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Abstract 
 
In the present investigation, using the concept of quasi-subordination, two subclasses of analytic functions have been introduced. The 
coefficient inequalities, the Fekete-Szego inequality, upper bounds for kth  root transformation were studied. This study is extended to 

function 
1f   and for 

 
z

f z
 . 
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1. Introduction 

The study of Sigmoid functions plays a vital role in geometric 
function theory. These functions are usual in function analysis 
related to univalent function theory and sigmoid function is differ-

ential every where which is represented by truncated power series 
and is usually written as 
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1
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h z
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
                                                                                (1) 

 
This function is monotonically increasing and one-to-one. Let the 

family of analytic functions in the open disc   by A  which takes 
the form 
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are normalized by  0 0f   and '(0) 1f  . Thus without loss of 

generality an univalent analytic function can be written in the form 

of equation (2) denoted by S .  Let f  and g  be two analytic 

functions in   . The function f  is said to be subordinate to g , if 

there exists  a Schwarz function w  such that     f z g w z . It is 

denoted by f g . Furthermore, if g  is univalent in  then the 

following equivalence satisfies as    0 0f g  and    f g   . 

The concept of  quasi subordination was introduced by Robertson 

[17]. Let f  and g  be two analytic functions in   . The function 

f is said to be quasi-subordinate to  g , if there  exists   and w  

are two analytic functions which satisfies as   1w z   such that 

 ( ) ( ) ( )f z z g w z . It is written as  . If   1,z   then   

 ( ) ( )f z g w z  so that f g in  . If  z z  , then 

   ( )f z zg w z  and it is said that f  is majorized  by g  and 

written by f g  in  . Both subordination and majorization are 

generalized by quasi subordination.  
The problem of finding the maximum value of the coefficient 

functional 2
3 2a a , where   is a real or complex parameter for 

the class of univalent analytic functions. This work is initiated by 

Fekete-Szego coefficient functional [6]. The thk  root transfor-

mation for a univalent analytic function f  of the form in a equa-

tion (1.2) is denoted by ( )F z  and is given by 
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This transformation was studied by Ali et al.[1]. Several authors 
([2], [10], [11], [21], [23], [24]), have studied the coefficient ine-

qualities corresponding to the thk  root transformation for the 

function f in some subclasses of univalent and multivalent ana-

lytic functions. Olatunji et al. [15] introduced and studied the coef-
ficient inequalities for the function f  in the class 

   , , , G  , ,qG s b s b   and the class involving both quasi subor-

dination and majorization. Murugusundaramoorthy and Janani [9] 
have studied the Fekete-Szego inequality for the univalent  -

pseudo starlike function in the space of sigmoid functions denoted 

by   L   .  
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Hamzat Jamiu Olusegun [7] have studied the coefficient inequali-

ties for the function f  in the Bazilevic subclass  , , ,B n   . 

Several authors ([5], [7], [9], [13], [14], [22]), have introduced and 

studied the coefficient inequalities in the space of modified sig-
moid and sigmoid functions.  
Motivated by the above work, using the concept of quasi subordi-
nation two new subclasses of analytic functions denoted by 

 * , ' ( )qS f f   and  * , ', ( )qS f f g  in the space of modified sigmoid 

function has been introduced. The coefficient inequalities, Fekete-

Szegö inequality, upper bounds for thk  root transformation for the 

function f  in these classes are obtained. This study have been 

extended for 1f  and for 
 
z

f z
 . 

2. Preliminaries 

Definition 1: The class of functions f analytic in the unit disc  , 

normalized by    0 ' 0 1 0f f    and satisfies the condition  
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This class is denoted by   * , 'qS f f  .  

 
Definition 2: The class of functions f analytic in the unit disc  , 

normalized by    0 ' 0 1 0f f    and satisfies the condition  
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This class is denoted by   * , ',qS f f g  . For  
1

z
g z

z



, we 

have  *f g f .  

Now we recall the following Lemmas: 

Lemma 3. [4] Let   2 3
1 2 31 ........p z c z c z c z     be an analytic 

function in  satisfying    0 1p   and   Re 0p z  , for all z , 

then 2  1nc n   . The class of all such functions with positive 

real part is denoted by P . 

Lemma 4. [8] Let   2 3
1 2 3 .........w z w z w z w z    , then 1 1w  , 

   2 2
2 1 11 1 max  1,w tw t w t      , where t C   

Lemma 5. Let h  be a sigmoid function and  
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   then  , 2n m z   and 

  ,  1z P z    where  z  is a modified sigmoid function. 

Lemma 6. If   ,  1z P z   and it is starlike then f  is a normal-

ized univalent function of the form (1.2). Taking 1m  , Joseph et 

al.[5] remarked the following: 

Remark : Let   n
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 
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
 then 

1
n

C , n=1,2,3,….. this result is sharp for each n 

3. Coefficient estimates for the transforms of 

the function   * , ',qf S f f g   

Theorem 7. If    * , ',qf S f f g  , then 
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Where 
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Proof. If   * , ',qf S f f g  , then there exists a Schawrz function 

w  with  0 0w   and   1w z   such that 
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                                                                                                      (7) 
 

where the function  z  is a modified sigmoid function defined 

as 
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3 5 6

7779
1 ............

2 24 240 64 20160

z z z z
z z                                   (8) 

 

The analytic function,  z  in  , of the form  

 

  2 3
0 1 2 3 ..............z c c z c z c z                                                  (9) 

 

Define a function  P z  such that  
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From (8) and (10), by applying  w z  on the right hand side of the 

(7) after simplification, we get 
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By Simple computation on the left hand side of (7), we have 
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By applying kth root transformation and comparing the coeffi-

cients of z  and 2z  from (7), (11) and (12), we get 
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where 1t  is given by (6). Upon simplification on the right hand 

side of equation (13) by applying Lemma 3 one can obtain the 
result as in (4). Similarly by taking modulus and applying Lemma 
4 one can obtain the result as in (5). The sharpness of the result 

can be obtained by the rotations of the functions  w z z  and 

  2w z z  . 

4. Fekete-Szegö coefficient function for 

  * , 'qf S f f g    

Theorem 8.  If    * , 'qf S f f g  , then 
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The result is sharp. 
Proof. From relations (13) and (14), consider  
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Since  z given by (9) is analytic and bounded in  , therefore 

on using [12], we have for some  1y y  : such that 0 1c  and 

 2
1 01 .c c y   On substituting the value of  1c  in (17), we get 

 

 
 

2
2 20 1 01

2 1 1 2 2 1
3

1

2 3 4 4 4 4
k k

c p c yp y
b b p t p

kg


  
 

                 

 

                                                                                                     (18) 
 

If 0 0c   in (18), one can be seen that 
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Taking modulus on both sides and by applying Lemma 4 on the 
right hand side of (19), one can obtain the result 
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If 0 0c  in (18), then suppose that 
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Which is a polynomial in 0c  and hence analytic in 0 1c  , and 

maximum value is attained at 0
ic e   , 
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By applying the Lemma 3 on the right hand side of (23), one can 
obtain the result as in (15).  

If  
1

z
g z

z



, then    *f g f z , the above result can be re-

duced to the following corollary. 

 

Corollary 9.  If   * , 'qf S f f   , then 
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The result is sharp. 

5. Coefficient inequality for the function 
 
z

f z
  

Theorem 10. If   * , 'qf S f f   and  
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real number  , we have 
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The result is sharp. 
 

Proof.  

 As   * , 'qf S f f   and 
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By a simple computation we get 
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Upon equating the coefficients of z  and 2z , from relations (27)  
and  (28), we have 
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2

2 3 2q a a                                                                                  (31) 

 
From equations (13), (14), (29) and (30), it can be obtained  
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For any complex number  , consider 
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Where 4t is given by (27). By applying similar computation as in 

Theorem 8, one can obtain the result as in (24). 

6. Coefficient Inequalities for the function 1f    
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Proof.  
 

As   1

2

n
n

n

f w w d w






                                                              (36) 

 

is the inverse function of f , it can be seen that 

 

     1 1f f z f f z z                                                              (37) 

 
From equations (36) and (37), it can be reduced to 
 

   2 3
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By comparing the coefficients of z  and 2z , from relation (38), it 
can be seen that 
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                    (40) 

 
For any complex number   , we have 

 
2 201 1

3 2 2 5 1

1
 d { ( )}

2 3 4 4 4

cp c
d p t p

  
    

 
                     (41) 

Where 5t  is given by (36). By applying similar computation as in 

Theorem 8 one can obtain the result as in equation (34). 
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