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Abstract

In this paper, we define octagonal neutrosophic number (ONN) and operations on it. Also, we define a, p andy-cut sets of ONN. We use
octagonal neutrosophic numbers as pay offs of two- person zero sum game and propose a new method to find the best strategies for the
two players using heavy ordered weighted averaging (HOWA) operator on these numbers. The applicability of this method is explained

through a numerical example
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1. Introduction

This Neutrosophic logic has been proposed by Florentine
Smaradache[5] which is based on non-standard analysis that was
given by Abraham Robinson in 1960. In neutrosophic set indeter-
minacy is quantified explicity whereas the truth membership, in-
determinacy membership and falsity membership are independent.
Neutrosophic sets have been introduced as a generalization of
crisp sets, fuzzy sets & Intuitionistic fuzzy sets to represent uncer-
tain, inconsistent & incomplete information about a real world
problem. In 1998, Smarandache[6] introduced neutrosophic sets as
an extension of classical sets, fuzzy sets & intuitionistic fuzzy sets.
The components of neutrosophic set, namely truth membership
degree, indeterminacy-membership degree & falsity-membership
degree were suitable to represent indeterminacy and inconsistent
information. Wang et al introduced the idea of single valued
neutrosophic set in many practical problems.

In recent years, many interesting applications of game theory have
been expanded by embedding the ideas of fuzzy sets.

2. Priliminaries

2.1 Fuzzy Neutrosophic Set

A fuzzy neutrosophic set A on the universe of a discourse X is
defined as

A={X, Wy (X), us(X),y4(X): x € X} where w,uy: X—[0,1] and
0< W, (X)+ Uy (X)+ya(x) < 3 where w,(X) is membership, U4(X)
is inderministic function and y 4(x) is non-deterministic function.

3. Octagonal Neutrosophic Number (ONN)

A Octagonal neutrosophic number a
=( ay,a5,0a35,a4,05,04,07,ag ); Wgz , Uz Yq ) 1S a special
neutrosophic set on the set of real numbers R, whose truth-
membership, indeterminacy-membership and falsity-membership
functions are respectively defined by

pa(x) =

Va(x) =

Az(x) =

0
k(x—al)
a; —a
k
X —a;
K+ (wa—k)( )
a, —as
Wa
ag—x
k+(wﬁ—k)( )
g — Qs
k
ag — X
=2
ag — ayz
0
1

a, —x
1+(1-k)|—

aQ —a
k

a3'—x
k+(k—ua) B B

as —as
0

X —as
ua+(k—ua) 7

dg — As
k

k+(1-k) (ax,__a:,)

1
1

a, —x
1+ —-k) -

a; —a
k

a;’ —x
k+(k—ud)< : >

a,’ —a;
0
x—as
ta k=) <a6'—a5>
k
x—a,
k+(1—k)< - >
ag — az
1

forx < a;
fora; < x<a,
fora, < x < ay
fora; < x < ay
fora, < x < as
oras < x < q,
5 6
orag < x < a
6 7
ora; < x < q,
7 8

forx > ag
forx < a4

fora; < x<a,
fora, < x < ag
foraz; <x<a,
fora, < x < as
foras < x < ag
forag < x < a,
fora; < x < ag

forx > ag
forx < a,

fora; <x<a,

fora, <x < a;
foraz; <x < a,
fora, <x < as
foras < x < aq
forag <x<a,
fora; < x <ag

forx > ag

Copyright © 2018Authors. This is an open access article distributed under the Creative Commons Attribution License, which permits unrestricted
use, distribution, and reproduction in any medium, provided the original work is properly cited.



498

International Journal of Engineering & Technology

where 0 < k < 1 respectively.
3.1 a-Cut Set of ONN

The classical set A’ called alpha cut set is the set of elements
whose degree of membership is the set of elements whose degree
of membership in A’ ;=([ay, ay, a3, 8485, 8, ar, ag]; Wg , Ug, Ya) IS
defined as

Al ={xe X|,ugzo (x) = a}

_ { L@, (a)fora € [0,k]

- {51 (@), 5, (@)fora € [k,wg]

Where
(%) (@ —a
_ a—k
si(a)= a3z + (m) (ay —az), s;(a)

a—k
= a6_(Wa“’_k> (as — as)

L@=a + (%) (az —ay), L (@)= ag -

3.2 B-Cut Set of ONN

The classical set A’ p is the B-cut set of elements whose degree of
non -membership is the set of elements whose degree of non-
membership in A’ ;=([ay, @, as, &, as, as, a7, agl; Wg , Uz, Val 1S
defined as
Aly={x € Xluy, () = B}
_ { ' (B), 1 (B)forp € [k, 0]

st (B)sy (B)forp € [1,uq]
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3.3 y-Cut Set of ONN

The classical set A’ , is the y-cut set of elements whose degree of
non -membership is the set of elements whose degree of non-
membership in A' ,=([a, a, as, a4, as, A, A7, Agl; Wg , Ug Yal IS
defined as
Al ={x € X|21(x) 2 v}
_ { It (0,1, (Nfory € [k, 0]
st (N, sz (Nfory € [1,uq]
Where 14 () = @ = (1) (a2 —a)

(g) (ag —ay),
sh(=as— (%) (ay —az), s5()
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k_ua'
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4. Ranking of Average Index of the Truth-
Membership, Indeterminacy-Membership and
Falsity-Membership for ONN

The average Index of the truth-membership pz(x) , the indetermi-
nacy-membership 9;(x) and falsity-membership A;(x) for ONN
are defined as

Rp, (d): wyg [k(a1+a2+a7+ag)+(1—k)(a3+a4+a5+a5)]

Ra((ﬁ)

=1

—y )[k(a1+a2+a7+a8)+(1—k)(a3+a4+a5+a6)]
a 4

R, (@)

: k(a1+a2+a7+a8)+(1—k)(a3+a4+a5+a6)]
a 4

5. Heavy Owa Operators for Fuzzy Games
With Payoff as ONN

Let us consider a matrix game with payoffs of ONN and two sets
of pure strategies for players | and Il respectively. The Payoff
matrix for Player I is given by M= (&;;)mxn, Where

a;; = ([ay, az,a3,a4, a5, a6 a7, agliwg, , Ug, Va,), (=1, 2..m; j=1,
2...n)is a ONN.

The heavy OWA operators of ONN are used to solve the corre-
sponding Game problem. Assume that the payoff matrix is charac-
terized by a ONN a; = ([ a;®
a;®,a;®,a;®, a9, a,;©, 0,7, a;®] wa, , ua,va,)

The Normalized decision matrix for player I and Il is

o ) —_ @j®-mina;;®)

—————— forj=1, 2..n
Y max; a;j®-min; a;;(V ’ orj=4,
(8 _q..(9-k)
. maxa, a .
rij(k)= — - fori=1,2...m
max; ai)-( ) — mmiaij( )

where k=1, 2, 3, 4,5,6,7,8

6. Procedure for Heavy Owa Operators for
Neutrosophic Fuzzy Games

Step (1) Compute the given payoff-matrix can be converted into
Normalized payoff matrix according to the equation

Step (2)Use the Heavy OWA operator of NN to aggregate normal-
ized decision matrix for player | Suppose the weighting vector is
W= (W1, W,... w,), then the collective overall fuzzy number of
player lis H (4, 4;, ...,A,) = X7, w; a;;

= ([Zfawjar), Xy wj azj, By w) gy e Xy W) ]

s MiNygin Wg, , MaXqgi<n Ug, MaAXggi<p y&i,)

Similarly, the collective overall fuzzy number of player Il is

H (Bl,BZ, ...,Bn) = Z;‘l:l W} ai}'

n n n n
= ZWjail,ZWj aiz,ZWj a3, ZW} Ain
i=1 j=1 j=1 j=1

s Minggin Wg, , MaXqgi<n Ug, MaXggi<p y&i,)

Step (3)For each strategy, calculate truth-membership, indetermi-
nacy-membership and falsity-membership functions average in-
dexes for its collective overall Fuzzy number H(A;) and H(B;),
then the ranking orders of strategies are generated according to the
ranking method .

7. Numerical Example

7.1. Game Problem with Payoff as
Neutrosophic Numbers

Octagonal

Suppose that two companies are competing for business whatever
company A gains company B loses. The following problem shows
advertising strategies of both companies and the utilities to com-
pany A for various market shares in percentage. The company A
and B are considered as players A and B respectively.

Company B

Media Radio T.V
iaf (1234567810;050602) ([ 11,131;050.1,0.3)  ([34,56,89,11,12];07,0. M))

Medi
CompanyAlew (113457,9.1011,060302)  ([4567,81012131:090405) ([2457,9,12,14,16]:08,0.2,0.4)
T.v \(2,34,6910,11,14]; 0.4,0.2,0.3) ([34,6,7,810,12,14];0.80.4,05) ([4,6,7,9,10,11,13,15];0.4,0.2,0.3),
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Best Strategy for player |
Step(1)

. L a;;®)-mina;;®
According to equation 7;;® =— y )

m , for j—l, 2...n,the
given game matrix M=(@;;)mx Can be converted into normalized
matrix

Company B

<(m‘nng‘nm‘nz7 ,11:050.103)  ((0.09,0.18,0.27,0.36,0.54,0.64,0.82,09); 070204)>

([0,0.13,0.2,0.27,0.4, 02) 7308);09,0.405) (10.07,0.2,0.27,04,0.53,0.73,0.87,1];0.8,0.2,0.4)
([0,0.08,0.15,0.31,0.54,0.62,0.69,092]; 040202) ((0.08,0.15,031,0.38,0.46,0.62,0.77,0.92];08,0.4,05)  ((0.15,0.31,0.38,0.54,0.62,0.69,0.85,1];0.4,0.2,0.3)

Step (2)

Use the Heavy OWA operator of ONN to aggregate normalized
matrix for player | Suppose the weighting vector is W= (wq, W...
w,), then the collective overall ONN of player lis H
(Al,AZ, n) - Z =1 W] al.]

= [2?=1 W1a11 V=1 W) Az, Koy W as,]

yMingicn Wa, , MaAXq<j<n Ug, MAXq<i<n Ydi,)

The weight of the strategies are W= (0.3, 0.4, 0.3).

The heavy ordered weighted value for A; is

H(A,) = .3+ ([0,0.09,0.18,0.27,0.36,0.45,0.54,0.73]; 0.5,0.6,0.2)
+0.4x ([0.09,0.27,0.36,0.54,0.64,0.73,0.82,1]; 0.5,0.1,0.3)

+ 0.3 % ([0.09,0.18,0.27,0.36,0.54,0.64,0.82,0.9]; 0.7,0.2,0.4)
= ([0.063, 0.189, 0.279, 0.405, 0.526, 0.619, 0.736, 0.889] ; 0.5,
0.6,0.4)

The heavy ordered weighted value for A, is

H(A,) = 0.3+ ([0,0.13,0.2,0.27,0.4,0.53,0.6,0.67]; 0.6,0.3,0.2)
+0.4x ([0.20.27,0.33,0.4,0.47,0.6,0.73,0.8]; 0.9,0.4,0.5)

0.3+ ([0.07,0.2,0.27,0.4,0.53,0.73,0.87,1]; 0.8,0.2,0.4)
=([0.101, 0.207, 0.273, 0.361, 0.467, 0.618, 0.733,
0.4,0.5)

The heavy ordered weighted value for Az is

H(Ag) = 0.3« ([0,0.08,0.15,0.31,0.54,0.62,0.69,0.92]; 0.4,0.2,0.3)
4x ([0.08,0.15,0.31,0.38,0.46,0.62,0.77,0.92]; 0.8,0.4,0.5)+0.3*
([0.15,0.31,0.38,0.54,0.62,0.69,0.85,1]; 0.4,0.2,0.3)

= ([ 0.077, 0.177, 0.283, 0.407, 0.532, 0.641, 0.77, 0.944];
0.4,0.5)

Step (3):

For each strategy, calculate truth-membership, indeterminacy-
membership and falsity-membership average indexes for its col-
lective overall ONN H(A;) and H(B;), then the ranking orders of
strategies are generated according to the ranking method ONN.

0.821]; 0.6,

0.4,

R,(H(A)=023 ; Ry [H(A)=018; R, [H(A)]
=0.28
R, [H(A)]=027 ; Ry [H(A)]=027; Ry [H (A)] =
0.24
RyH (AN =019 ;  Ry[H(AJ]=029 R, [H (A))]
=0.24

Then the ranking order of the strategies for Player | according to
the truth-membership, indeterminacy-membership and falsity-
membership average indexes is given by A,>A;>A;, Hence the
best strategy for player I is A,.

Best Strategy for Player 11

Step(1)

. . max a;;®-a;; 00
According to equation¥; = g4

Tmax; a,®— min; ag® ° for i=1, 2...m,
the given game matrix C=(&;;)mxn Can be converted into normal-
ized matrix

((0.31,0.46,0.54, 050602)  ((0.09,027,0.36,0.45, 082,1:050103)  ((0.29,0.36,05,057,0.71,0.79,0.86,0.93:0.7,0.20.4)
([0230310380 &05907709 l]osozoz) ((0.09,0.18,0.36,05: 4064073032091]09040 5)  ([0,0.14,029,05,0.64,0.79,0.86,1];0.8,02,04)
([0.023,031,038,0.62,0.77,0.65,092:0402.03)  (10,0.18,036,0.55,0.64,0.73091.11:0604,05)  ([007.0.21,036,0.43,05,0.64,071,0.86]:0.4,0.2.03),

Step (2)

Use the Heavy OWA operator of ONN to aggregate normalized
matrix for player Il Suppose the weighting vector is W= (wy, w,...
w,), then the collective overall ONN of player Ilis H

(§1,§2, ---'En) = 2?=1Wj aij

3 n 3
=( Z w;aiy, Z wj azz:z W a3
i=1 j=1 j=1

, MiNy ¢iep Wg,, MaXq<jcpn Ug, MAX<i<n Va,)
The weight of the strategies are  W=(0.3,0.4,0.3).
The heavy ordered weighted value for B,is

HB,) = 0.3*([0.31, 0.46,0.54,0.62, 0.69,0.77, 0.85,0.92]; 0.5,0.6,0.2)
+0.4x([([0.23, 0.31,0.38,0.54, 0.69, 0.77, 0.85, 1]; 0.6,0.3,0.2)

0.3 ([0,0.23,0.31,0.38,0.62,0.77, 0.85,0.92]; 0.4,0.2, 0.3)

= ([0.185, 0.331, 0.407, 0.516, 0.669, 0.77, 0.85, 0.952]; 0.4,0.6,
0.3
The heavy ordered weighted value for B, is

H(B,) = 0.3« ([0.09, 0.27, 0.36,0.45, 0.55,0.73, 0.82, 1]; 0.5,0.1, 0.3)
+0.4x ([0.09, 0.18, 0.36,0.54, 0.64,0.73,0.82,0.91]; 0.9,0.4, 0.5)

+0.3x ([0,0.18,0.36,0.55, 0.64, 0.73,0.91,1]; 0.8,0.4, 0.5)

= ([0.063, 0.207, 0.36, 0.516, 0.613, 0.73, 0.847, 0.964 ]; 0.5, 0.4,
0.5)
The heavy ordered weighted value for B3 is

H(Bs) = 0.3x(([0.29,0.36,0.5,0.57,0.71,0.79, 0.86, 0.93]; 0.7,0.2,0.4)
+0.4x ([0,0.14,0.29,0.5,0.64, 0.79,0.86, 1]; 0.8,0.2,0.4)

+0.3x ([0.07,0.21, 0.36,0.43, 0.5, 0.64, 0.71,0.86]; 0.4,0.2,0.3)

= ([0.108, 0.227, 0.374, 0.5, 0.619, 0.745, 0.832, 0.937]; 0.4, 0.2, 0.4)
Step (4)

For each strategy, calculate truth-membership, indeterminacy-
membership and falsity-membership average indexes for its col-
lective overall Fuzzy number H(Aj) and H(B;), then the ranking
orders of strategies are generated according to the ranking method .

R,[H(BY]=024 ;  Ry[H(B)]=024; Ry [H (B)]
=041

R, [H(B]=0.27 ; Ry[H(B)]=032 Ry [H(By)] =
0.27

R,[H (B3] =022 ; Ry[H (B3] =043 Ry [H (Bs)]
=0.32

Then the ranking order of the strategies for Player Il according to
the truth-membership, indeterminacy-membership and falsity-
membership average indexes is given by B3;>B;>B,, Hence the
best alternative for player Il is B,.

The best strategy of the player | and player Il areAzand B, respec-
tively.

8. Conclusion

In this paper, we have defined octagonal neutrsophic number
(ONN) and operations on it. We proposed a method to find the
best strategies for the two players using heavy ordered weighted
averaging (HOWA) operator on the octagonal neutrosophic num-
bers with weights given to the strategies.
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