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Abstract

Consider a metric space (M,p) and the non empty sub sets, Bl,Bz,...,Bp,(peN) of X. A map

S: Uipzl Bi —> Uip:1 Bi , called p-cyclic orbital Geraghty type of contraction is introduced. Convergence of a unique fixed point and a

best proximity point for this map is obtained in a uniformly convex Banach space setting. Also, this best proximity point is the unique

periodic point of such a map.
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1. Introduction

The theory of fixed points originated as a consequence of solving
differential equations. Fixed point theorems assure the existence
of solutions under certain conditions on the map and some condi-
tion on an topological space on which the map is defined. We now
state the classical Banach contraction theorem which is used to
solve problems of practical importance.

Theorem 1.1. Let (M ,p) be a metric space which is complete
and S be a self map on X such that

p(Sp.Sq)<kp(p,q), 0<k <1, p,geM
Then there exists a point X, € M such that for a point X € M

the iterative sequence {Sn (X)} converges to Xo, which is the

unique fixed point of S .
In such a case, f is called a Banach contraction map where k is the

contraction constant. The sequence { fr (X)} is called the it-

erative sequence of X € M . This method of obtaining a fixed
point as the limit of an iterative sequence is called the Picard-type
integrative method. Note that, here f is uniformly continuous in M.
A great number of attempts are made to generalize the
BanachContraction Principle.

One of such an attempt is made by Geraghty in [1], by introducing
a new class of test functions ‘w’ which is defined as below.

Definition 1.1. ([1) W is the
u:[0,00) —[0,1) such thatu (t,) >1=>t, —0.

Note that ‘u’ is not continuous in any sense. Using this, Geraghty
proved a fixed point theorem which is stated as below:

class of functions

Theorem: 1.2 ([1]) Let S:M — M be a map, on (M, p)
which is a metric space which is complete and satisfy, for some
uesS

p(Sp.Sa)<u(p(p.a))p(p.a), p.geM

Then there exists a unique fixed point X, € M further for any

(11

X €M the sequence of iterates {Sn (X)} converges to X; .
As a generalization of Geraghty’s theorem, Kirk et al. ([2]) gave a

theorem which is stated as follows.

Theorem 1.3.Let B,B,,..., Bp ( p= 2) be non empty and
which are closed subsets of a metric space (M, p) which is
complete. Let U € Sand suppose S: U2, B — U2 B, be
a map satisfying,

1) S(Bi ) c B, whereB,,, =B,.
p(Sp.Sa)<u(p(p.a))p(p.q),
peB,qeB,,1<i<p

2)

Then S has a fixed point which is unique in ﬂipzl Bi .

Note that in ﬂipzl Bi , S is a self map and is map defined by

Geraghty. In [3], Eldred and Veeramani introduced a concept of
cyclic maps which is given as follows:

Definition 1.2. Let (M, 0) be a metric space and let P and Q
be non empty subsets of (M,p)A selff map Son PUQ is

said to be a cyclic map if S(P)QQ &S(Q)gp .
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If (s, Ss) = dis(P,Q).
where dis(P,Q)zinf {(S,t):Se P,teQ} then

s € P UQ is called a best proximity point.

Note: Best proximity point will be abbreviated as b.p.pt, and fixed
point as f.p. in this paper.
We note that the obtained b.p.pt. is a fixed point of S.

ifdiS(P,Q) =0. F.p.theorems can be generalized as b.p.pt.
theorems.
Theorem 1.4. ([3]) Consider (M, ||||) , a Banach space which is

uniformly convex and P and Q be non empty convex subsets of M,
which are closed. Let S, a self map on P UQ be a cyclic map
such that

Isp—Sal <u(lp—al)+[1-u(|p~al) |dist(P.Q)
peP,geQ,uew. Then S has a unique b.ppt. £ € P
further, if X, € P and a sequence is defined as X,, = SX; then
{XZn} converges to this unique b.p.pt.

In [3], the following useful lemma is proved.

Lemma 1.3. Let M, P and Q be as said in Theorem 1.4. Let P be
a convex subset. Let {p,}and {q.} be sequences in the subset P
and {Z,) be asequence in the subset Q such that.

Ip, —z,and g, — z, || converge to dist (°.Q).

This implies that || p,—2%, || converge to zero.

In [6], the notion of p- cyclic map is introduced. Let (l\/l, p) be
a metric space. Let B, 1=1,2,..., p( p= 2) be non empty
subsets of M. Then amap S: U2, B — U2 B, is called a
p-cyclic map if S(Bi ) c B,,;, where B, =B, . Let us say
that A is a “p-cyclic representation”, if the subsets are as said
above and S is a p-cyclic map on the union. A point X € Bi isa
b.p.pt. of S in B;if o(X,Sx)=dis(B;,B,,,). In [4] the

following b.p.pt. theorem for a Geraghty type of contraction is
obtained for a p- cyclic map.

Theorem 1.5. Let A be a p-cyclic representation on a Banach
space which is uniformly convex. Let B, B, ..., Bp ,( p=> 2)

be non empty, convex subsets of M, which are closed. Let U € W
and suppose

|sp—sal<u(|p—df)[p—al
+|:1_u(”p_q”):|di8t(8i’Bi+1)
peB,qeB, 1<i<p

i+1?

Then for Xe€B, {Spn(X)}

Z € B;such that z is a b.p.pt. of S in B, . Also, S¥Zisabp.pt.

converges to a point

and also unique periodic point of Sin B, .

In [5], an idea of cyclic orbital contraction is given which is such
that the contraction condition need not be satisfied for all the
points. For such a map, fixed points and b.p.pt.are obtained. In

[10], a contraction map called p- cyclic orbital non expansive map
is defined.

Definition 1.4, Consider a p-cyclic representation A on a metric
space (M, p) . Let for some Se B, (1Si£ p), for

k=012,..p-1
p(S7* 5,8 ) < p(S™* s, S ). (2)

forallt e Bi and for all N N . Then the map S is called p-
cyclic non expansive of orbital type.

each

In [10], the following proposition is given.

Proposition : 1.6. Let M be a normed space which is a strictly
convex. Let
A be a p-cyclic representation and S be a p-cyclic orbital non ex-

pansive  map  which  satisfies  equation (2)  for

som SeB, (13 i < p) Suppose  for  each

k=012,..p-1 and teB, ,

lim p(s™**s,8 t) =dis(B,., 1, B\ and
n—oo

{S pn+k (X)} converges to Z, € B,,, . Then the following

hold:
dis(B,,B,) =dis(B,,B,)=...=dis(B,,B,)

@ _ dis(B, ,,B, )= dis(B,,B,),

p-17

(b) Z,is a bppt of S in B, and z, = SkZO for
k=1,2,...,p.
(¢) Z, isaunique periodic point of S with period p in Bi+k .

2. Main Results

We give a notion of a contraction map, called as p- cyclic orbital
Geraghty type, which is given below:

Definition 2.1. Let A be a p-cyclic representation on a metric
space M. Let S satisfy the following: For some
xeB, (1Si < p),for all y € B, and for all NeN, the

following inequality holds:

p(s pn+kX’Sk+1 y)
< u(p(S pn+k—lX,Sk y))p(s pn+k—1X,Sk y)

whereU € W. Then S is called “p-cyclic orbital Geraghty type
map”.

21

Proposition 2.1. Let A be a p-cyclic representation and S be ap -
cyclic  orbital  Geraghty type map with a

xe B, (1<i< p),for which (2.1) hold. Then we have the

following results:
(@) Sisap - cyclic orbital non expansive map.

0 p(S™*s, S t) - dis(B,,,B,

|+k+l) tE Bi '
for each k={1,2,...,p}.
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© p(S""s,S"t)—>dis(B,_,B,), teB,. p(S Plnst)eky gP(nt)iet y)—dist(Bi+k,Bi+k+l)

@ p(S™"s,S""t)—>dis(B,B,,), teB, p(S7x, 8" y) —dist (B, B,y )

@ p(S™PsS™t)>dis(B,B,,), teB, < u(p(S””*kx,Sp”*k*l y)) <1, uew.——>(2.3)

G p(S g gPn+PH g ) N (;||5,(BI , B|+1) teB. Letting n—oo in (2.3), we

Proof. Let X € B,, (1Si < p),satisfy(2.1) andy € B,

@ Let p(S™* XS y)>dist(B, By, ). Let
L = ,O(S pn+kX,Sk+l y)’
t 1 =p (ST xS y) and
d =dist ( B..1 B ),
M <U (luk—l)/uk—l + I:]-_ u (ﬂk—l)] d
= u(:uk—l)[/uk—l _d]+d -—>(%)
<y ,—d+d
=Ha
Hene p(S”X, S y) < p(S” xS y).
Let (S *x,S" y) =dist(B,,, ;. By, ).
Then from (*),
My = a(ﬂk—l)[ﬂk 1_d]+d —-—>(*)
<a(m_,)(0)+d
=d
:p(s pn+kflx’Sk y).
Hence S is a p-cyclic orbital non expansive map.
(b) Let and K € {1, 2,3,..., p} . Since Sisa p-cyclic

orbital non expansive

{p(Spn+k X1Spn+k+1 y)} is

by diSt(B B|+k+1)and non increasing. Therefore, this se-

i+k ?

2.2)

map, the
bounded

sequence

below
quence converges to I > dis(By,,, By, ). where
r=inf p(SP xS y).
Ifr = dIS(BI+k , B|+k+1) then the result is obvious. Hence,
let r>dist(B,,.B.y..)
p(S pn+k+1X gPnke+2 y)

Now

Culp(sm RS pls T ns )
H(u(p(sm 87 y))dist (B, B,.,)

P (8P S ) _dist(B, By )
<u(p(s™*x S"“k”y))

X

[P §PnHx, §P y)_diSt(Bi+k’Bi+k+1)j|

getl<u (p(S Py, GPnHet y)) <1

pn+k pn+k+1
S er,u(p(s X, S y))—>1

:>p(S pn+kX’Spn+k+l y)—)O: r,

this is a contradiction. Similarly c), d) e) and f) can be proved.
The proposition given below is useful to prove the main result, the
proof of which follows from lemma 1.3 and proposition 2.1.

Proposition 2.2. Let A be a p-cyclic representation on a Banach
space M, which is uniformly convex, where the subsets are non
empty, and convex which are closed, and S be a p-cyclic

orbital Geraghty type map with an S € B, (1S i < p), for
which (2.1) hold. Then the following hold :
D) HS s —S "””’SH >0

(b) HS Pg g PPg

© HS Pl g p’”"“s” 0.
Theorem 2.1. Let A be a p-cyclic representation on a complete
metric space M, such that for some S € B, (1£ i< p)the

-0

following is satisfied for all 'y € A and forall X € N :

p(S pn+k S,Sk+1'[)
Su(p(Sp””"ls,Skt))p(Sp”k’ls,Skt) ........ (2.4)
UeW. Then ﬁipzl Bi is non empty and {S an} converges to
z, € N, B, which the unique is f.p. of S.

Proof. When dis(B,,,By,,.;)=0in (21), we get (2.4).
Let Se€B, (1S i < p) satisfy (2.4).

induction on m, that given & > 0, there exists an N e N such

that p(S™5,S"" s) < &, forall n,mn, (2.5)

Let us prove by

Let & > 0 be given. Now
p(S7s5,S™s)< p(S™s, 8" s)+ p(S"™ s, S s).

By similar argument as in Proposition 2.1 b), it can be shown that
by putting

dis(B,,,B,,..)=0, limp(s""s,5™*s)=0".

N—oo

Hence there exists an N, € N such that

p(SP™s,S™s) <(%),0<5<(5/2),m >n, (2.6)
Hence it is enough that if we prove that
p(S”s,8™s) <(£/2),mn=n.

Fix N 2N, such that (2.6) holds.

2.7)

Now (2.7) is true for m=n.
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Assume that (2.7) is true for some m, m > no. We shall prove that
(2.7) is true for (m+1) is place of m. Now

p(s pn S,Sp(m+1)+ls)
<p(S™s,S" s)+ p(SP"s, S s )+
+,O(S pm+p S’Spm+p+l S)

<(g/2)+(%)<g

Hence {S pns} is a Cauchy sequence. Let it converge to a limit
say, & € A\, By putting diSt(Bi_l, B, ) =0, in proposition
2.1.(c) it can be proved that p(S pn-lg gpn S) —0 .
Now p(f,Sf) =0. since S is pcyclic, & € N2, Band is

f.p. To prove that & is unique, consider 77 be such that77 = S77.
It can be shown by similar argument as in Proposition 2.1.

() p(S"7,S™ 17) —>0asn — oo Hence

p(&m)=p(S7&S"" n)—>0asn — .
Hence £=17.

Remark 2.2. We see that theorem 1.3 is a corollary to the theo-
rem 2.3.

Theorem 2.2. Let A be a p-cyclic representation on a Banach
space M, which is uniformly convex and let the subsets be non
empty, and convex subsets of M which are closed. such that S is a
p- cyclic orbital Geraghty type map. Then for every

seB, (1S i< p) satisfying equation (2.1). {S an} con-
verges to a unique Z, € B, which is a b.p.pt of S in B, and it is

also a unique periodic point of S inB,. Also, S'z, = Z;,isa

b.p.pt. and unique periodic point of S in Bi+jfor j=1,2,...,(p-1).

Proof. If diS(Bi,B-+l) =0, in (2.), then by Theorem (2.1)

we have a unique f.p. of Sin ﬂipzl Bi . Hence assume
dis(B,,B,.,)>0 .Claim : For every &> 0 there exists
Ny, € N such that for all m>n>n,,

|sP"s—s™s| < dis(B,,B,,)+& (2.8)

Suppose not, then there exists an &, >0 such that for all

k e N, there exists m, >N, > K, for which
|sP™s —s "] > dis(B,, By, )+ £ (2.9)

Now for each k,

dis(B,,B..,)+¢,

<[sPms —s P

cfoms s fsms s
<[sP™s~ 5" Ps||+dis(B,,B,,,) +&, by (2.7).
By letting K —> 00 any by the proposition (2.1), we have
dis(B;,B,,,)+¢&, < IHDHS pmks g pnk+1SH

+dis(B;, By, )+ &-
That is,

lim|s™s -5 =dis (B, B,..) +2.(2.11

No?v(jO

575 s -5
+ HS pmk+pg _ g pnke+ p+1SH

n HS pnk -+ p+1S S pnk+ISH.

(2.12)

Now by using p-cyclic orbital non expansiveness of S, (p-1) times
toHS prk+pg _ g Pnk+ p+1SH we get

[s7oweps — g meensg|
< HS Pmicls S p”‘“zs”

<u (HS ks~ S p”k*lsH) HS Pmks —S p”k*lsH
+[1— u([s™™s-s p”“lsu)}olis(si By)-
Let us denote dis (B, By, )by d and

H SPmkg_ g P”k+1sH by f4, . Therefore from

L SHSpmkS—Spmk+ps“£u(yk)yk +(1—u(,uk))d

+ HS pnk + p+lS _3 pnk+lsH.

(2.6)

That is,
Hy _u(ﬂk)_(l_u(ﬂk ))d
< HS pmkS -3 pmk+pSH + HS pnk+p+lS ~3 pnk+lSH.

(1-u () (p —d)

<[sP™s—sPmePs| 4| s Pkerris g ks (2.13)

Since for each k, (1—U (,uk )) >0and 24 >d +&, by (2.6),

we have(l—u(,uk))(,uk—d)>0. Now letting K — 00
and using proposition 2.1. (a) and (c) in (2.10) we

nve [ m (L-u(11,)) (11, ~0) =0.

K—o0
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Since lim u =d+g, by2s), we have,
k—o0
Ikim(l_u(/uk ))‘90 =0,
which implies |im(1—u (,uk )) =0, which in turn  im-
k—o0

pliesu(,uk)—>l. Since U eW,u(,uk)—)1:>,uk —0,
which is contradiction to the fact that £4 —> d+ &y-

Hence the proposition 2.1.
(b), HS s S pn+1SH —dis ( B, BM). Combining this with
the claim, by lemma 1.7, we have the following:

For every & > O there exist an n e N, such that

HS"’“S—S"“S

claim. Now by

<g,m>n>n,.

Hence {S an} is a Cauchy sequence in Bi and converges to a
w € Bi. By proposition 1.6, b) and (c), is a b. p.pt. of S in
Bi and also unique periodic point of S in Bi .

Further, Sia)I =, .isabppt. inB

Now we prove that, J for any t € B, ,tJ¢ S satisfying the ine-
quality (2.1), the sequence {Spnt} converges to the same
w, €B,.
Let S™t converge to A € B; .
|4-S4]=dis(B,.B.,).
Suppose ||ﬂ—Sﬂ|| > diS(Bi,Bi+l). Then
|so -2 <u(|e - SA])|e -S4
+(1-u (], — S 4]) ) dist (B, B,,,)
<u(|lz. = Snl)ljz - sl

+(1-u(lz - snl))lz - snl

By what we have proved

[ -57]
= Hs Pw —S P%H
<[sar 5]

Thus we arrive at a contradiction.

Therefore |, —SA|| =dis(B;,B,,,) =|A—T4|. since
the underlying space is uniformly convex Banach space and the
sets are convex, we have A = ;.

3. Conclusion

In this paper, a new contraction map is introduced on a metric
space, where the contraction condition need not be satisfied for
all the points in the space. It is enough if the contraction condi-
tion hold for just a point in the space, to get a unique fixed
point and b.p.pt.. It is easy to see that Theoremsl.4 and 1.5 are
corollaries to theorem 2.4.
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