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Abstract

This work involved fuzyy Sumudu transform (FST) for solving fuzzy fractional differential equations (FFDESs) involving Riemann-
Liouvillefuzzy fractional derivative and we find with proof the formulas of fuzzy sumudu transforms for Riemann-Liouville fuzzy

fractional derivative about order ¢ < /& <1 addition, we use the resulting fuzzy Sumudu transform to solve (FFDES) of order 0 < /< |
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1. Introduction

Partial math is the speculation of common analytics. This
incorporates the capacities subsidiary of self-assertive request.
Numerous specialists in numerous fields are investigate and
consider The subject, for example, building, arithmetic et cetera [3,
6, 7, 8, 10, 17]. the work in [19] One of the real commitments in
this field , which examined the subject seriously. From that point
onward, it was considered in [15], where the creators proposed a
few applications. Necessary changes have for quite some time been
utilized in unraveling direct customary differential conditions, and
additionally straight fragmentary differential conditions. The
fundamental changes were gone before by Fourier change.
Afterward, a few new necessary changes have been proposed, to be
specific, Laplace, Mellin, and Hankel changes [16, 23, 24]. In any
event F Jarad and K.Tas ponder use of Sumudu changes to
Riemann-Liouville partial differential conditions. In this paper, we
include new outcomes the fluffy Sumudu change for fluffy partial
differential conditions (FFDEs) comprise of Riemann-Liouville

0<pB<l1

fluffy fragmentary subordinate about request
Basic concepts

This section consists of basic concepts which are needed in this
paper.

Some Definitions and Theories

Definition 2.1 [2]

A fuzzy number ¥ i parametric form is a pair ') of functions
ulr)irir), 0=rs<i which satisfy  the following
requirsments:

() is 2 bomded non-decreasing left contimuous finction
(0.1] .and right contmnons atl

#10r) 5 2 bounded non-increasing left continuous fimction in
(9] and right continuous at @,
. wlrjsi(r), 0=rsl

Theorem 2.2([26]). Let and it is represented by [£o (¥ )70 ()]

For any fixed @ (01 assume Lo x) and /o ¥ ) are Riemann-
mtegrable on [z, b] for every fr Za  and szzume there ars two

. _ J'|r_',, (x ) dx =M,
positive 2« and Mo such that = and

F x| el = AT, .

‘” | for every 2@ Then, /") is improper
furzy Rismann-mtsgrzble on [4:°) g the improper fizzy
Riemann-integrable iz 2 furzy number. Furthermors, we have
[ (e yate = | [ (x Ja, [ (x ) ade

H-difference of furzy numbers iz defimed 2s follows

Definition 2.3 [20] Let ¥+ €& 1f there exists = € £ such
that * *7 ==+ then & iz called the Hubmhars — differsnes of ¥

}

and » *and itis denoted by *©Y . The sign "8 dways stands

for H-difference and also note that * © *+ (=100
Definition 1.4 [20] A two — parameter fimction of the MMittag-
Leffler type 13 defmed by the series expansion:
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E,ulz) Zr{::.ﬂ- wB) (a=>0,p=0)

Definition 25[20] Let/ (¥ ):(e:0) = £ gpg %o €(@:0) ey

F*) i dfferentishle at ¥ , i the fist form, if for 1>

sufficiently near 0, there exist the H-differences
.f.[ Xop ¥ r‘?]ef {‘-..} I {'Lu:]el'r [ o "lf} =nd the limits
Fr(ra)= i L2 O () /(2O 5o =)

of
£ Jiﬁ_ differentizble 2t ~ ", in the second form, if for 120

sufficiently near 0, there exist the H-differences
FAx )2 (wg + i) (v, — B2 (% 0) g4 the limits

- "r{‘--.}Sfl:T +h) .I"{.n',,—Jr}e_j' (x,])
Fx,) I|m lim -

In thizs paper, we IiEﬂI}T“ thﬂ space of all contimuous fuzzy

functions on [# 1= ® g he space of 2ll
Lebesgue integrable fuzzy functions on the bomded mterval [z b)
by € [0.6] and L7 [0.5]

respectively
2. Riemann-Liouville Fuzzy Fractional
Derivative

In this subsection, we provide some defmitions and theorsms m
Eiemenn-Liouvillsfuzzy fractional derivative.

Definition 2.6 ([21]). Let / (x)sC [0.8]n27[0.8] ¢,
furzy fimetion. The fuzzy Riemamn-Liouville mtegral of the fuzzy

function f is defimed 2

- | I .
V)=l oy P eR

Theorem 27[2]. Let # (x) e [0.8] L7 [0.0] be 2 fuzry
function. The fuzzy Fismann-Licuville mtegral of the

fuzzy fimetion I is 2 follows
[ )], = f"f'”{-rw'r;,u- ).

(L)) =51

(£ W

follows

D=w=l,

m.xﬁeﬁ

r—.r‘

(f}
]—[:f’;'}_l- !:'i .n'dr

Iu h]r'uf,‘ [u.n’:—] and Xa
For e

. x.9eR_,

Definition2.8 [16] Lnt" eC’ in
a.b #lx)
(ab)_,
Riemann-Liouville H- differentisble zhout order ©<# <lg
Bl B o -

e :I}I [.t“] e E , snch fhat

ol ,.F:'}I

o if there exists an element {
forall # >0 sufficiently small

L ' - ix. -
(%02 f)(x,) = lim Hroth) © dx) o #xo) © dlx,-h)

L LS h b B
("0 f)s,) limﬂt'l'e'j'" i I ':'e )
s Iy bl

For the szke of simplicity, we say ﬂ:tatﬂ:tﬂfllzy—ialuﬂd fimection
fis “LU-#] _ differentisble if it is differentisble as in the
Definition 2.8 case (i), andis LU/ )™ A differentiable it it &
differsntisble as m the Defmition 2.8cas= (i) .

Theorem 2.9 [16] Let/ <€ [a.b] 2" [a.b] Ko (ap)
0=p <1
. Then:

[ :I'ﬂ'I Wa gay 'ﬂj_a‘[f{x} is

RL )
Let S (x) be a [(I )7;3'] - differentiable fuzzy — valued
function then:

(DS )xi) =[(“DLEYwgr) o (“DLF Yxuir)]

0<r<i1

RL .
. Lett (x) be a [G)-A] differentiable fuzzy —
valued function then:

0<r<i (RLDif)(xﬂ] - {(RLDif_)(xﬁ”’) 5 (RLDi -)(xn;”)]

where

RL M

And

RLy B X r 12 . f(tr
(DT xuir) {( w LTy 1m

Fuzzy Sumudu Transform

Definition 3.1 [1.4] Let be a contmuous fuzzy fimetion. Supposs

i3 improper fuzzy Fiemann-mtegrable on [l.‘},x]-: then iz called

fuzzy Sumudu transform and 15 denotd by
Glu)=5 | ..I‘: {x) ||fn )= J'_.I'-‘ (#ax e

where the wvarizble u iz usai“tu} factor the varizble x m the
r, =0

Ty o= [—r,,r_. ]

argument of the fuzzy fnction and. fie
The F5T can also bewritten mto the followmg parametric form
S @)= [Ln () )os [ (x)](w0)]
Duzlity Properties of the Fuzzy Laplace and Fuzzy Sumudu
Tranzform FLT has 2 close relationship with FST. It & necessary
for us to be zble to link between the two transforms m order to
prove theorems and properties of the FST. The defmition for FLT
1z given as follows. _
Definition 32[1] Let 7 *) be 2 continmous fuzzyvalued
finction. Suppese that iz mmproper fuzzy Fiemann-mteprable m
[0.) gem

1z called the furzy Laplace transform and is denoted by:
Theorem3.3 [1] Let F 1% ) e 2 contimuous fuzzy-valued function.
1 F s the fizzy Laplace transform Df"r () and G 15 the fuzzy
Sumudu tranzform u}f-'r. (¥) , then:

S
G w) ;{ :r}

I
MNext, we give the defmition for the classical Sumudn transform
when dealing with Riemann-Iiouville fractional derivative

Fuzzy Sumudu transform for Riemann-Liouville fuzzy
fractional derivative

In thiz part, we reczll the theorsm of FST and later we propose 2

new result on the property of FST for Riemann-Licuville fuzzy
fractional derivative

Theorem 4.1[12] Let f satisfy the relation
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_ Me'if 1 <0
Fol<y .
Meif r>0  fedC([0.p))
S {Dg.f (t)j(u)=u“F(u ZU Dy ()
t=0
Since in this paper, we only consider0 <p<l , Theorem 4.1

can be simplified as follows
M [RLDﬁf (x )](u):u'ﬁF(zr)—RLDﬁ"f (0), 0<p<l.

F F
Theorem 4.2 :Suppose that/ WIEC00INL[0.2) 0y 0< p<

then :
1 If (“D*f)x) g

is -differentiable fuzzy-valued
function, then

RL - F(u RL 1
s[( D,ﬁf)(x)](u)=u(—;) D" (0)
o if (PP i -p]
is - differentiable fuzzy-valued

function, then

S[(RLD;?‘]( _RLD,B— D)e( F(u))

)(x ) ()

Now we will proof cases

RL [I *ﬁ]

Provel as follows: Since =~ 27 () s
differentiable fuzzy-valued function, then we get:

(RLDI,Bf)(x) _ I:(M'Dﬁi)(xi”) . ("'"D’?f_)(x;r)j.

Therefore, we get:

r):(RLD’?):)(x;r)

("D7f )(x:

(D77 ) (vir) = (77 ) (x31)
1)

Then from (1), we get:
S[(“pef ) ))w) =S| (“D%7 )(rsr) . (D7 )wir) )
:s[(RLDﬁL)(x;r)](u),s [(RlDﬁf_)(x;r)}(u)

:[ufﬁF() RLDﬁlf( ) ﬂF() RLDﬁ*If(x;r)]
:{smrg J) s g 217 n)J0)

7
u

0]

R ph ff_(O:r):|
®)

Then we get:

F(M)

s[(“Df 1 )(x )]@w)= © “Dp*f (0)

i = A1

RI Jij RL
Csine | P (x)
prove 2 as follows: Since is
differentiable fuzzy-valued function, then we get:

(041 )= (07 (0 ]

Therefore, we get:

(D2 )xsr)=(""DOF ) (xsr)

(D7 )(xir)= (D71 ) (x5r).
4)

Then from (4), we get:

S[("02f )(s)J) = | (“DF (wir)  ("DF J(wir) o)

=s[(“D7 ) (i) [(u)s [(“DIL) (x5r) () o
:[u’ﬂF (w)="D"'F (x;r)u PF(u)-""D"'f (x ;r)]
{,s 7 (Z.;)](u)_m, Dﬁ,.";(o:r),s [L(i’; () Dﬁf_(O:r)}

(6)
Then we get :
S [( M'DZ"? f )(x )](ﬂ ) _ _R.',D,l?fff (D) o (725)‘”))
Application
In thissection we shall solve a FFIVP of order 0<p<l by using
theorem 4.2 as in the following
Example 5.1 Consider the following FFIVP:
(R"Dﬂy)(x)=y (x) .0<pB<1
)
RL Py 34)} (O) y((,ﬁ 1)
S[(“D7y)(x)]@) =5 [r (+)](w)- ®

Now, by using theorem (4.2) we have 2'=2 cases as follows:

Case 1 Let us consider ( "y )(x) e i *ﬁ]_
F (ll) RL £

— - © "D (0)=5 [» (x)]().
Then, we get :

s [ () ()

- 7M.DﬂIX(()sr):,s'[)i(XJ‘)](“)

S[)T(Xa")](“) s[f(xﬂ”)](”)

i
l-l'[

RI.D/i—I}T((Lr) —
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Therefore we have :

(P“FD( )=

B
s

7o) = s L

1—u

y(xir)=

z
where “’ﬁ( )
definition (2.4).

denotes the Mittag-Leffler function defined in

Py )(x) i - B

Case 2 Let us consider ( be )

epri(0) © (*Z%)):g[y (x)](u).

Then, we get :
*[}7(\;‘7;)](” Dy (0.r) =5 [y (o) ()
L0 sy 0. (e i)

14

Therefore we have :

(1—uﬂ)s[}_’()f;r)}z”}_fgﬁ")(r)uﬁ, (l - ) [y(x r)} f{,ﬂ’”(f‘)uﬁ

Consequently:

2p P
}_)(x ;r) = H[')Tf(iﬂil) (’A)S } L . 2/ } + Hl')_}t(Jﬂil) (f‘)ﬁ_‘ |:l —“u 25}

2B
F(xir) ="y (r)s {]iu”’} M (s |: }
Finally:
1 u’”
S x?"E u
[ B,r( )( )} 1+u? ) as follows :
y (3= M ) By (67 )+ My () B g (67

y[;t f‘) RLlw_”( )_mEjﬁﬁﬂH( Eﬁ)_l_RL}T(ﬁ IJ( ) ﬂEl[i.ﬁﬂ(xw)
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