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Abstract 
 

Consider a metric space ( , )M   and the non empty sub sets,  1 2,B ,...,B ,pB p of X. A map 

1 1S: ,p p

i i i iB B   called p-cyclic orbital Geraghty type of contraction is introduced.  Convergence of a unique fixed point and a 

best proximity point for this map is obtained in a uniformly convex Banach space setting.  Also, this best proximity point is the unique 
periodic point of such a map. 
 
Keywords: p-cyclic maps, Orbital contraction, Geraghty type contraction. 

 

1. Introduction  

The theory of fixed points originated as a consequence of solving 
differential equations.  Fixed point theorems assure the existence 
of solutions under certain conditions on the map and some condi-
tion on an topological space on which the map is defined. We now 
state the classical Banach contraction theorem which is used to 
solve problems of practical importance. 
 

Theorem 1.1.  Let ( , )M   be a metric space which is complete 

and S be a self map on X such that 

   ,Sq p,q , 0 1, ,qSp k k p M      

Then there exists a point 0x M  such that for a point x M  

the iterative sequence    nS x  converges to x0, which is the 

unique fixed point of S . 

In such a case, f is called a Banach contraction map where k is the 

contraction constant.  The sequence   nf x  is called the it-

erative sequence of x M .  This method of obtaining a fixed 

point as the limit of an iterative sequence is called the Picard-type 
integrative method. Note that, here f is uniformly continuous in M. 

A great number of attempts are made to generalize the 
BanachContraction Principle. 
One of such an attempt is made by Geraghty in [1], by introducing 
a new class of test functions ‘w’ which is defined as below. 
 
Definition 1.1. ([1]) w is the class of functions 

u :[0, ) [0,1)  such that   1 0n nu t t   .   

Note that ‘u’ is not continuous in any sense. Using this, Geraghty 
proved a fixed point theorem which is stated as below: 
 

Theorem: 1.2 ([1]) Let S: M M  be a map, on ( , )M   

which is a  metric space which is complete and satisfy,  for some 

u S  

      ,Sq p,q p,q , ,qSp u p M            (1.1) 

Then there exists a unique   fixed point 0x M  further  for any  

x M   the sequence of iterates   nS x  converges to 0x . 

As a generalization of Geraghty’s theorem, Kirk et al. ([2]) gave a  
theorem which is stated as follows. 
 

Theorem  1.3. Let   1 2, ,..., 2pB B B p  be non  empty  and 

which are closed subsets of a metric space ( , )M  which is 

complete. Let u S and  suppose 1 1S: ,p p

i i i iB B    be 

a map satisfying,  

1)   1,i iS B B  where 1i iB B  . 

2) 
      

1

,Sq p,q p,q ,

,q , 1i i

Sp u

p B B i p

  





   
. 

Then S has a fixed point which is unique in 1

p

i iB . 

Note that in 1

p

i iB , S is a self map and is map defined by    

Geraghty. In [3], Eldred and Veeramani introduced a concept of 
cyclic maps which is given as follows: 
 

Definition 1.2.  Let ( , )M  be a metric space and  let P and Q 

be non empty subsets of  M, A self map  S on P Q  is 

said to be a cyclic map if    &S P Q S Q P  . 
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If ( , )s Ss  dis(P,Q). 

where     P,Q inf s, t : ,dis s P t Q   then 

s P Q  is called a best proximity point. 

Note: Best proximity point will be abbreviated as b.p.pt, and fixed 
point as f.p. in this paper. 

We note that  the obtained b.p.pt. is a fixed  point  of S. 

if  P,Q 0dis  . F.p.theorems can be generalized as b.p.pt. 

theorems.  

Theorem 1.4. ([3]) Consider  M, .  , a Banach space which is 

uniformly convex and P and Q be non empty convex  subsets of M, 

which are closed. Let S,  a self map on P Q  be a cyclic map 

such that 

     1 P,QSp Sq u p q u p q dist       

,p P q Q  , u w .  Then S has a unique b.p.pt. P   

further, if 
0x P  and a sequence is defined as 1n nx Sx  then 

 2nx  converges to this unique b.p.pt. 

In [3], the following useful lemma is proved. 
 

Lemma 1.3.  Let M, P and Q be as said in Theorem 1.4.  Let  P be 
a convex subset. Let {pn}and  {qn} be sequences in the subset P  
and {Zn) be  a sequence in the subset Q such that. 

n n n np z and q z  converge to dist (P,Q). 

This implies that n np z  converge to zero. 

In [6],  the notion  of p- cyclic map is introduced.  Let  M, be 

a metric space. Let   , 1,2,..., 2iB i p p   be non empty 

subsets of  M. Then a map 1 1S: ,p p

i i i iB B    is called a  

p-cyclic map if   1,i iS B B   where 1i iB B  . Let us say 

that A is a “p-cyclic representation”, if the subsets are as said 

above and S is a p-cyclic map on the union. A point ix B is a 

b.p.pt. of S in iB if    1,S ,Bi ix x dis B  .  In [4], the 

following b.p.pt.   theorem for a Geraghty type of contraction is 
obtained for a p- cyclic map. 
 

Theorem 1.5.  Let A be a p-cyclic representation on a  Banach 

space which is uniformly convex. Let  1 2,B ,...,B , 2pB p   

be non empty, convex subsets of M, which are closed. Let u w  

and suppose  

 

   1

1

1 ,B

, ,1

i i

i i

Sp Sq u p q p q

u p q dist B

p B q B i p





   

    

   

 

 

Then for ,ix B   pnS x   converges to a point 

iz B such that z is a b.p.pt. of S in iB .  Also, 
kS z is a b.p.pt. 

and  also unique periodic point of S in i kB  . 

In [5], an idea  of cyclic orbital contraction is given which is such 
that the contraction condition need not be satisfied for all the 

points.  For   such a map, fixed points and b.p.pt.are obtained.  In 

[10],  a contraction map called p- cyclic orbital non expansive map 
is defined. 
 
Definition 1.4, Consider a p-cyclic representation A on a metric 

space ( , )M  . Let for some  , 1 ,is B i p    for 

each 0,1,2,..., 1k p   

   1 1s,S s,S ..........(2)pn k k pn k kS t S t      

for all 
it B and for all n N .  Then the map S is called p- 

cyclic  non expansive of orbital type. 
 
In [10], the following proposition is given. 
 
Proposition  : 1.6.  Let M  be  a normed space which is a strictly 
convex. Let  
A be a p-cyclic representation and S be a p-cyclic orbital non ex-

pansive map which satisfies equation (2) for 

som  , 1is B i p   .  Suppose for each 

0,1,2,..., 1k p  and it B , 

   1

1s,S ,Blim pn k k

i k i k

n

S t dis B  

  



 and 

  pn kS x
 converges to k i kz B  .  Then the following 

hold:  

(a) 
     

   
1 2 2 3 1 2

1 1

,B ,B ... ,B

,B ,B ,p p p

dis B dis B dis B

dis B dis B

  

 

 

(b) kz is a b.p.pt. of S in i kB  and 0

k

kz S z for 

k=1,2,…,p. 

(c) kz is a unique periodic point of S with period p in i kB  . 

2. Main Results  

We give a notion of a contraction map, called as p- cyclic orbital 
Geraghty type, which is given below: 
 
Definition 2.1. Let A be a p-cyclic representation on a metric 
space M. Let S satisfy the following: For some 

 , 1 ,ix B i p   for all iy B and for all n , the 

following inequality holds: 

 

    

    

1

1 1

1

1

,S

,S ,S

1 ,S ,B

pn k k

pn k k pn k k

pn k k

i k i k

S x y

u S x y S x y

u S x y dist B



 



 

   

 

  



  
 

 (2.1) 

whereu w .  Then S is called “p-cyclic orbital Geraghty type 

map”. 
 
Proposition 2.1.  Let A be a p-cyclic representation and S be a p - 
cyclic orbital Geraghty  type  map with a 

 , 1 ,ix B i p   for which (2.1) hold. Then we have the      

following results: 

(a) S is a p - cyclic orbital non expansive map. 

(b)    1

1s,S ,Bpn k pn k

i k i kS t dis B   

  
it B , 

for each k={1,2,...,p}. 
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(c)    1

1s,S ,B ,pn pn

i iS t dis B 


it B . 

(d)    1

1s,S ,B ,pn p pn

i iS t dis B  


it B . 

(e)    1

1s,S ,B ,pn p pn

i iS t dis B  


it B . 

(f)    1

1s,S ,B ,pn pn p

i iS t dis B  


it B . 

Proof.  Let  , 1 ,ix B i p   satisfy (2.1) and
iy B . 

(a) Let    1

1,S ,Bpn k k

i k i kS x y dist B  

   .   Let 

 

 
 

1

1

1

1

,S ,

,S

,B ,

pn k k

k

pn k k

k

i k i k

S x y

S x y and

d dist B

 

 

 

 



  







 

   

  

1 1 1

1 1

1

1

1

(*)

k k k k

k k

k

k

u u d

u d d

d d

   

 





  

 





    

    

  



 

Henc    1 1,S ,Spn k k pn k kS x y S x y     .          (2.2) 

Let    1

1,S ,Bpn k k

i k i kS x y dist B  

   .  

Then from (*),   

  

  

 

1 1

1

1

(*)

0

,S .

k k k

k

pn k k

d d

d

d

S x y

   

 



 



 

     

 





 

Hence S is a p-cyclic orbital non expansive map.  

(b) Let and  1,2,3,...,k p .  Since S is a    p-cyclic 

orbital non expansive map, the sequence 

 1(S ,S )pn k pn kx y   
is bounded below 

by  1,Bi k i kdist B    and non increasing.  Therefore, this se-

quence        converges to  1,Bi k i kr dis B    , where 

 1inf ,S .pn k pn kr S x y     

If  1,Bi k i kr dis B    , then the result is obvious. Hence, 

let  1,Bi k i kr dist B    .  Now 

 

    

     

1 2

1 2 1 2

1 2

1

,S

,S ,S

,S ,B

pn k pn k

pn k pn k pn k pn k

pn k pn k

i k i k

S x y

u S x y S x y

u S x y dist B



 



   

       

   

  







      

  

   

1 1 1

1

1

1

1

,S ,B

,S

,S ,B

p n k p n k

i k i k

pn k pn k

pn k pn k

i k i k

S x y dist B

u S x y

S x y dist B







    

  

  

  

  





  
 

 

      

   

  

1 1 1

1

1

1

1

,S ,B

,S ,B

,S 1, . (2.3)

p n k p n k

i k i k

pn k pn k

i k i k

pn k pn k

S x y dist B

S x y dist B

u S x y u w







    

  

  

  

  





    

 

Letting n  in (2.3), we 

get   11 ,S 1pn k pn ku S x y     . 

Since  
  

 

1

1

, ,S 1

,S 0 ,

pn k pn k

pn k pn k

u w u S x y

S x y r





  

  

 

  
    

this is a contradiction.  Similarly c), d) e) and f) can be proved. 
The proposition given below is useful to prove the main result, the 
proof of which follows from lemma 1.3 and proposition 2.1. 
 
Proposition 2.2. Let A be a p-cyclic representation on a Banach  
space M, which is uniformly  convex, where the subsets are non 

empty, and convex which are closed, and S be a          p-cyclic 

orbital Geraghty type map  with an  , 1 ,is B i p     for 

which (2.1) hold. Then the following  hold : 

(a) 0pn pn pS s S s   

(b) 0pn pn pS s S s   

(c) 
1 1 0pn pn pS s S s    . 

Theorem 2.1.  Let A be a p-cyclic representation on a complete 

metric space M, such that for some  , 1is B i p   the 

following is satisfied for all iy A  and for all x : 

 

    

1

1 1

s,S

s,S s,S ........ (2.4)

pn k k

pn k k pn k k

S t

u S t S t



 

 

   
 

u w .  Then 1

p

i iB  is non empty and  pnS s converges to 

0 1

p

i iz B which the unique is f.p. of  S. 

Proof.  When  1,B 0i k i kdis B     in (2.1),  we get (2.4).  

Let  , 1is B i p   satisfy (2.4).  Let us prove by         

induction on m, that given 0  , there exists an n  such 

that  s,S ,pn pmS s  for all 0,n m n ,            (2.5) 

 Let 0  be given.  Now  

     1 1s,S s,S s,S .pn pm pn pm pm pmS s S s S s    

By similar argument as in Proposition 2.1 b), it can be shown that 
by putting 

   1

1,B 0, s,S 0lim pm pm

i k i k

n

dis B S s 

  



  .  

Hence there exists an 0n   such that 

     1

0s,S ,0 2 , (2.6)pm pmS s m n
p

      

Hence it is enough that if we prove that  

   1

0s,S 2 , , . (2.7)pn pmS s m n n   

Fix 0n n such that (2.6) holds.  Now (2.7) is true for m=n.  
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Assume that (2.7) is true for some m, m > n0. We shall prove that 
(2.7) is true for (m+1) is place of m. Now 

  
   

 

   

1 1

1 1 2

1

s,S

s,S s,S ...

s,S

2

p mpn

pn pm pm pm

pm p pm p

S s

S s S s

S s

p



 



 

 

  

  

  



  

 

Hence  pnS s is a Cauchy sequence. Let it converge to  a limit  

say, ,iA  By putting  1,B 0i idist B   , in  proposition  

2.1.(c) it can be proved that  1 s,S 0pn pnS s   .  

Now  ,S 0    .  Since S is p-cyclic, 1

p

i iB  and  is 

f.p. To prove that  is unique, consider  be such  that S  .  

It  can be shown by similar argument as in Proposition 2.1. 

(b)  1,S 0pn pnS as n     .  Hence   

   1, ,S 0pn pnS as n        .  

Hence   . 

 
Remark 2.2.  We see that theorem 1.3  is a corollary to the theo-
rem  2.3.  
 
Theorem 2.2. Let A be a p-cyclic representation on  a Banach 
space M, which is uniformly convex and let the subsets be non 
empty, and convex subsets of M which are closed. such that S is a 
p- cyclic orbital Geraghty type map.  Then for every 

 , 1is B i p       satisfying equation (2.1).  pnS s con-

verges to a unique i iz B which is a b.p.pt of S in iB and it is 

also a unique periodic point of S in iB .  Also, 
i

i i jS z z  is a 

b.p.pt. and unique periodic  point  of S in i jB  for   j =1,2,...,(p-1). 

 

Proof. If  1,B 0,i idis B   in (2.1), then by Theorem (2.1) 

we have a unique  f.p. of S in 1

p

i iB . Hence           assume 

 1,B 0i idis B   .Claim : For every 0  there  exists 

0n   such that for all 0 ,m n n   

 

 1

1,Bpm pn

i iS s S s dis B 

                            (2.8) 

 

Suppose not, then there exists an 0 0   such that for  all 

k ,  there exists ,k km n k  for which 

 

 1

1 0,Bpmk pnk

i iS s S s dis B 

                         (2.9) 

 

Now for each k,  

 

 

1 0

1

1

1 0

,B

,B (2.7).

i i

pmk pnk

pmk pmk p pmk p pnk

pmk pmk p

i i

dis B

S s S s

S s S s S s S s

S s S s dis B by









  







 

   

   

 

 

By letting k  any by the proposition (2.1), we have 

 

 

1

1 0

1 0

,B

,B .

lim
pmk pnk

i i
k

i i

dis B S s S s

dis B












  

 

 

That is,  
 

 1

1 0,B .(2.11)lim
pmk pnk

i i
k

S s S s dis B 




    

Now,  
 

1

1

1 1 . (2.12)

pmk pnk pmk pmk p

pmk p pnk p

pnk p pnk

S s S s S s S s

S s S s

S s S s

 

  

  

  

 

 

 

 
Now by using p-cyclic orbital non expansiveness of S, (p-1) times 

to
1pmk p pnk pS s S s   , we get 

 

   

1

1 2

1 1

1

11 ,B .

pmk p pnk p

pmk pnk

pmk pnk pmk pnk

pmk pnk

i i

S s S s

S s S s

u S s S s S s S s

u S s S s dis B

  

 

 







 

  

   
 

 

Let us denote  1,Bi idis B  by d and  

1pmk pnkS s S s by k .  Therefore from                       (2.6) 

 

    
1 1

1

.

pmk pmk p

k k k k

pnk p pnk

S s S s u u d

S s S s

   

  

    

 
 

That is, 

    
1 1

1

.

k k k

pmk pmk p pnk p pnk

u u d

S s S s S s S s

  

   

  

   
 

 

   
1 1

1

. (2.13)

k k

pmk pmk p pnk p pnk

u d

S s S s S s S s

 

   

 

   
 

 

Since for each k,   1 0ku   and 0k d   by (2.6), 

we have    1 0k ku d    .  Now letting k   

and using proposition 2.1. (a) and (c) in (2.10) we 

have    1 0lim k k
k

u d 


   . 
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Since 
0lim k

k

d 


  by(2.8), we have, 

   01 0lim k
k

u  


  ,  

which implies   1 0lim k
k

u 


  , which in turn   im-

plies   1ku   . Since  , 1 0k ku w u      , 

which is contradiction to the fact that 
0k d   .   

Hence the claim. Now by proposition 2.1. 

(b),  1

1,B .pn pn

i iS s S s dis B

    Combining this with 

the claim, by lemma 1.7, we have the following: 

For every 0  there exist an 1n  , such that 

1, .pm pnS s S s m n n     

Hence  pnS s  is a Cauchy sequence in iB  and converges to a 

.i iB   By proposition 1.6, b) and (c), is a b. p.pt. of S in 

iB and also unique periodic point of S in iB . 

Further, 
i

i i jS    is a b.p.pt.  in .i jB     

Now we prove that,  for any ,it B t s  satisfying the ine-

quality  (2.1),  the sequence  pnS t converges to the same  

.i iB   

Let 
pnS t  converge to iB .  By what we have proved 

 1,B .i iS dis B     

Suppose  1,B .i iS dis B     Then 

 

    

 

  

2

1

1

2

1 ,B

1

i i i

i i i

i i

i i

i

p p

i

i

S S u S S

u S dist B

u z S z S

u z S z S

S

S S

S S

     

 

 

 

 

 

 





   

  

  

   

 

 

 

 

Thus we arrive  at a contradiction. 

 Therefore  1,Bi i iS dis B T       .  Since 

the underlying space is uniformly convex Banach space and the 

sets are convex,  we have .i   

3. Conclusion  

In this paper,  a  new contraction map  is introduced on a metric 
space,  where the contraction condition need not be  satisfied for 

all the points in  the  space.  It is enough if the contraction  condi-
tion  hold for just a point in  the space,  to get  a unique  fixed 
point  and b.p.pt..  It is easy to see that Theorems1.4 and 1.5  are 
corollaries to theorem 2.4. 
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