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Abstract

Our paper is concerned with a generalization of the boundaries of copula that are well-known by Frechet-Hoeffding conditions [4], and
study copula boundaries as functions defined on quantum logic ., While there are many properties that have been presented according to
our proposed generalization throughout these modified functions and show that some important propositions that have different forms to
those of classical copulas. Indeed, it has been shown two main results relevant to the lower and upper boundaries of what we have

defined and named by quantum logic copulas, see [1].
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1. Introduction

Frechet-Hoeffding conditions are very important in statistical
inference because they represent the boundaries of each copula.
These types of copula functions are well-known as minimum
copula (M (u, v) = min(u, v),u,v € [0,1]), and maximum copula
(W(u,v) = max(u + v — 1,0),u,v € [0,1]). It has been shown
that M (u, v), and W (u, v) are the upper and lower limits of each
copula function, respectively.

From a historical point of view, these copulas were firstly
appeared in the study of Hoeffding in 1941, see[4]. They have
been explicitly studied such functions without referring to them as
copulas. Subsequently, they have been shown in the study of Sklar
in 1959, where they have officially been referred to them as
copulas.

Furthermore, we can notice that these copulas as bounds to each
copula are very useful in the study of dependence structure, for
examples, in finance, risk management, and many other real life
applications. Their importance comes from the fact that these
types of copula represent the restrictions that can easily restrict
any other copula.

Our study can be divided to two main parts. First part will address
some preliminaries, and basic concepts. While our second part
will be devoted to demonstrate our thoughts of the types of
Frechet-Hoeffding conditions as boundaries of copulas on
quantum logic.

2. Preliminaries

The bivariate copula that has been presented in [4,5] is the main
concept that has the major role in statistical inference so that we
are interested in the study of its properties. These properties are
essential to examine whether a function is copula or not.

As explained in [4] each copula should has a grounded property,
for each u,v € [0,1],C(u, 1) = u,C(1,v) =v, and eventually, a
function should has the 2-increasing property.

On other hand, the boundaries of any copula function are indeed
the minimum and maximum copulas, respectively, and satisfy the
following property, see [5].

W(u,v) < C(u,v) < M(u,v) (1)
Obviously, W,M are also copulas because they satisfy the
properties of being copula, see [4,5]. Indeed, it is also important to
know that these copulas are well-known as a lower and upper
bound of any copula.
We emphasize once again that the inequality in equation (1) is
very important in the description of dependence structure and
known as Frechet-Hoeffiding bounds because they can examine
what is defined in [5] by the lower tail and the upper tail.
Moreover, and in order to set a reasonable generalization for these
extremes of copula functions and defined them rightly on quantum
logic, we need to recall two basic definitions, see [3].
Definitionl:- Any system £ = (L,O,LV,A, L) is said to be an
orthomodular lattice and partial ordering <, if L:L — L, and
satisfy the following conditions:

g iuy =w
filw = vr=1r-=u;
il uvus =1I;

Mu=v=rv=avin A

where, O is the smallest element, and I is the greatest element of
the system. Also, property number (iv) is well-known as an
orthomodular law, see [3].
Definition2:- Let Lbe an orthomodularo-lattice. A state on L is a
map m : L — [0,1]with the following properties

1. m()=1;

2. m(Vi,aq)=XYrL;m(a) for any ay...,a, €Lsuch

thata; 1 a;, wheneveri # j, see[3].

It is clear that m(0) = 0, because the state m corresponds to
probability measure. Also it is additive, when "i" goes to infinity.
In [1], we have presented several types of a generalization of
copula function on quantum logic without referring to the
extremes of copulas. We have denoted to such type of copulas by
QL-copulas, and defined them as follow
Definition3:- Let £ be a quantum logic. A QL-copula is a function
Q : L? > [0,1] that fulfills the following conditions:

Ql.Foreacha € L,Q(0,a) = Q(a,0)= 0;

Q2.Q(1,.),Q(.,I) are states on L,

Q3.Foreacha,b,c,d €L, a < bandc < d,then

Q(b,d) + Q(a,c) =z Q(a,d) + Q(b,c).

(Sl
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Remark1:-Since the notion of 2-increasing copula in [5] is
important and necessary to build our constructions as bounds of
QL-copulas, then according to this notion,we can easily see that
elements in L? are also non-negatives.

3. Bounds of QL-copula on quantum logic

The maximum copula W, and minimum copula M that we have
presented in the previous part can be generalized on quantum
logic. Therefore according to the definition of QL-copula, we
need to prove that W, M are also copulas on quantum logic. This
can be introduced by the following propositions
Proposition1:-LetQbe a QL-copula.LetW (a,b) = max(m(a Vv
b) —m(I), m(0)),is a function defined on £. If Wis QL-copula,
then it is the lower bound QL-copula.

Proof

First of all, we should mention that the expression of Wis
equivalent to the classical one and since it has been shown in [4]
that W is a lower bound of copula then the prove needs only to
show that Wholds the properties of being QL-copula Q.

1. In advance, it is clear that the first property iz satizsfied
zince Wia.0) = max(m(av 0) —m(I).m(0)) =
max(m(a) —m(l),m(@)) = m(0) = 0 = W(0.a).
Cur second part that we need to prove i3 to show that
Wi, ), W(., Iare states. Then,

1 max(m(vI)—m{).m(0)) = max(m(l) +
m(I) —m().m(0)} = max(m{l) + m(I) —
m(1.0) = m{I) = lidefinition?);

i) Leta L b, then

W (v b) = max (m(Iv (av b)) —m(l),m(0) ) =
ma:-ﬂ':m N+ mievb)-— m[!j,m[ﬂ:lzl =
ma:-ﬂ':m I +mia) + mib) — m{!j,m[ﬂ]jl =
max{m(l) + m{a) + m(b) — m(I),m(0)) =
mia) + m(b) (definiion?);
(On other hand,
W(l,a) = max{m(I v a) —m(I),m(0))
= ma:-ﬂfm {r;fl,m{ﬂfl] =mia)
Hence, and by the same way, W(I, b) = m(b).
Then by adding W(l,a) to W(I,b), we obtain that W(I,a) +
W(1,b) = m(a) + m(a);
Hence , W(I,a Vv b) = W(I,a) + W(I, b)
Therefore, W(1,.) is state
Similarly, we can easily see that W(_,I) is also state.
1. Finally, we have to prove that W has the 2-increasing
property
Let a; < ay, by < by, a4,a,, by, b, € L. Then we should
prove that
W(ay, by) + W(ay, by) — W(ay, by) — W(ap, by) = 0

b

S0, we kmow that
Wia,b,)=max(m(a, vb,) —m(l).m(0))
Wia,. b,) = max(m(a, v b,) —m([).m(0))
W pgrye b)) = max(mia, v b;) —m(1).m(0))
Wia, b,)=max(m(a, v b,) — m([).m(0))
Then _ _ _
Wia, b, )+ Wila, b)) — Wia,by) —Wias,b,)
= max{m(a, v b,)— m(I),m(0))
—max{m(a, Vv b;) — m(I),m(0))
—max{m (g, vb,) — m{).m(0))
—max{m(a, Vv b,) — m(I),m(0))
= ma:-ﬂ‘:m (e, ) +mib,)— m[!ju,m{@]jl
- ma:-:lim[uzjl + mib,;)
—m(l),m{0))
- ma:-:lim (e, )+mib,)
—m(l),m{0))
- ma:-:lim[uzjl + mih,)
—m{l),m{0))
According to remarkl, we obtain that

ma:-;lim{r;i'j +mih,) — m[fj,m[clfl:l
=mia,) +m{b)—m(h,
ma:-n(m{uz] + mibh;)— m[!ju,m{ﬂ]]
= mia,)+m{b) —m{l.
max{mia,) + m(b,) — m[!j,m[cl]z]
=mia,)+mib,) —m(l.
and ma:-:(m{r:z] +mib,) — m[!j,m{ﬂ]:l =mia,) +
mib,)—m(h
Hence
mia, )+ m(b,) —m(l) + mia,) + mi{b,) — mil)
— (m(a,) +m(b;) —m{I))
—{mie;) +mb,) —m{) = 0.
Therefore, W(a, b) is a QL-copula and it is the lower bound of
any other copulas.
Proposition2:-Let Q be aQL-copula. Let
M(a,b) = min(m(a), m(b)), is a function defined on L. If M is
QL-copula then it is the upper bound QL-copula.
The prove ofproposition2 is clear and not difficult, so we have left
it as an exercise to the readers.
According to equation (1), one can also generalize the inequality
uponour quantum logic copulas as follow
W(a,b) < Q(a,b) < M(a,b) (2
We emphasize that W(a, b) is the lower bound QL-copula which
means that no any other QL-copula can be found to be less than it
and M(a,b) is the upper bound QL-copula that no other QL-
copula can be found to be greater than it. Indeed, equation (2)is a
generalization of classical lower and upper bounds of copulas,
respectively, and it leads us to the following results
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Qla.b) = Qla.t) = a;

Qe b) = QLb)=b;

Wiab) = q.or Wab) =h

4 MLD=Qab)

Furthermera, we could extended owr QL-copula bounds from
Bivarizte to multivariate, so we have proposed them by the
following ways:

Proposttion3:- Let) be 2 QL-copula. Let

Wir,) = maxim(V, o) — m{.m{0)iz 2 function defmed
on £ IfWis QL-copula, then it iz the lower bound QL-copula.
Proposttiond-- Let? be 2 (QL-copula Let
M(a;) = min(m(a])).i = 1.....n s a finction defmed on L. If #
iz QL-copula then it is the upper bound OL-copula.

d g bs ke

4. Conclusion

It is clear that a generalization of copula function on quantum
logic gives several different properties from the classical
properties. The boundaries that we have proposed in propositionl,
proposition2 are good examples of generalization of copulas. We
have examine that no lower quantum logic copula than W, and
also no upper quantum logic copula than M depending on the
prove of the extremes of copula in [4]. Finally, one could have a
more general forms that are need to be investigated with respect to
other algebraic systems that have homomorphism properties with
orthomodular lattice.
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