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Abstract

Noise component is difficult to predict and controlling completely is impossible. There is lot of research going on in handling noise,
where speed, faster convergence, computational complexities, accuracy have been a major concern. In this paper the survey of all
approaches are presented in minimizing noise with optimum mean square error (MSE). A new concept of adaptive filter using interval
arithmetic is proposed. Using this concept, the rounding and truncation errors are taken care. In interval arithmetic the bound of input
and output is calculated. Finding optimum weight is of major concern in adaptive filter. This optimization problem can be solved using
interval analysis methods. This makes it applicable in many of the modern day technologies like pattern recognition, machine learning
and share market analysis where accuracy is a challenging factor. With the combination neural networks and interval analysis the
adaptive filter can be efficiently designed. As interval analysis has two values, the time of execution is increased.
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1. Introduction

In any system, the expectation is to see the transmitted or captured
signal to be in a form which is almost same as the original signal.
However, there is always the component called noise present ei-
ther in its high frequency or low frequency form. The high fre-
quency noise can be avoided to some extent with the aid of silenc-
ers or structures known blockers. The low frequency noise can be
filtered with anti-noise wave or feedback system which alters the
parameters of the system to keep the noise level at its minimum.
Noise is also active and passive, which can be controlled by a
active power source or a passive circuit. Even after all such sys-
tems and networks in place there is no guarantee the accuracy of
the signal at its receiving end. With all of the present technologies
or system being in floating point which has the method of round-
ing off to the nearest integers be its positive or negative there is
always a question of its reliability in system which requires accu-
rate results and exact solutions. For example imagine the 0.001
milli second of error in the networks used for launching a satellite,
which fails to trigger the module responsible for igniting the en-
gine which in turn fails to make the satellite move, the loss oc-
curred is too much to be compensated in terms of money, man-
power and time. One of the solution is interval arithmetic where
all mathematical operations are done with a selected bound in the
form of [a, b] so we know the bound where the exact solution lies
making it an accurate system for today’s applications [24-28].
With the signals being a-periodic, random in nature and non-
Gaussian, the need of a filter which is efficient, adaptive and accu-
rate is on high demand. Multiple researches have been done in this
area most of them implemented in floating point which always has
the risk of rounding off errors. Any signal processing system
needs filters which is best in its performance and its adaptability to
handle the noise component in the signal. Noise is of different
types which are avoidable and unavoidable. Thermal noise caused

by the movement of the charges in the conductor, the burst noise
with sudden increase in their amplitude, transmit-time noise added
during the transmission of the signal from the source to the desti-
nation, intermodulation noise caused by other signal interfering
with the signal under consideration, atmospheric noise with the
influence of the atmosphere such as lightning, solar noise added
from the other solar system such as the sun, cosmic noise caused
by the stars surrounding the planet earth. With different types of
noise present it shows the importance of forming a filter which is
effective enough in cancelling the most common and avoidable
noise components in the signal. Next is the accuracy with which
the noise could be filtered. Extracting the original information
which is very close to the original signal transmitted by the source.
An example of the accuracy in finding the measure of the deep-
ness of an ocean explored by the oceanographer [35-36]. It is by
sending sound signal from a ship which is transmitted between
multiple objects such as the waves, the vegetation in the ocean, the
oceanic rocks etc touches the floor of the ocean and reflected back
as an echo. The reflection signal is also a combination of noise the
system is in floating point. To find the exact depth the oceanog-
rapher has to take multiple readings each of which have rounding
off in them and in the final declaration of the depth the mean of
the total readings is taken into account, we can the importance for
these readings to be accurate in nature which otherwise could
deviate the mean of the system from the actual value. In such ap-
plications where accuracy and noise cancellation have to go hand
in hand, this review of an approach which has interval arithmetic
making the system accurate and noise cancellation making its an
effective system which can used to many of the application where
accuracy is of prime importance. With more researches in this
field of interval arithmetic, it could present the future with systems
which are more accurate and effective.
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2. Block Diagram of Interval Adaptive Filter

Fig. 1: Block diagram for interval based LMS algorithm

The LMS algorithm along with NEURAL networks forms to be
one of the best combinations to build networks supporting its ap-
plication in many of the modern day technologies such as machine
learning and artificial intelligence. As shown in Figure 1 the sam-
pled data of any audio signal is given as input to the system these
samples, since these input samples carry along with them the noise
components, there is a need to filter noise which is removed with
the LMS algorithm by tuning and identifying the optimal weights,
the samples also are the input to the individual neurons in the
NEURAL network the combined operation of the LMS algorithm
and the NEURAL networks gives an output which have the noise
components at a reduced level making the MSE as minimum as
possible with multiple iterations and optimal step size.

3. Adaptive filters

3.1.LMS Algorithm

Least Mean Square algorithm being one of the core components of
this approach all of which have been implemented using the float-
ing point based software. LMS is represent by the following equa-
tions where ‘w’ represent the weights of the system, ‘p’ the step
size, ‘p’ the input samples and ‘q’ the output of the system, ‘n’ the
number of samples, V¥ gradient of the system, ‘J° Jacobian of the
mathematical model.

w(n+1) = w(n)-p V¥ J[w(n)] )
g(n) = wT (n)p(n) @
e(n) = d(n)-a(n) ®)

‘e’ denotes the error signal

‘d’ difference of the signal between the output and the input of the
system [3].

In this algorithm with a constant step size the optimal weights of
the system are identified which make the MSE (Mean Square
Error) to be the minimum. The approach with floating point in
which each of the parametric values are represented with a single
value like ‘a’ or ‘x’ where the initial iteration is started with an
assumption of the initial values for the weights. With trial and
error of the initial weights and multiple iterations of the algorithm
the optimal values of the weights are calculated, which also have
the rounding off errors included in them which accumulate with
the increase in the number of iterations. There are multiple varia-
tions for this algorithm such as the VSS-LMS (Variable Step Size
LMS) as the name indicates the step size is variable and the out-
come of the system monitors and adjusts the required signal in
which the adjustments are missed could be predicted through for-
mulae [10]. VSS-NLMS (Variable Step Size Normalised Least
Mean Square) which was ideal in being stable and having good
convergence but computational complexities. FXLMS (Filtered

Least Mean Square) in which filter is added in the route of weight
update path and the signal used for reference is replaced with the
signal from the filter [12]. FULMS (Filtered-U-LMS) in which a
neutralizing component which removes noise is added making it
an effective fit for the infinite impulse response filters. All filters
being stable, have good convergence and computationally simple
in few cases, implementing them using INTERVAL arithmetic
makes them even more beneficial for the applications needing to
be accurate and precise [40]. With INTERVAL arithmetic each of
the inputs to the system is given in the form of [a, b] instead of ‘a’
having bounds set from the initial learning phase of the system,
the weights calculated are already optimal with also the bounds
having the exact value where the solution exists thus making the
system faster in convergence, faster in calculating the optimum
values, stability is also achieved much faster.

LMS algorithm with interval analysis has been represented in
Figure 1, where ‘s’ is the signal source, ‘n’ the noise signal, ‘s’ the
output signal and ‘€’ the error of the system. The input signal with
noise is analysed with the LMS algorithm with an initial estimate
for the weight which is further increased or decreased depending
on the MSE, if the MSE is high the weights are reduced and vice
verse to indentify the optiminised weights that give the minimum
possible MSE during noise cancellation. Since the filter is
implemented with interval analyses and tunes the weights
depending on the value of the error, the filter is known as ‘interval
adaptive filter’.

Fig. 2: ADALINE framework showing weight auto update with feedback

As shown in Fig 2, with x1,X2....xm showing the signal samples
and Wo,W:1....Wn the weights of the signal, which are adaptive in
native depending on the error in the system.

4. Neural networks

The NEURAL networks work similar to the brain which is initial-
ly trained to identify a specific object and that is retained in the
memory for the entire lifespan of the human being. So whenever
the object is presented to the human it identifies the objects with
the name assigned to them like a flower or a ball etc The main
factors influencing the network are the nodes which are of input,
the activation function, the architecture of the network whether it
is single layer or multiple layers, the learning rate.

Fig. 3: Diagram with the node, the hidden layers and the output
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5. Suggested approach with neural network

The audio signal that is sampled is given as input to each of the
nodes represented by the circles in Fig 3, the nodes has weights

and the activation function which in this case is a sigmoid function.

The equations same as in equation (1), (2), (3). With the inputs in
interval having the maxima and the minima there is a set bound
for all the inputs, so the output is the exact solution, the exact
interval in which the solution exists. In case the initial estimate of
the weights and the step size was in floating point after each and
every iteration, the direction in which the optimal weights existed
would have much longer time as compared to the INTERVAL
approach where the actual bound is known giving a clear idea of
the existence of the root thus making the system convergence
much faster which otherwise would have taken many iterations.

Big learning rate

Small learning rate

Fig. 4: Graph to find the global minima with a large and a short learning
rate

7. Gradient descent

The main aim of this algorithm is to find the optimal weights of
the system which give minimum values of squared errors.The
direction in which the operation has to proceed all depend on the
initial weights selected, step size and the rate of learning. In case
all of these values are in floating point format more of the time
would have been in wasted in making the decision to move
towards the lesser value or the higher value of the reference value
for the present iteration. With the use of INTERVAL the bound
for the existence of the solution and the failure of the solution is
known with precise values saving the time in making the decision.
Also the learning rate used should be optimal enough.

As shown in the Figure 4, if the learning rate is very large the
operations may be finding the local minima which may not be the
actual global minima, on the contrary of the learning rate is small
the convergence of the system is delayed questioning the stability
of the system. Such issues are addressed with INTERVAL arith-
metic where the bound in the form of [a, b] ’a’ minima and ‘b’ is
the maxima give an idea of the direction to proceed further rather
than moving round the system in search of the global minima
which in turn may not be the actual global minima.

If ‘m’ is the next position in the direction of the global minima, ‘n’
the present position, the gamma is the weight and grad (f(a)) is the
gradient descent method then the equation is as follows

m=n-yVf(a) 4)

As shown in Fig 5 the steps used to find the global minima for the
system.

6. Noise filtering approach with interval analy-
sis and neural network

A combination of the all the components such as the LMS algo-
rithm and the NEURAL networks for the ADALINE network
(ADAptive LINear Element) which forms the system used for
effective noise removal and other signal processing applications.
The basic requirement for all INTERVAL arithmetic based im-
plementation is a processor with high computing speed.

nl

n4

Fig 5: Plot of gradient descent with global minima (n4)

In a signal the which could also be represented by a mathematical
equation, which may be linear or non-linear we know that the
roots lie where the value of f(x) = 0, with the implementation
being in interval arithmetic the initial bound for the root to be
existing is assumed based on the nature of the signal, with the
boundaries being in opposite directions, further the interval is
subdivided into half to find the direction [9] where the root exists
and the exact location of the root.

Initial limit being assumed to be [a, b] F{[a, b]}, such that f(a) >0
and f(b) < 0 such that the exists where f'(x) = 0 and further itera-
tions we consider the midpoint of [a, b]. The initial calculations of
the optimized weights is implemented with this approach which
forms the basic weights required for building the signal, which
also trains the neural network to perceive knowledge required to
build the entire signal with minimum error since mean square
error (MSE) is made to as minimum as possible by the tuned
weights which is the LMS algorithm in the ADALINE [3] net-
work.

The weights obtained from the interval NEWTON method are
being given as input to the gradient descent (which defines the
level of changes in the output w.r.to changes in the input) which
forms the proceeding signal. An approach to find the weights and
the output of the signal which has the minimum error similar to
the global minima [5]. As the network has initial knowledge of the
first few samples of the signal used for training, it tries to identify
the global minima resulting in the optimal values, which in turn
form the signal with minimum MSE [1], which reduces the error
on multiple iterations. The appropriate learning rate [8] and the
step size can be identified with multiple iterations. With all the
calculations being in INTERVAL it makes the system very accu-
rate in turn aids faster convergence. The summary of significant
research done by various researchers is shown in table 1.

8. Conclusion

This approach of filtering audio signals with the use of interval
arithmetic with the neural network approach improves the effi-
ciency of the filter and enhances the signal processing techniques.
The accurate results reduce the MSE but the execution time will
be increased. The execution time can be reduced by using GPU’s.
This kind of noise cancellation can be used, where the applications
requires more accuracy. The interval analysis reduces the round
off errors after series of mathematical calculations. The combina-
tion of interval analysis, neural networks will be future for most of
the applications.
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Table 1: Significant research work in adaptive algorithms

SI.No Title Model Results Remarks

1 Improvement in the perfor- Deep NEURAL network Accuracy of the classifier The accuracy can be even better
mance of deep neural network with learning rate variation. with deep NEURAL network is handled by knowing the right direc-
model using learning rate, 2017 better than the existing algo- tion of the network with interval
[15] rithms like Naive Bayes and arithmetic

Support vector machines.

2 Augmented Real-Valued Complex valued least Implementation of this algo- Complex valued analysis in any
Time-Delay Neural Network for mean kurtosis algorithm for rithms shows a good increase in system need a bound for the existence
Compensation of Distortions and | complex valued system iden- | the performance of the system for | of the error which will make the
Impairments in Wireless Trans- tification, prediction and mean square deviation, prediction | computation complex, with interval
mitters,2018[16] noise cancellation. gain and convergence rate arithmetic this task could be managed

in an organized manner by bounding
the limits for the values calculated.

3 Finite-Time Passivity-Based Propose new weighted Delay dependent criterion is The system is delay dependent
Stability Criteria for Delayed summation inequalities for proposed with variable delays which need the accurate time specifi-
Discrete-Time Neural Net- application to finite sum term | have been studied new weighted cation for the criterion to be in a
works,2018[17] appearing in the forward summation inequalities are used stable state.

difference of a novel Lya- to obtain conservative results.
punov—Krasovskii functional.

4 UCFTS: A Unilateral Cou- Unilateral coupling finite Accurate conditions for the Accurate system always has the
pling Finite-Time Synchroniza- time synchronization method | realization of the network syn- basic requirement for initiating the
tion Scheme for Complex Net- for uncertain complex net- chronization are identified. The system with accurate values, where
works, 2018[18] works to have improved uncertain parameters and topo- interval arithmetic forms to be best

universality and robustness logical structure can be calculated | implementation language that can be
for the control system used.

5 Optimizing neural-network Learning method learn- Learning method is combining This method already has high
learning rate by using a genetic ing rate optimizing genetic the back-propagation and genetic | performance and less learning, im-
algorithm with per-epoch muta- back-propagation with has algorithm which makes the learn- | plementing it with interval arithmetic
tions, 2016[19] minimum learning rate and a | ing process less dependent on the | would make it accurate.

decrease in the locality of the | properties of the applications
search. making the machine learning
process easy.

6 An Augmented Complex- Modeled digital pre- Linearization performance of Performance can be further im-
Valued Least-Mean Kurtosis distorter with augmented real | the proposed system for NMSE is | proved by identifying the maxima
Algorithm for the Filtering of valued time delayed neural better compared to other conven- | and the minima of the system.
Noncircular Signals,2018[20] network to mitigate the non- tional methods.

linear distortions in a power
amplifier.

7 An Inversion Design Method Novel design method for Suitable method to determine Tolerance is the allowable limit
for the Radome Thickness Based | the possible thickness toler- the feasible radome thickness to have better performance from the
on Interval Arithmetic,2018[21] ance interval of the antenna- with its electromagnetic perfor- system which could be best imple-

radome system mance filling the requested de- mented using interval arithmetic
sign performance interval. where each input is given with a
maxima and minima setting the
bounds at the initial stage.

8 Application of the interval Interval arithmetic has Implemented in interval If this analysis was implemented
arithmetic in reliability analysis been used to remove the arithmetic have removed the using the floating point approach the
of distribution system,2012[22] uncertainty in the accessing accumulation of errors in the actual reliability of the distribution

parameters for reliable distri- | distribution system. system could be on a debate.
bution.
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