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Abstract 
 

Al-Tememe transform is a new transform that is recently emerged, as a result to its modernity, it has not exploited properly in many 

applications. Missile automatic control problem is an application of the second order ordinary differential equation with constant coeffi-

cients, for that reason many methods in solving second order ordinary differential equations had been used in solving that problem, however, 

Al-Tememe transform had never been used in solving the problem of missile automatic control. In this paper Al-Tememe transform has 

been used to solve the developed problem of missile automatic control, which is an application of the second order ordinary differential 

equations with variable coefficients. 
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1. Introduction 

A differential equation is the solving of a derivative containing 

equation, the derivatives could be for the function itself or other 

unknown functions to make the differential equation either ordinary 

or partial differential equation. Differential equations represent the 

mathematical description of the rate changing in real world events, 

and it is used in many science fields such as medical, engineering, 

chemistry, economics and physics [1] [3].  

The work of this paper is on the solving of the second order ordinary 

differential equations, which is essential in the classical areas of 

mathematical physics. There are many methods to solve second or-

der ordinary differential equations [3], Laplace and Al-Tememe 

transforms are methods that used to solve the ordinary differential 

equation [4 - 9]. Laplace transform has been used extensively in 

many applications related to differential equations, However Al-

Tememe transform has not been sufficiently used in such applica-

tions due to its recent appearance, therefore, the benefits that such 

transform could provide in dealing with the applications that are 

related to differential equations are not exploited properly.  

2. Basic concepts 

It is necessary to provide some related definitions and theorems to 

make the later calculations clearer. 

2.1. Definition of Al-Tememe transform [10] 

Al-Tememe transform for the function 𝐟(𝐱); 𝐱 > 𝟏 is defined by 

the following integral 𝐓[𝐟(𝐱)] = ∫ 𝐱−𝐩𝐟(𝐱)𝐝𝐱 = 𝐅(𝐩).
∞

𝟏
 Such that 

this integral is convergent in some region, 𝐩 is a positive constant, 

and 𝐱−𝐩 the kernel of Al-Tememe transform. 

2.2. Definition of inverse Al-Tememe transform [10] 

Let f(x) be a function where x > 1 and T[f(x)] = F(p), f(x) is said 

to be an inverse for Al-Tememe transform and written 

as:T−1[F(p)] = f(x), where T−1 returns the transform to the origi-

nal function. 

2.3. Propriety of Al-Tememe transform [10] 

The transformation is characterized by the linear property, that is: 

T[Af(x) ± Bg(x)] = AT[f(x)] ± BT[g(x)] where A and B are con-

stants, the functions f(x) and g(x) are defined when x > 1. 

2.4. Al-Tememe transformation for some functions, [11] 

Functions  T[f(x)] = ∫ x−pf(x)dx 
∞

1
  Region of convergence  

k, k is a constant  
k

p−1
  p > 1  

xn , n ∈ R  
k

p−(n+1)
  p > n + 1  

ln x  
1

(p−1)2
  p > 1  

sin(a ln x)  
a

(p−1)2+a2
  p > 1  

cos(a ln x)  
s−1

(p−1)2+a2
  p > 1  

xn ln x , n ∈ R  
1

(p−(n+1))2
  p > n + 1  

sinh(a ln x)  
a

(p−1)2−a2
  |p − 1| > a  

cosh(a ln x)  
p−1

(p−1)2+a2
  |p − 1| > a  

(ln x) n  , n ∈ Z+  
n!

(p−1)n+1
  p > 1  

2.5. Theorem [2] 

Let 𝑦(𝑥)  be defined function for 𝑥 > 1 , and its derivatives 

𝑦′(𝑥), 𝑦′′(𝑥), ⋯ , 𝑦𝑛(𝑥)  exist, then: 𝑇𝑐[𝑥𝑛𝑦𝑛(𝑥)] =

−𝑦(𝑛−1)(1) − (𝑖𝑝 − 𝑛)𝑦(𝑛−2)(1) − ⋯ − (𝑖𝑝 − 𝑛)(𝑖𝑝 − (𝑛 −

1)). ⋯ . (𝑖𝑝 − 2)𝑦(1) + (𝑖𝑝 − 𝑛)(𝑖𝑝 − (𝑛 − 1)) ⋯ (𝑖𝑝 −

1)𝐹(𝑖𝑝) 𝑛 ∈ 𝑍+.  
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3. Automatic control of missiles [12] [4] 

One of the ordinary differential equations applications is the auto-

matic control over a moving missile that followed a moving object 

such as an aircraft. If the moving missile is indicated by 𝑴 and the 

turning angle of the of the aircraft is 𝜽(𝒕)at time 𝒕 , assuming the 

desired turning angle of the missile is 𝜶𝒕 , where 𝜶 is the angular 

velocity of the missile. It is an inevitable occurrence to have an error 

between the two angles: 𝒆𝒓𝒓𝒐𝒓 = 𝜽(𝒕) − 𝜶𝒕 .  
Due to the error that happened between the two angles, it is neces-

sary to produce a torque to reduce or eliminate the error. The rela-

tionship between the produced torque and the error is positive and 

in the opposite direction. 

𝒕𝒐𝒓𝒒𝒖𝒆 = 𝑰
𝒅𝟐𝒒

𝒅𝒕𝟐  . Where 𝑰 is the moment of inertia? 

Since torque is directly proportional to the error 

 

𝑰
𝒅𝟐𝒒

𝒅𝒕𝟐  ∝ [𝜽(𝒕) − 𝜶𝒕] . 

 

∴  𝑰
𝒅𝟐𝒒

𝒅𝒕𝟐
= −𝒌[𝜽(𝒕) −

𝜶𝒕] … (𝟑. 𝟏) 𝒘𝒉𝒆𝒓𝒆 𝒌 𝒊𝒔 𝒂 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕 𝒂𝒏𝒅 > 𝟎 . 
 

The minus refer to the opposite direction of the torque in respect to 

the error.  

Assuming that the initial angle and the angular velocity are zero 

𝜽 = 𝟎 𝒂𝒏𝒅 𝜽′(𝟎) = 𝟎  then equation (3.1) will be: 𝑰
𝒅𝟐𝒒

𝒅𝒕𝟐
=

−𝒌𝜽(𝒕) + 𝒌𝜶𝒕  
 

⇒
𝒅𝟐𝒒

𝒅𝒕𝟐 =
−𝒌

𝑰
 𝜽(𝒕) +

𝜶𝒕

𝑰
  

 

∴  
𝒅𝟐𝒒

𝒅𝒕𝟐
+

𝒌

𝑰
 𝜽(𝒕) =

𝒌

𝑰
𝜶𝒕 .  

 

a) Solving developed missile automatic control problem using 

Al-Tememe transform 

As an application to the second order ordinary differential equation 

with variable coefficients, the developed missile automatic control 

problem could be solved using Al-Tememe transform. It is neces-

sary to multiply 𝜃′′by 𝑡2 in equation (3.1) in order to solve the de-

veloped missile automatic control problem using Al-Tememe trans-

form. 

Let’s assume 𝜽 = 𝒚 𝒂𝒏𝒅 𝒕 = 𝒙 then:  

 

𝑥2𝑦′′ +
𝑘

𝐼
𝑦 =

𝑘

𝐼
𝛼𝑥  

 

𝑦(1) = 0; 𝑦′(1) = 0. 

 

By using Al-Tememe transform  

 

−𝑦′(1) − (𝑝 − 2)𝑦(1) + (𝑝 − 2)(𝑝 − 1)𝑇(𝑦) +
𝑘

𝐼
𝑇(𝑦) =

𝑘

𝐼
𝛼

1

𝑝−2
   

 

𝑇(𝑦) (𝑝2 − 3𝑝 + 2 +
𝑘

𝐼
) =

𝑘𝛼

𝐼

𝑝−2
 .  

 

𝑇(𝑦) =
𝑘𝛼

𝐼
(

1

(𝑝−2)(𝑝2−3𝑝+2+
𝑘

𝐼
)
) . 

 

𝑦 = 𝑇−1 (
𝑘𝛼

𝐼

(𝑝−2)(𝑝2−3𝑝+2+
𝑘

𝐼
)

) . 

 

Now let:
𝐴

𝑝−2
+

𝐵𝑝+𝐶

𝑝2−3𝑝+2+
𝑘

𝐼

=
𝑘𝛼

𝐼

(𝑝−2)(𝑝2−3𝑝+2+
𝑘

𝐼
)

 . 

 

=
𝐴𝑝2−3𝐴𝑝+2𝑝+

𝑘𝐴

𝐼
+𝐵𝑝2−2𝐵𝑝+𝐶𝑝−2𝐶

(𝑝−2)(𝑝2−3𝑝+2+
𝑘

𝐼
)

 . 

 

𝐴 + 𝐵 = 0                                                                                 (3.2) 

 

−3𝐴 − 2𝐵 + 𝐶 = 0                                                                  (3.3) 

 

2𝐴 +
𝑘

𝐼
𝐴 − 2𝐶 =

𝑘𝛼

𝐼
 .              (3.4) 

 

From (3.2) 𝐵 = −𝐴 , substitute in (3.3) to find 𝐶 . 
 

−3𝐴 − 2(−𝐴) + 𝐶 = 0 . 
 

−3𝐴 + 2𝐴 + 𝐶 = 0 ∴ 𝐶 = 𝐴 . 
 

2𝐴 +
𝑘

𝐼
𝐴 − 2𝐴 =

𝑘𝛼

𝐼
 . 

 

𝐴 =
𝑘𝛼

𝐼
.

𝐼

𝑘
= 𝛼 ∴ 𝐴 = 𝛼 . 

 

Then:  

 

𝛼

𝑝−2
+

−𝛼𝑝+𝛼

𝑝2−3𝑝+2+
𝑘

𝐼

=
𝑘𝛼

𝐼

(𝑝−2)(𝑝2−3𝑝+2+
𝑘

𝐼
)

 . 

 

Now: 

 

𝑦 = 𝛼𝑇−1 (
1

𝑝−2
) − 𝛼𝑇−1 (

𝑝−1

𝑝2−3𝑝+2+
𝑘

𝐼

) . 

 

𝑦 = 𝛼𝑇−1 (
1

𝑝−2
) − 𝛼𝑇−1 (

𝑝−1 

(𝑝−
3

2
)

2
+(

−1

4
+

𝑘

𝐼
)
) . 

 

𝑦 = 𝛼𝑇−1 (
1

𝑝−2
) − 𝛼𝑇−1 (

𝑝−
3

2
 

(𝑝−
3

2
)

2
+(

−1

4
+

𝑘

𝐼
)

+  
1

2
 

(𝑝−
3

2
)+(

−1

4
+

𝑘

𝐼
)
) . 

 

From the above the solution for the missile automatic control sys-

tem is:  

 

𝑦 = 𝛼𝑥 − 𝛼𝑥
1

2 𝑐𝑜𝑠 (√
−1

4
+

𝑘

𝐼
𝑙𝑛 𝑥) −

1

2
𝛼𝑥

1

2 𝑠𝑖𝑛 (√
−1

4
+

𝑘

𝐼
𝑙𝑛 𝑥) . 

 

By using the original symbols 

 

𝜽 = 𝜶𝒕 − 𝜶𝒕
𝟏

𝟐 𝒄𝒐𝒔 (√
−𝟏

𝟒
+

𝒌

𝑰
𝒍𝒏 𝒕) −

𝟏

𝟐
𝜶𝒕

𝟏

𝟐 𝒔𝒊𝒏 (√
−𝟏

𝟒
+

𝒌

𝑰
𝒍𝒏 𝒕) . Is 

the required turn angle of the missile. 

 

It is possible to proof that Al-Tememe transform could be used to 

solve the developed problem of missile automatic control  

 

𝑦′ = 𝛼 − 𝛼𝑥
1

2√−
1

4
+

𝑘

𝐼
(−𝑠𝑖𝑛 ((√−

1

4
+

𝑘

𝐼
𝑙𝑛 𝑥)))𝑥−1 −

1

2
𝛼 𝑥−

1

2 𝑐𝑜𝑠 (√−
1

4
+

𝑘

𝐼
𝑙𝑛 𝑥) −

1

2
𝛼𝑥

1

2 (√−
1

4
+

𝑘

𝐼
) 𝑥−1 𝑐𝑜𝑠(√−

1

4
+

𝑘

𝐼
𝑙𝑛 𝑥) −

1

4
𝛼𝑥−

1

2 𝑠𝑖𝑛(√−
1

4
+

𝑘

𝐼
𝑙𝑛 𝑥) . 

 

𝑦′ = 𝛼 + √−
1

4
+

𝑘

𝐼
𝛼𝑥−

1

2𝑠𝑖𝑛 (√−
1

4
+

𝑘

𝐼
𝑙𝑛 𝑥) −

1

2
𝛼 𝑥−

1

2 𝑐𝑜𝑠 (√−
1

4
+

𝑘

𝐼
𝑙𝑛 𝑥) −
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1

2
(√−

1

4
+

𝑘

𝐼
) 𝛼𝑥−

1

2 𝑐𝑜𝑠(√−
1

4
+

𝑘

𝐼
𝑙𝑛 𝑥) −

1

4
𝛼𝑥−

1

2 𝑠𝑖𝑛(√−
1

4
+

𝑘

𝐼
𝑙𝑛 𝑥)  . 

 

𝑦′′ = (−
1

4
+

𝑘

𝐼
) 𝛼𝑥−

1

2𝑥−1 𝑐𝑜𝑠 (√−
1

4
+

𝑘

𝐼
𝑙𝑛 𝑥) −

1

2
(√−

1

4
+

𝑘

𝐼
) 𝛼𝑥

−3

2 −

1

2
(√−

1

4
+

𝑘

𝐼
) 𝛼𝑥

−1

2 𝑥−1(−) 𝑠𝑖𝑛 (√−
1

4
+

𝑘

𝐼
𝑙𝑛 𝑥) +

1

4
𝛼𝑥

−3

2 𝑐𝑜𝑠 (√−
1

4
+

𝑘

𝐼
𝑙𝑛 𝑥) −

1

2
(−

1

4
+

𝑘

𝐼
) 𝛼𝑥

−1

2 𝑥−1(−) 𝑠𝑖𝑛 (√−
1

4
+

𝑘

𝐼
𝑙𝑛 𝑥) +

1

4
(√−

1

4
+

𝑘

𝐼
) 𝑥

−3

2 𝑐𝑜𝑠 (√−
1

4
+

𝑘

𝐼
𝑙𝑛 𝑥) −

1

4
𝛼 (√−

1

4
+

𝑘

𝐼
) 𝑥

−1

2 𝑥−1 𝑐𝑜𝑠 (√−
1

4
+

𝑘

𝐼
𝑙𝑛 𝑥) +

1

8
𝛼𝑥

−3

2 𝑠𝑖𝑛 (√−
1

4
+

𝑘

𝐼
𝑙𝑛 𝑥) . 

 

𝑦′′ = (−
1

4
+

𝑘

𝐼
) 𝛼𝑥

−3

2 𝑐𝑜𝑠 (√−
1

4
+

𝑘

𝐼
𝑙𝑛 𝑥) −

1

2
(√−

1

4
+

𝑘

𝐼
) 𝛼𝑥

−3

2 𝑠𝑖𝑛 (√−
1

4
+

𝑘

𝐼
𝑙𝑛 𝑥) +

1

2
(√−

1

4
+

𝑘

𝐼
) 𝛼𝑥

−3

2 𝑠𝑖𝑛 (√−
1

4
+

𝑘

𝐼
𝑙𝑛 𝑥) +

1

4
𝛼𝑥

−3

2 𝑐𝑜𝑠 (√−
1

4
+

𝑘

𝐼
𝑙𝑛 𝑥) +

1

2
(−

1

4
+

𝑘

𝐼
) 𝛼𝑥

−3

2 𝑠𝑖𝑛 (√−
1

4
+

𝑘

𝐼
𝑙𝑛 𝑥) +

1

4
(−

1

4
+

𝑘

𝐼
) 𝛼𝑥

−3

2 𝑐𝑜𝑠 (√−
1

4
+

𝑘

𝐼
𝑙𝑛 𝑥) −

1

4
(√−

1

4
+

𝑘

𝐼
) 𝛼𝑥

−3

2 𝑐𝑜𝑠 (√−
1

4
+

𝑘

𝐼
𝑙𝑛 𝑥) +

1

8
𝛼𝑥

−3

2 𝑠𝑖𝑛 (√−
1

4
+

𝑘

𝐼
𝑙n x) . 

 

After performing the necessary mathematical simplifications the 

equation x2y′′ +
k

I
y =

k

I
αx is appeared and by using the original 

symbols, where θ = y and t = x then the equation t2θ′′ +
k

I
θ =

k

I
αt will appear. 

4. Conclusions 

The developed missile automatic control problem is an application 

of the second order ordinary differential equations with variable co-

efficients, that can bs solved using Al-Tememe transform. The 

above calculations that are performed over the developed missile 

automatic control problem using Al-Tememe transform shows that 

it is possible to use Al-Tememe transform as a solving method to 

that problem, and a proof to the ability of Al-Tememe transform in 

solving the developed missile automatic control problem has also 

been provided. 
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