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Abstract
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1. Introduction

S.R, Malghan [4] defined g closed map. N.Nagaveni [5] defined
rwg closed maps in topological space. Recently, R S walli et all [6]
defined arw-closed maps and arw-open maps in topological space.
This paper aims to explain and inspect R*-closed maps, R**-closed
maps, R*-open maps and R**-open maps..

2. Preliminaries

In the paper M or (M,t) and N or (N,o) denote topological spaces
and separation axioms are not assumed. For ACM, cl(A), int(A),
M-A, represent closure of A, interior of A and complement of A in
M respectively,CD denotes the closed, h denotes the function or
map of the function.

Definition 2.1: BS M is said to be R*-C(M) [2] if gcl(B) € W
whenever B C W and W is R*O(M).

Definition 2.2: h is said to be R*-continuous [5] if h™(V) is R*-
C(M) for every CD €V of V.

Definition 2.3: h is said to be R*-Irresolute [1] if h}(V) is R*C(M)
for every R*C subset V of Y.

Results 2.4: [1]

i. Every CD (respectively r-CD, g-CD, w-CD, §-CD) set is
R*C(M).

ii. Every R*-C(M) is rg(respectively gpr-CD, rwg-CD, gspr-CD,
r"g-CD, rgB-CD) setin M.

Results 2.5: [1] Assume BS M then

i. If B is r-O(M) and rg-C(M), then B is R*C(M) in M.
ii. IfBisg-O(M)andrg-C(M) then B is R*C(M) .

iii.  IfBisr-O(M)and rwg-C(M) then B is R*C(M).

iv.  IfBisr-O(M)and gpr-C(M) then B is R*C(M).

v.  IfBisr-O(M) and rg-C(M) then B is R*C(M).

vi.  IfBisr-O(M) and Bwg**-C(M) then B is R*C(M).

Definition 2.6: BSX is said to be T" space [1] if every R*-C(M)
isCD

Results 2.7: [3]
1. IfGand HE Mthen

i. R*l(G)=G

ii. If H is any R*-O(X) set contained in G then HcRint(G)
2. If NS M is R*-O(M) then N is a R*-nbd of each of its points

3. R"- closed maps and R*-open maps

Definition 3.1: Assume g is known as R*-C(M) (resp-R*-O(M)),
if the image of every CD (resp-open) in X is R*C(M) in N.

Theorem 3.2: If g is CD map then it is R*-CD map, converse is
false.

Proof: Assume g be CD map, AeC(M). Then g(A)eC(N), hence
f(M) is R*-C(N) setin Y, g is R*-C(M).

Example 3.3: Accept M=N={1, 2, 3}, t={0, M, {1}, {2}, {1, 2},
{1, 3}}, o={0, N, {1}, {2}, {1, 2}}. Let g be an identical map
then g is R'C(M) but not a CD map, G={2} in M is @
YGY={2}eC(Y).

Theorem 3.4: If g is g-CD map then it is R*-CD map, converse is
false.
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Proof: Based on every g -CD set is R*C(X).

Example 3.5: Assume M=N={1, 2, 3, 4}, 7={0@, M, {1}, {2}, {1,
2, 3}}and o={@, N, {1}, {2}, {1, 2}, {1, 2, 3}},g be map g(1)=4,
9(2)=4, g(3)=4, g(4)=2 is R*C but not a g-CD map because closed
set {4} in M is {1, 2, 3}, which is not g-C(N).

Theorem 3.6: If g is w-CD map (resp. g-CD map, r-CD map)
then it is R*-CD map converse is false.

Proof: The proof is obvious every w-CD set is R*-CD.

Example 3.7: Assume M=N={1, 2, 3, 4}, t={0, M, {1}, {2}, {1,
2} {4, 2, 3}}, 0={9, N, {1}, {1, 2}, {1, 2, 3}}, g be an identical
map then it is R*-CD, not a g-CD map because CD {1, 2, 3} in M
is {1, 2, 3}¢w-C(Y).

Theorem 3.8: If g be R*-CD map then it is rg-CD converse is
false.

Proof: Accept g be R*-CD map and AEC(M). Then g(A) is R*-
C(N) and hence g(A) is rg-C(N).Hence g is rg-CD.

Example 3.9: In example 3.7 g(1)=4, 9(2)=4, 9(3)=4, 9(4)=2 is
rg-CD but not a R*-CD map, G={4}, g*(G)= {1, 2, 3} ¢ R*-C(N).

Theorem 3.10: Each R*-CD map is gspr-CD(resp. gpr,rgb,
rgB,r"g,rwg, wgra-closed) convers is false.

Proof: The proof is obvious every R*C(M) is gspr-C(M).

Example 3.11: In example 3.7, g(1)=4, g(2)=4, 9(3)=3, g(4)=1is
gspr-CD but not a R*-CD map as g {4}is {1, 2} in Y& R*-C(N).

Remark 3.12: R*-CD map is independent with some existing CD
maps in topological spaces as below.

Example 3.13: In example 3.11.Assume f be a map defined by
g(1)=4, 9(2)=4, g(3)=4, g(4)=2 is R*-CD map but not a rs, gs, ag,
gsp, gp.g*, g*p, wa, pgpr, rps and ga**-CD in N, as g~1(s) =
{1,2,3}is not a rs, gs, ag, gsp, gp, g*, g*p, wa, pgpr, rps and
ga**- CD setin N.

Example 3.14: Assume M=N={1, 2, 3, 4}, =={¢, M, {1, 2}, {3,
41} and o={0, N, {1}, {1, 2}, {1, 2, 3}}, g be a map defined by
9(1)=4, 9(2)=4, 9(3)=2, g(4)=4 is pre. Semi, sp, b, swg, gwa,
sgb,rg*b,wog-,go*- g*s,#go, but not R-CD in M as g~1(1,2) =
{3} is pre, Semi pre, ,b, swg, gwa, sgb, rg*b, wa g, ga*, g*s and
#ga- CD set in M but not R*-C(N).

Remark 3.15: From the discussion and facts, the relation between
R*-CD map and some existing CD maps in topological space is
shown as follows.

Theorem 3.16: If g is contra r-CD and rg-CD map then g is R*-
CD map.

Proof: Accept V € C(X). Then g(A) is r-O and rg-C(N). By results
2.5, f(A) is R*C(N). Therefore f is R*-CD map.

Theorem 3.17: If g is contra r-CD and rwg-CD map then g is R*-
CD map.

Proof: Accept V € C(M). Then g(A) is r-O(N) and rwg-C(N). By
results 2.5, g(A) is R*C(N). Therefore fis R*-CD map.

Theorem 3.18: If g is contra r-CD and gpr-CD map then g is R*-
CD map.

Proof: Accept V € C(M). Then g(A) is r-O(N) and gpr-C(N). By
results 2.5, g(A) is R*C(N). Therefore g is R*-CD map.

Theorem 3.19: If g is contra r-CD and r*g-CD map then g is R*-
CD map.

Proof: Accept V € C(M). Then f(A) is r-O(N) and r*g-C(N). By
results 2.5,g(A) is R*C(N). Therefore f is R*-CD map.

Theorem 3.20: If g is contra r-CD and fwg**-CD map then g is
R*-CD map.

Proof: Accept V € C(M). Then g(A) is r-O(N)and fwg**-C(N).
By results 2.5, g(A) is R*C(N). Therefore f is R*-CD map.

Theorem 3.21: If g is contra g-CD and rg-CD map then g is R*-
CD map.

Proof: Accept V € C(M). Then g(A) is g-O(N) and rg-C(N). By
results 2.5, g(A) is R*C(N). Therefore g is R*-CD map.

Theorem 3.22: If g is R*-CD map then R¥cl(g(K))< g(cl(K)) for
every K € M.

Proof: Assume g be a R*-CD map and KEM. Then cl(H) is R*-
C(M),f(cl(K)) is R*C(N).(K) < g(cl(K)). By results 2.7,
R¥cl(g(K)) €R"cl(g(cl(K)))— (1). Since g(cl(K)) is R*C(N) then
R¥cl(g(cl(K)))=g(cl(K)) —=(2) by results 2.7. From (1) and (2) we
have Rcl(g(K))<g(cl(K)) for every K €M.

Corollary 3.23: If g is R*-CD map then g(K) is 7+ CD in N for
every KEC(M).

Proof: Assume KSC(M). By the fact, if g is R*-CD map then
R¥cl(g(K))<S g(cl(K)) = (1). Since K is CD, we have cl(K)=K and
g(cl(K))=f(K) = (2). From (1) and (2), we have, R¥cl(g(K))<
g (K). We also know that, g(K)=R’cl(g(K)) and therefore
RPcl(g(K)) =g(K). Therefore g(K) is Tp#-C(N).

Theorem 3.24: Accept M and N be any two topological spaces
where “Rcl(K)=gcl(K) ¥ A €N” and h be a map. Then these
results are identical

(i) h is a R*-CD map

(i) Rcl(h(K)h(cl(K)) V A EM.

Proof:

()—(ii)

The proof is as theorem 3.22.

(i—()

Let K be any CD set in M. Since K is CD we have cl(K)=K. Also
h(K)=h(cl(K))=2 R*cl(h(K)) by hypothesis. We know that h(K)S
R*cl(h(K)). Then h(K)= R*cl(h(K))=gcl(h(K)), by hypothesis. That
is h(K) is g-CD in Y. Thus hg(K) is R*-CD in Y and hence f is R*-
CD map.

Remark 3.25: The composition of two R*-CD maps need not be
R*-CD.

Example 3.26: Assume M=N=Z={1, 2, 3, 4}.7={@, M, {1}, {2},
{1, 2}, {1, 2, 3}},0={0.N, {1, 2}, {3, 4}} and n={ 0, Z, {1}, {2},
{1, 2, 3}}. The identical map of f and g are R*-CD maps. g be
another map defined by g(1)=4, 9(2)=4, g(3)=4, g(4)=2. Then the
composition gof:X—Z is not a R*-CD map as the image of the CD
set {s} in M is {s} which is not a R*-CD set in (Z,n)That is
(9oN{3}=0{f(3)}=0(3)={1, 2, 3}.

Theorem 3.27: If g is CD map and h is R*-CD map then the com-
position goh is R*-CD map.
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Proof: Accept F-C(M). Since g is CD then g(F)-C(N). As g is R*-
CD map then g(f(F)) is R*-C(2). therefore gof is R*-CD map.

Remark 3.28: If g is R*-CD map and h is CD map then the com-
position hog: M—Z is need not be a R*-CD map.

Example 3.29: Assume M=N=Z={1, 2, 3, 4}, =={0, M, {1, 2},
{3, 4}}, o={0, N, {1}, {2}, {1, 2}, {1, 2, 3}} and n={ ¢, Z, {1},
{1, 2}, {1, 2, 3}}. Let a map f defined as f(1)=4, f(2)=2, f(3)=4,
f(4)=2 and g as g(1)=1, g(2)=1, g(3)=4,9(4)=1. Then f and g are
R*-CD maps and their composition gof is not a R*-CD map as the
image of the CD set {3, 4}eX is {1, 2)¢R*C(2) That is
(gof){4}=0{f(H)}=9(1, 2, 3)={1, 2}.

Theorem 3.30: Assume g and h are R*-CD maps and N is Tg*
space then hog is R*-CD map. If N is Ty, space, then hog is R*-
CD map.

Proof: Let HEC(M). Since g is R*-CD then g(H) is R*-C(N). Since
Y is Tg'space h(H) is CD. Since g is R*-C, h(g(H)) is R*-C(2).
Therefore gof is R*-CD map.

Theorem 3.31: If f is g-CD map, g is R*-CD map and N is Ty,
space then gof is R*-closed map.

Proof: Let H€eC(M). As f is g-CD then f(H) is g-C(N). By hy-
pothesis, f(A)EC(M). Given g is R*-CD, then g(f(A)) is R*-C(2).
Therefore gof is R*-CD map.

Definition 3.32: h is known as R*-open map if g(A) is R*-O(Y) v
o(M).

By the known facts we have

Theorem 3.33:
i. Each open set (respectively r,g,w, -open) sets in M is R*-
open map, converse is false.
ii. Each R*-O map is rg (respectively gpr,rwg, gspr,rg,rgp-
open) converse is not prove.

Theorem 3.34: For every bijection map g, the following results
are identical

i) gt Y=X is R*-continuous
ii) g is R*-O map
iii) g is R*-CD map

Proof:

(D)=(ii)

Let UeO(X). As g™ is continuous then (g% (U)=g(U)is R*-O(Y).
Therefore fis R*-0.

(ii)=(iii)

Let F €C(X).Since g is R*-O then g(F®) is R*-O(Y). But g(F%)=
g(F)°. Therefore g(F) is R*-C(Y). Hence f is R*-CD.

(iii)=(i)

Let FEC(X).Then g(F) is R*-C(Y). But g(F)=(g™)"(F). Therefore
g is continuous.

R*-0

Theorem 3.35: Assume a then

g(int(H)) cR¥int(g(H)) YASX

map g is

Proof: For a open map g,let HEM and int(H) be O(M). Then
g(int(H)) is R*-O(N). We know that g(int(H))<S g(H). By results
2.7, g(int(H)) €R*int(g(H))space. For the R*-closed set {q} with
ré¢ {q}, 3 no two disjoint open sets U, V 3 {q}< Uand re V.

Theorem 3.36: If a map g is R*-O map then for each neighbour-
hood U of x in M, 3 a R*-nbd W of f(x) in N such that W<f(U).

Proof: Given a R"-open map g. Let xeM and U be a nbd of x in M.
By the definition of R*-nbd,3 R*-0-G(M) such that xeGEU. Con-
sider g(x)eg(G)< g(U). Since g is R"-O then g(G) is R*-O(N). By
results 2.7, F(G) is R*-nbd of each of its points. Take g(G)=W, W
is R*-nbd of g(x) in N such that W=f(U).

4. R™-closed maps and R**-open maps

Definition 4.1: A map g is said to be a R**-closed map if the im-
age g(A) is R*-C(N) VR*-C(A) in M.

Theorem 4.2: Every R**-closed map is a R*-CD converse is false.
Proof: The proof follows is obvious that every CD set is R*-CD.

Example 4.3: Assume M=N=2={1, 2, 3, 4}, t={0, M, {1, 2}, {3,
41} o={0.N, {1}, {2}, {1, 2}, {1, 2, 3}} andn={ ¢, Z, {1}, {1,
24 {1, 2,3}}.

Let f be a map, f(1)=4,f(2)=2,f(3)=2,f(4)=4 is R*-CD map but not
a R™-CD map as the image of the R"-C {1, 2} in M is {3} which
is not a R"C(N).

Theorem 4.4: If the maps g and h are R**-C maps then the com-
position hog: M—Z is R™*-C.

Proof: Accept F be any R*-C(M). Since g is R**-C then g(F) is R*-
C(N). Since h is R**-C then h(g(F)) is R*-C(Z). Therefore hog is
R**-C map.

Definition 4.5: A map g is known as R**-open map if g(H) is R*-
O(N) V R*-0-H(M).

Theorem 4.6: Each R*-O map is R**-open map convers is false.

Proof: The proof is obvious.

Example 4.7: Assume M=N={1, 2, 3}, =={@, M, {1}, {2}, {1, 2}}
and o={0, N, {1}, {2}, {1, 2}, {1, 3}}. Let a map g defined by
g(1)=3, g(2)=1, g(3)=2 is a R*-O map but not a R**-O map as the
image of the R*-O set {1, 2} in M is {2, 3} in N which is not a R*-
O(N).

Theorem 4.8: Assume the maps g and h are R**-O map then their
composition hog is also R**-open.

Proof: The proof is as theorem 4.6.

5. Conclusion

In this paper we defined and studied R*-closed maps, R*-open
maps, R**-closed maps and R**-open maps.

References

[1] Basavaraj M Ittanagi and Raghavendra K, On R*-Continuous and
R*-Irresolute maps in Topological Spaces Int. J. Adv. Res. Mar-
2018-6(2), 461-470

[2] Basavaraj M Ittanagi and Raghavendra K On R*-closed sets in
Topological spaces,IIMA- 8(8),2017,134-141

[3] Basavaraj M Ittanagi and Raghavendra K On R*-open sets in Topo-
logical spaces,JCMS- 8(11),2017,614-620

[4] Malghan.S.R,Generalized closed maps, J. Karnatak Univ. Sci.,
27(1982), 82-88.

[5] Nagaveni.N, Studies on Generalizations of Homeomorphisms in
Topological Spaces, Ph. D. Thesies, Bharathiar University, Coim-
batore, 2000

[6] Wali R S and Prabhavati S. Mandalgeri, On arw-Closed and arw-
Open maps Maps in Topological Spaces, International Journal of
Applied Research, 1(11) 2015, 511-518.



