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Abstract 
 

Solution of partial differential equations (PDEs) of three dimensional steady state heat conduction and its error analysis are elaborated in 

the present paper by using a Trilinear Galerkin Finite Element method (TGFEM). An eight-node hexahedron element model is developed 

for the TGFEM based on a trilinear basis function where physical domain is meshed by structured grid.  The stiffness matrix of the hexa-

hedron element is formulated by using a direct integration scheme without the necessity to use the Jacobian matrix.  To check the accuracy 

of the established scheme, comparisons of the results using error analysis between the present TGFEM and exact solution is conducted for 

various number of the elements.  For this purpose, analytical solution is derived in detailed for a particular heat conduction problem.  The 

comparison shows promising result where its convergence is approximately O(h²) for matrix norms L1, L2 and L. 
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1. Introduction 

Finite element method (FEM) is computational technique com-

monly used to solve partial differential equations (PDE) which oc-

curs in mathematical modeling of boundary value problems.  The 

main feature of the method is its capability to solve complicated 

geometry, load or boundary conditions of the model by dividing the 

physical domain into finite sub-domains or elements and transforms 

the system into a set of linear equations.  The accuracy of FEM is 

usually increase by increasing the number of elements.  Therefore 

numerical simulation by using FEM in general requires digital tool 

for its processing.  It is not surprising that the tremendous progress 

of application using FEM is in parallel with the revolutionary ad-

vancement of computer and digital technology.  Currently FEM is 

used in engineering, applied mathematics, economics, medical 

among others [1-8].  

The Galerkin’s finite element method (GFEM) is one of FEM that 

utilizing a weight residual methods.  Most of the GFEM utilize Ja-

cobian matrix for the derivative of the function with respect to the 

natural coordinate system used to derive the stiffness matrix of the 

element [9-12].  The Jacobian matrix is very useful for arbitrary 

element geometry.  However, the formulation involving Jacobian 

matrix will increase the computational time for each element.  For 

a structured mesh, where most of the domain geometry is regular, 

it is possible to construct the element stiffness matrix directly with-

out the necessity to use the Jacobian matrix.  This procedure is con-

ducted in the present work to solve a 3D steady state heat conduc-

tion problem which is solved by discretizing the physical domain 

into a number of 8-nodes brick elements. A simplified stiffness ma-

trix that can be used for a homogenous cubic domain problem that 

allow for a structured grid mesh generation with uniform distribu-

tion of element sizes is presented where its scheme can reduce sig-

nificantly the CPU time. The exact solution for a particular problem 

is derived and compared to the present GFEM results. 

2. Mathematical Formulation 

The three dimensional steady state heat conduction equation in ho-

mogenous domain without the heat source can be expressed as the 

following Laplace’s equation [2]: 
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where u is the temperature at each point in the domain, ub and fb are 

the Dirichlet and Neumann boundary conditions, respectively.  By 

application of the wighted residual approach.  The PDE of (1) can 

be written as 

)2(
2

2

2

2

2

2





+












+




+




−= 



d
n

u
wd

z

u

y

u

x

u
wI

               

 

where w is the weighted function formulated using Galerkin ap-

proach.  By further performing the integration by part procedure, 

Eq. (2) can be transformed to become the so-called weak formula-

tion of Eq. (2): 
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As the key steps in FEM, the solution to Eq. (3) is performed by 

dividing the domain Ω into sub-domains such that it reduces Eq. (3) 

into the task of solving a system of linear equations. 

 

3. Basis function and stiffness matrix 

 
Consider a heat conduction of a box shown in Figure 1(a) and its 

division into sub-domain as shown in Figure 1(b). The domain is 

assumed to be homogenous and has no heat source such that Eq. (1) 

can be used. 

 

1(a) 

 

1(b) 

Fig. 1: (a) Physical domain of Ω bounded by Γ,  (b) physical structural mesh 

 

Assumed that the temperature u = f(x, y, z) is a trilinear function as 

follows: 

 

xyzazxayzaxyazayaxaau 87654321 +++++++=
                   (4)

 

which has 8 unknown coefficients of a.  Since the hexahedron ele-

ment has eight sets of node coordinates (𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖)  and nodal varia-

bles ui at the vertices of the element, then the coefficients a can be 

obtained. The value of the variable u at arbitrary location (x, y, z) 

within the elemental box domain region is approximated by the in-

terpolation/basis function above which can be written in a matrix 

form as follows 
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Hence, substituting the x, y and z coordinate values at each nodal 

point gives: 
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where ui in Eq. (8) are the temperature at each corner point of the 

8-nodes brick element. 

In Equation (6), -we substitute the geometric coordinates of the 8 

corner points as follows: 

 

dzcybxdzcybx ==−===−= 222111 ,,,,,

dzcybxdzcybx −==−=−=== 444333 ,,,,,

dzcybxdzcybx =−===−== 666555 ,,,,,

dzcybxdzcybx −=−==−=−== 888777 ,,,,,
 

                                                                               (7) 

to give 
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where ),,( zyxH i
 is the shape function for trilinear hexahedron 

element which can be express as functions of the three dimen-

sional geometry coordinates as follows: 
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Where the shape function meets the following conditions 
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Therefore, the stiffness matrix can be obtained as 
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which yields an 8-by-8 symmetric matrix  
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where, in the present work, each element matrix is formulated by 

using a direct integration  

)13(, 















+








+








= 



d
z

H

z

H

y

H

y

H

x

H

x

H
K

e

jijijie

ji
 

4. Analytical solution of the particular heat 

conduction problem 

Consider three dimensional heat conduction equations for steady 

state problems of a cubic box shown in Fig. 2 which lead to Helm-

holtz equation (Ref-13).   
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Where T is the temperature at each point in the domain similar to 

the parameter u in (1).  In this particular problem, all surface 

boundaries have the temperature of T = 0 except at the top surface 

(z = Lz) that exhibits a sinusoidal function as follow:

  
)15(sin.sin0 
























=

yx L

x

L

x
TT

  

 

 
Fig. 2: Physical domain for the analytical solution 

   
Following Ref (5) for solving 2D heat problems, the technique is 

extended to treat 3D problem where we assumed the solution sat-

isfying the Laplace equation and the boundary conditions can be 

expressed as follows: 
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Substitution of equation (17) into (14) yields 
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Therefore, in order to satisfy the conditions in (19), each term in 

the left hand side of (19) should be equal to a constant such that 
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Then, substitution of (20) into (19) yields 

0222 =++                                                                           (21)
 

Equation (20) can be rewritten as 
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The solution of equation (22) for P is 

 

xBxAP xx  cossin +=
                                       (23)                                                    

By considering the boundary conditions  at  x =0   or x = Lx 
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T=0   or 

 

( ) ( ) ( ) 0=zyx RQP
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Or     P = 0 at x =0 or   x = Lx. 
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For P=0 when x = Lx 
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Therefore, the equation (7) for R becomes  
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Refer to the boundary conditions  
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By similarity of the left and right hand sides of (29), the following 

should holds:    n=1   , m=1   so that 
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Therefore, the analytical solution for this particular problem is 
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5. Validation and convergence of the results 

In order to evaluate the accuracy of the present GFEM procedure, a 

numerical simulation of the steady state heat conduction problem 

of cubic domain shown in Figure 2 is conducted and the results are 

compared with the analytical results described in previous section.  

To check the convergence, the length Lx, width Ly and height Lz of 

the box are set equal to 1 respectively so that the number of ele-

ments in x, y and z are set equal also nx = ny = nz.  The boundary 

conditions at the side surfaces are set similar to the analytical prob-

lem, i.e all surface boundaries have the temperature of T = 0 except 

the top surface (z = Lz) that exhibits a bi-sinusoidal function as 

shown in (15). 

The error is evaluated by comparing the difference between the nu-

merical and analytical results in three different ways.  In this case, 

three matrix norms L1, L2 and L are used which are defined as fol-

low: 
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Fig. 3:  Temperature distribution based on the analytical solution of Eq. 

32. (a) Boundary conditions, (b) Slice view at x = Lx/2 and y = Ly/2, (c) 
Slice view at y = Ly/2, (d) Slice view at x = Lx/2. 

The GFEM temperature distribution results is shown in Figure 3.  

The error of the present GFEM by comparisons with the analytical 

solution is presented in Table 1.  Figure 4 shows the error as func-

tion of the number elements.  As expected, it is found that the er-

ror is consistently reducing by increasing the number of elements 

or by decreasing the size of elements.   

Table.1L1, L2 and LError Analysis of the solution 

Total ele-

ment  

nx * ny * nz 

Element  

Size 

(L /n) 

0

~
ii uu −

 
(10-3) 

2

~
ii uu −

(10-3) 


− ii uu~

(10-3) 

8*8*8 0.125 1.0427 1.8958 7.1883 

16*16*16 0.062 0.31775 0.5084 1.7609 

24*24*24 0.041 0.1506 0.23203 0.78329 
32*32*32 0.031 0.087457 0.13235 0.44093 

40*40*40 0.025 0.057048 0.08543 0.28207 

48*48*48 0.020       0.040121 0.05967 0.19575 

 

To assess the rate of convergence of the error, a general regression 

procedure [10, 11] is performed.  The regression result shows that 

matrix norm L1, L2 and L can be approximated as  

 

𝐿1 = 0.0477 ℎ1.821 

𝐿2 = 0.1062 ℎ1.9308 

𝐿∞ = 0.4665 ℎ2.0095 

 
where h is the size of the element length.  This indicate that the 

GFEM result converges to the exact solution with the convergence 

rates of almost O(h²) for matrix norm L1, L2 and L . This remarka-

ble rate demonstrates the fast convergence of the present GFEM 

formulation. 

 

 
Fig. 4: Convergence of the error analysis results 

6. Conclusion 

The present work describes a finite element method for three di-

mensional heat conduction using eight-nodes hexahedron element 

models where the formulation is conducted without the necessity to 

use the Jacobian matrix.  In order to assess the accuracy of the pre-

sent work, comparison with analytical results is conducted.  The 

analytical results in the form of temperature distribution on rectan-

gular box with Dirichlet boundary conditions is derived in detailed 

by using the separation of variable method.  The results shows that 

the convergence of the present TGFEM method is approximately 

O(h²) for matrix norm L1, L2 and L. 
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