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Abstract

Let G(V,E) be a simple graph with vertex set V and edge set E. A setS c V is called a power dominating set (PDS), if every vertex
u € V — S is observed by some vertices in S by using the following rules: (i) if a vertex v in G is in PDS, then it dominates itself and all
the adjacent vertices of v and (ii) if an observed vertex vin G has k > 1 adjacent vertices and if k — 1 of these vertices are already
observed, then the remaining one non-observed vertex is also observed by v in G. A power dominating set S € Vin G(V,E) is said to
be an equitable power dominating set (EPDS), if for every v € V — S there exists an adjacent vertex u € S such that the difference be-
tween the degree of u and degree of v is less than or equal to 1, i.e., |d(u) — d(v)| < 1. The minimum cardinality of an equitable pow-
er dominating set of G is called the equitable power domination number of G and denoted by y,,4(G). The Mycielskian of a graph G is
the graph u(G) with vertex setV U V' U z, where V' ={v': v € V}, and edge set E = {uv':uv € E} U{v'z: v' € V'}. In this
paper we investigate the equitable power domination number of Mycielskian of certain graphs.
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Mycielskian graph.

1. Introduction

All the graphs considered in this paper are finite, connected, sim-
ple, and undirected. The notion of domination in graphs was intro-
duced by Hedetniemi and Laskar [7] and the concept of equitabil-
ity in the graphs was studied by Swaminathan et al. [9]. Haynes et
al. introduced the concept of power domination in graphs and
power domination number of graphs.

A dominating set [6, 7] of a graph G = (V,E) is a set S of vertices
such that every vertex vinV — S has at least one neighbor in S.
The minimum cardinality of a dominating set of G is called the
domination number of G and denoted by y,;(G). The degree d(v)
of a vertex v in G is the total number of edges of G incident with v
and any two adjacent vertices u and v in G are said to hold equita-
ble property if |d(u) —d(v)| < 1. A dominating set S € V in
G (V,E) is called equitable dominating set [1] if for every
v € V — S there exists an adjacent vertex u € S such that the
difference between degree of u and degree of v is less than or
equal to 1, that is |d(u) — d(v)| < 1. The minimum cardinality
of an equitable dominating set of G is said to be equitable domi-
nation number of G and denoted by y.,(G).

AsetS < Vis called a power dominating set (PDS) [2, 4] of G if
every vertex u € V — S is observed by some vertices in S by using
the following rules:

If a vertex v in G is in PDS, then it dominates itself and all the
adjacent vertices of v.

If an observed vertex v in G has k > 1 adjacent vertices and if
k — 1 of these vertices are already observed, then the remaining

one non-observed vertex is also observed by v in G. The minimum
cardinality of an power dominating set of G is called the power
domination number of G and denoted by y,,4(G).

Banu Priya et al. introduced the concept of equitable power domi-
nation in graphs [3]. A power dominating setS < VinG (V,E)
is said to be an equitable power dominating set, if for every vertex
v €V —§ there exists an adjacent vertex u € S such that the
difference between degree of u and degree of v is less than or
equal to 1, that is |d(u) — d(v)| < 1. The minimum cardinality
of an equitable power dominating set of G is said to be the equita-
ble power domination number of G and denoted by y,,4(G). It is
interesting to note that the equitable power dominating set S of a
graph G is not unique.

Let G(V,E) be a graph. The Mycielskian of G [10] is the graph
1(G) with vertex setV U V' U z,whereV' = {v': v € V}, and
edge set E={uv': uwv € E} U{v'z: v' € V'}. We call the
vertices of V'as the corresponding vertices of V for convenience
sake. In this paper we establish the equitable power domination
number of Mycielskian of certain graphs.

2. The Equitable Power Domination Number
of the Myceilskian of Cycle and Path

One can note that the equitable power domination number of the
Mycielskian of a cycle C,, for 3 < n < 5 is 2. One such exam-
ple is given in Figure. 1.
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Figure.1: Equitable power domination number of Cs, yepa(Cy,) = 2

2.1. Theorem

Let C,, be a cycle on n vertices. Theny,,q(u(C,)) = 3,forn =
6.

Proof

Let C, be a given cycle on n > 6 vertices uy,u,, ..., u,. Obtain the
Mycielskian of a cycle C,, u(C,) With V(u(C,)) = uy,uy, ..., Uy,
Uy, Uy, ..., Uy, v. Note that the vertices u,, u,, ..., u, are of degree 4,
and u;,u,, ..., u,, are of degree 3 and the degree of the root vertex
visnin u(C,). To obtain the equitable power dominating set S of
#(C,), one has to choose the root vertex v to be in S.
Because |d(u;) —d(v); 1 < i < n| = 1. There are 2n non-
observed vertices and without loss of generality, let u, be inS.
Since the degree of uy is 4, it observes w_y, Uy 1, Ug_1, aNd Uy ;.
One can also see that u;,_, and wu,_, have only one non-observed
vertex, namely u,_, and u;,, respectively. So u,_, and u,., are
observed byu,,_, and u,_,, respectively by the definition of pow-
er domination in graphs. One can note that all the observed verti-
ces are having at least two non-observed adjacent vertices, so the
equitable power domination property fails. So one has to choose
any one of the non-observed vertices uy_s, Upy3, Up_2 ' OF Upys'
to be in S in order to get the minimum cardinality. We choose,
without loss of generality u;,_s, for discussion sake. Now u_;

dominates u,_, u,_,, and u,_,. Now one can see that the re-
maining non-observed vertices are observed by the observed verti-
ces by the equitable power domination property. Thus
Yepa ((Cy)) = 3forn = 6.

2. 2. Definition [5]

A path P, is a graph whose vertices can be listed in the order
Vi,V5,..., 0, Such that the edges are {v;v,.,} Where i =
1,2,...n—-1

2.3. Lemma
Let P, be a path on n vertices.
1, forn =2,
Then yepq (,u(Pn)) = 3,forn =3,
4,forn =4,5,6.

Figure.2: Equitable power domination number of a path P, Vepq (Ps) = 4

2.4. Theorem

Let P, be a path. Then y,,,q (u(P,)) = 5, forn = 7.

Proof

Let P, be a path on n vertices uy,uy,..,u, . Obtain the
Mycielskian of a pathP,, u(P, )with the vertex setV(u(B,)) =
U, Usp, ey Uy, Ug, Uy, .o, U, ¥ Where v is the root vertex of
u(P,). It is interesting to see that the vertices u;, u; u,, and

u,, are of degree 2. The vertices u,, ..., u,_, are of degree 4, verti-
Ces Uy, ..., U,,_, are of degree 3, and d(v) = ninu (P,). In order
to obtain an equitable power dominating set S of « (B,), one has to
choose the vertex v, as |d(w;)) —d(v); 1 < i <n| £ 1. And
also, one has to put the vertices u; and u,, in S since u; and u,,
have the neighbors whose degrees are more than two that of itself,
which clearly violates the equitable property. Now there are
2(n — 1) non-observed vertices in u(B,). Without loss of gener-
ality, choose u;, to be inS. Now u; equitably power dominates
Up—1, Upsq, Up—q, and u,,,. And also the observed vertices u,_,
and ., eventually equitably power dominate uy_, and .,
respectively as they are the only non-observed vertices of u;,_,
and ;. Now the observed vertices u;s have more than one non-
observed vertices and also the observed vertices u;'s have no adja-
cent vertices to equitably power dominate. Therefore one has to
choose any one of the vertices uy_s, U3, Uy, and U, to be in
S in obtaining the optimum cardinality. So select u;_5 to be in S.
Next u_5 equitably power dominates its adjacent non-observed
vertices. Consequently the observed vertices u; and ulf equitably
power dominate the remaining non-observed vertices alternatively
in both the directions. Thus S = { v, uy, uy, uy, w3} and |S| = 5.

3. The Equitable Power Domination Number
of the Mycielskian of Complete Bipartite
Graphs

3.1. Definition [5]
A complete bipartite graph, denoted K, ,,, is a simple bipartite

graph with bipartition (X,Y) in which each vertex of X is joined to
each vertex of Y.

3.2. Theorem [3]

Let K,,, mmn =2 be a complete bipartite graph. Then
_ m+n if lm—n| >2

Vepa(Kmn) = {2 if Im-nl<2.

3.3. Theorem

Let K., , be a complete bipartite graph. Then

Yepa W(Kmn)) =| 2n + 3 for m=2,n =5,
m+n+3 for 2m—n—-1| <2,
2(m+n)+1 for 2m—-n—-1|=2.

Proof
Let K,,,, be a complete bipartite graph with partitions V; =

{a;,a;,..,an} and V, = {b;,b,, ..., b, }. The Mycielskian of
complete bipartite graph K, ,, denoted u(K,,,) is obtained as
follows: V (1( Kmn)) = V2 UV, U V3 Uw, where Vy = V (K,
= {ai,a5,...,a,, by, by, ..., by}, V, = V’(Kn‘n) =
{a1,z" sy, by by by} and Vs = (W E (4K ) =
Ey U E, U Es, where E; = E(Kpp), B, = {a;bji1< i <
ml1<j<n} E;={ab:1<i<ml<j<n} and
E, = {wa,wb:1< i <m1<j<mn} Itis interesting to
see that the degree of vertices in V (#( Km‘n)) are as follows. The

vertices in the partition V; are of degree 2n, the vertices in the
partition V, are of degree 2m , the corresponding vertices of the
partition V; are of degree n + 1, the corresponding vertices of the
partition V,are of degree m + 1 and the root vertex is of degree
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m + n. When obtaining the equitable power dominating set S of
u(0 ), the following three cases arise.

Casel: Whenm =2and n = 5

In this case one has to select all the vertices except duplicate verti-
ces of the partition [J; tobe in the equitable dominating set S,
since the root vertex which is of degree (1 + [ equitably power
dominates corresponding vertices of the partition [, (whose de-

gree is [1 + 7). Therefore [ = [ (,u(T ' ))\{T,',Tz',...ﬂ 1
and thus |[]] =200 + 3.

Case2: When |20 — [0 —1| <2

In this case one can obtain EPD set [1 by choosing all the corre-
sponding vertices of the partition [, and the vertices of [, since
they have no adjacent vertices satisfying equitable domination
property and hence they are neither equitably power neither domi-
nated nor observed by any other vertices. We also choose the root
vertex [1 to be in [ since it is of maximum degree (1 4 (1 and not
observed by any other vertices. Then finally choosing any 2 verti-
ces from the corresponding vertices of partition [1; which equita-
bly power dominate the remaining non-observed vertices. Hence
O = {05 0, 05,0, Oy, Oy, 0,0,5005,% and 0] =
O+ 043

Case 3: When|[2(1 —[1—=1]| =2

To obtain the equitable power dominating set [] one must choose
all the vertices of u ([ -) since no adjacent vertices satisfy EPD
property and for every [ and [ is such that |1 (1) — ()| = 2.
0=

O, Hgyeeey T, 0g, Oy, 00 gy Dy, Dy gy gy, e and
[O] =20+ )+ 1.

3.4. Theorem

Let 0] - be a complete bipartite graph. Then [J W @p,0) =
20 + 3 for O = 3.

Proof.

Let [, be a complete bipartite graph with partitions [; =

{0, 0, ., O and 0,={1;,0, ..., 05} The Mycielskian of
complete bipartite graph (1, denoted (1, )is obtained as

follows: u(,u( U,,,)) =1, Ull,uzwhere ,=00(1, ) =

{0,040, 00, 0,0,.,003,0, =0(0p) =
{L]’,Lz’,...,\_‘7’,\_”’,\_‘2’,...,Jil} and J_;:
() Sl ((SHD) E RS PEVES PRV where 0, =
O, Uy ={0 0 1< 0 <0} 0= {001
U< OYandO, = {00, 00:1 < 0 < O} Itisinteresting
to see that the vertices in [1; are of degree 2(J, the vertices in [1,
are of degree (14 / and the root vertex is of degree 2 [ in
(u(0,1)). To obtain the equitable power dominating set [, the
root vertex [, must be in [] as there are no adjacent vertices with
[O() = 0(0); LI, < 1. Next the newly added vertices
namely [1,,%s and [1,s must be in []. This is because there are no
adjacent vertices of (15 and [/, 's satisfying the required equita-
ble power domination property. Finally, there are 2 (1 non-
observed vertices with degree 2] each. Then it is enough to
choose any one vertex from (1,5 and one vertex from (1’ to get
the required equitable power dominating set (1. We choose [1; and
O,to be in0. Thus 0 ={ 0}, 05 ...,00,0},0%..,0,0,, 0,
O Yand|J] = 2004 3.

3.5. Theorem

Let (1, be a star graph. Then O
for 0 = 3.

(@) = 2(0+ D,

Proof

Let (1, - be a star graph with pendant vertices (1, [, ..., (] and
the common vertex (1. Obtain the Mycielskian of a star (I, -, de-
noted by wu(CJ;,) with the wvertex set O(u(0;)) =
{0,005, 0,,0,0,, 05, 0,0}, where (1 is the root
vertex of u(1; ). It is interesting to see that there are 27 verti-
ces namely [1;, (1, ..., [, U7, 05, ..., (1, are of degree 2 and the
common vertex [ in L1, is of degree 2] in u (L1, ). Moreover
the newly added vertex [1'which is the corresponding vertex of
the common vertex [ in [1; - and the root vertex [ are of degree
U+ 17in u(l; ). To obtain the equitable power dominating set
U of u(LJ; ), the vertex [ must be in [, this is because [ is of
degree 201 which clearly violates the required equitable property
with all other vertices in ([, ). Now one also has to choose all
the vertices [1;, (1,..., (/5 and (17,005, ..., (1 to be in [] because
they are of degree 2 and the remaining three vertices are of degree
greater than 3, which violates the equitably dominating condition.
Finally one has a choice of choosing either [1’or the adjacent root
vertex [1to be in (] as they are of same degree. So we choose []
to be in 0 .
fore [ = {00,000, 0, 0,0, 0., 00, O}and 0] =
200 + D).

4. Equitable Power Domination Number of the
Mycielskian of Comb, Complete, and Fan
Graphs

3.6. Definition

Comb is a graph obtained by joining a single pendant edge to each
vertex of a path.

One can see that the equitable power domination number of the
Mycielskian of a comb graph [ - is4 for [J = 2, as given in
Figure 3. We have the following theorem when [ > 3.

N

Figure.3: Equitable power domination number of [ , Yepa([1,,) = 4.
4.1. Theorem

Let (I, be a comb graph. Then U, (u(0) ) = 30,for 0 =
3.

Proof

Let O be a comb graph with vertex set
O ={l1;, Uy e, 0, 04, 0;,..., [} The Mycielskian of a comb
graph is denoted by (u (. )) is obtained as follows.
T(e(00,))= Cru0,0(0) Where 0, = (D) =
{ 0,03, 000,055,000 } 0O, = 0(0g0)
{05, 0w, 00, 00,500, 0" 3 Edge set D(u (0 )
O, U0,uU ;U 0d,uU s where 0; = (004), O
{00;1<0<0y0; ={0051<0<0}, Oy,
{0, 0051<0<0Yand 05 ={0.0,,0-T-;1
0 < 0O—=1, 0=04+1}. It is easy to see that [1([1.)
00,y =2, for 1< 0 < 0,000 =20, 0(0)
O(U5) = 3, 0(0p) =4for2< 0 < 0-1, 0(0) =
00 =4,000,) =6,for 2< [J < [1—1. To obtain the
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equitable power dominating set of (1, -, one must choose 1 which
is of maximum degree 2(1. One should also choose (1, (1’ for
/<< Oand ) for 2< 0 < -1 since there are no
adjacent  vertices  satisfying  the  equitable  property.
Now (J,and [, observes [1;and (1", respectively. Finally, it suf-
fices to choose any one of the vertices from [],to [/ _,to be in
[1,since they are of same degree and also all its adjacent neigh-
bors are already observed.

4.2. Definition [5]

Any two distinct vertices of a graph [ are adjacent, then [ is said
to be a complete graph and it is denoted by 1 ,.

One can see the equitable power domination number of the
Mycielskian of a complete graph (1 for [J = 3, as given in Fig-
ure 4. We have the following theorem when [ > 3.

Figure.4: Equitable power domination number of the complete graph
3 Yepd( 3) =1

4.3. Theorem

Let #([1-) be a Mycielskian graph of a complete graph (1. Then
O (uo =2, for > 4.

Proof

Let [1 be a complete graph with vertex set [1 = {(1;,[1,,..., [}
The Mycielskian of a complete graph (1) is obtained with the
vertex set 0 (u (0)) = {0, 0, 0sy e, O, 0, O, e, 00}, where
[ is the root vertex of u([1). It is interesting to see that the de-
gree of the vertices [J, 1}, 05, ..., O}, in the graph (0 ) is O and
the wvertices [1;,(1,,..., 1 are of degree 2([1—1). In order to
obtain an equitable power dominating set [, let us first choose [
which equitably power dominates [1),5,..., 0/ and from the
remaining vertices, it is enough to choose at least any one vertex
from (1;,00,,..., 05 of u()) say [;, then [1; equitably power
dominates (1, [13..,[15. Thus S ={(J,01;} and hence
Do (uo ))=2.

4.3. Definition

A fan graph O, -y [9] is defined as the graph 0, A O, where
[1,is the empty graph on one vertex and [, is a path on [ verti-
ces.

4.4, Theorem

Let [J; - be a fan graph. Then [J
7.

Proof

Let [J; - be the given fan graph with common vertex [, and the
remaining vertices [1;, [, ..., [J . The Mycielskian of a fan [, ,
denoted by u(J;;) is obtained with the vertex set
D)) = {000, 0y, 0, g, 0, U, e, 07, 101} where
Uthe root vertex of (7, ). It is interesting to see that there are
201 +3 vertices, namely [J;, 05, ..., U, 07,05, ..., Of. When we
construct (u(CJ;)) the degree of vertices are as follows:

W(d;0)=0+3for 0=

O =0 =0(0) = 0(0) = 00 ) =4
() = U =) = Do) =6, o) =
7(07) = 3, degree of the common vertex of fan [1; - inu((;)
is 20J and the degree of root vertex [ of [, inu(0;)is
1+ 1 . Moreover the newly added vertex [1, which is the corre-
sponding vertex of the common vertex [J, in [, ; is of degree
[0+ 1. To obtain the equitable power dominating set [1 of
(), g 0,0, e, 07 must be in [ since [y is of maxi-
mum degree and no adjacent vertex satisfies EPD property. From
the two vertices (I and L1, it is enough to choose any one because
they are of same degree. Now, among the remaining
g, s, e, [ vertices [1,and (1 will be observed by [15, (17 _,
respectively. Then it is enough to choose any one among
,, 03, ..., O5_; vertices which equitably power dominates every
other vertices, so without loss of generality, let us choosel1, Thus
= {0y, 00, 0y, U5, D} and 0] = 0 4 3.

4.5. Remark

1.0 u(0y,0)) = O, for =34,
2.0 (T,))= 0 +2,for [1=5,86.

5. Conclusion

In this paper the equitable power domination in the Mycielskian of
certain graphs has been studied and the equitable power domina-
tion number of the Mycielskian of various classes of graphs has
been determined. Establishing the equitable power domination
number of other classes of graphs is open and this is for future
work.
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