velocity changes like the previous situation. As a 

result, pressure decreases along the flow direction, but pressure difference corresponding to the total length of pipe also 

increases. This fact is apparent in Fig. 7. 
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Vg=0.03 m/s Vg=4.7 m/s 

  
  

Vg=0.83 m/s Vg=2 m/s 

  
Fig. 4: Comparison of Differential Pressure in Different Methods. (     18 M/S, Length of Pipe=12.3 M). 
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Vg=0.83 m/s Vg=3.1 m/s 

 
 

Fig. 5: Comparison of Differential Pressure  in Different Methods. (          Length of Pipe=12.3 M). 
  

 

 

Fig. 6: Mean Error With Respect to Experimental Data [3]. (               Length of Pipe=12.3 M) 
  

 

 
Fig. 7: Comparison of  Differential Pressure in Different Liquid Velocities. (             , Length of Pipe =24 M) 

4. Discussion 

Two-phase flow was studied in two vertical pipes having different lengths under different velocities. Flow pattern was 

considered with the Duns and Ros [7], Ork. [8], Hasan & Kabir [25-27] and Mukherjee & Brill [28] methods. 

According to flow pattern results, Ork. Method has approximately different result in comparison with three other 

methods (Duns & Ros, Hasan & Kabir, and Mukherjee & Brill), and Then the variation of pressure along flow direction 

was investigated in vertical pipe. Considering upward two-phase flow, we analyzed variation of this pressure loss with 

respect to different inlet velocities. Increasing gas velocity was accompanied with increasing of void fraction which 

subsequently reduced total pressure loss in pipe. On the contrary, increasing liquid velocity was followed by reducing 

the void fraction and this led to increasing of total pressure loss in pipe. The results achieved were compared to those 

obtained from experimental studies which figures show their good agreement. Also from figures, it is clear that Hasan 

& Kabir method is the best compared to others since its results is close to those obtained experimentally. 
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