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Abstract

An effective numerical tool based on wavelets and orthogonal polynomials are presented for the solution of a class of system of singular
Voltera integro-differential equations (SSVIDEs). We also presented the convergence analysis for the derivative of the approximation in
terms of Legendre wavelets. In this paper, we propose a numerical wavelet and polynomial methods for solving SSVIDEs of second kind.
The method is based on the operational and almost operational matrix of integration based on wavelet and orthogonal polynomials. We
use the concept of operation matrix of integration to convert the main problem into linear system of algebraic equations. Some numerical
examples along with error evaluation are given to illustrate the accuracy and efficiency of the proposed method. The advantage of the
proposed technique is computationally most simple, low cost of setting the algebraic equations without using artificial smoothing factors.

Keywords: Legendre wavelets, Bernstein polynomials, Operational matrices, Singular voltera integro-differential equations.

1. Introduction

System of singular Voltera integro-differential equations
(SSVIDEs) arises in many branches of science and engineering
such as biological models electromagnetic, fluid dynamics, finan-
cial economics, heat and mass transfer etc. The main application
of system of integro-differential equations (SIDEs) in Wilson-
Cowan model [11,12] which describes the evolution of excitatory
and inhibitory activity in a coupled neuronal network. In 1997,
first Amari [1] gave the following mathematical expression for the
Wilson-Cowan model:

0E

Z =B+ [w,, (x—x")f(E—0;)dx' -
.rWea (x = x")f(E — 6)dx" + 1 (x,t)
12 = —1+ [w, (x— x")f(E — 6;)dx' —
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With  initial  conditions  E(x,0) = E(x), i{x,0)=1,(x) and
x e R, £t = 0.Here E(x,t) and I'(x,t) represents the activity
of a population of excitatory and inhibitory neurons respectively.
The function W';; describes the strength of connection from cell
type k to j and f is firing rate function or some case Heaviside
function. The positive parameters &,, &, and T denotes the in-
hibitory time constant, threshold levels for £ and I respectively.
1fr, and ¢fr, are external inputs. Pinto and Ermentrout [9,10] modi-
fied the Wilson-Cowan model as the following:

du \ \

Ez—u—v+J.w[x—x VH({u— &)dx
dv

Ta3r T s(fu — 1),

where U is the activity excitatory neurons and * could represent
spike frequency adaption, synaptic depression or some other slow
process that the excitation of the network. Existence of solutions
to the above systems using topological shooting and Evans func-
tion method already discussed in [2].In this article, we will not
discuss exactly the numerical solutions of Wilson-Cowan model
but in general to SSVIDEs. Singh et.al.[3,4] have developed nu-
merical schemes for integro-differential equations(IDES) using
operational matrix concepts based on wavelets and orthogonal
polynomial approximations as well. System of Voltera integro-
differential equations (SVIDES) mainly for non-singular and linear
type using hybrid functions, Haar wavelets and Runge-Kutta
methods are discussed in [5, 6, 7]. In [8], numerical solution of
singular Volterra integral equations (SVIEs) system of convolu-
tion type by using operational matrices also considered. Though
all are gives approximation solutions only some discussed about
analytical solution by restricting the function in some extent. In
this paper, we promote and analyze the mess-less scheme based on
Legendre wavelet operational matrices and Berstein polynomials
operational matrices for solving the following SSVIDEs.

szkfk(x)_FA' ZJ. \.’x—(? 1)

with initial conditions v, (0) = d,, where i = 1,2. We assume that
the functions £, (x) and £, (x) are square integrable functions.
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2. Operational matrices

2.1. Bernstein polynomials and operational matrices

The Bernstein basis polynomials of degree Tt form a complete
basis over the interval [0,1] are defined by

Ey o (1) ={?’}r’ (L )" 7 forj=0,1,..., o (2)

Where t is a parameter. However, the Bernstein basis polynomials
can be generalized to cover an arbitrary interval [EI, b] by nor-

malizing & over the interval [a, b],i.6. t = 'Ez—ﬂ}, which lead to
(b—a
the following
— I(h n—j
Noe¢ )u for /= 01, -

(b—a)"
These polynomials satisfy symmetryB; (x) = B,_ } 21— x)(x),
positivity 2, (x)= 0, form a partition of unity E} =9 Bn (x) =1on
the defining interval [z, &]. The explicit representation of the
orthogonal  Bernstein  basis  polynomials, denoted by
B(x) = ¢, ,.(x) and it is obtained by using Gram-Schmidt
orthonormalization process on . If function £ € L*[0,1],then

£ = lim > ¢, B (0. @)
Jj=o
Here ¢, f n =, Where =X, = is the inner product over
L?*[o, 1] If the serles (4) is truncated at n =, then denote
£ % D e Bule) = CTB(D, 5)
i=o
Where ¢ = [Com: Cam: """ ""mrvl] B(t] - [ ome blm’ '"ngm]r '

In this case the orthonormal Bernsteln polynomials operational
matrix of integration and almost operational matrix of integration
of order (m + 1) x (m + 1) are given respectively by

f B ()dt = PEB(x) (6)
o

and

183  oEs
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For n = 5 the explicit expressions for £ and 5 £ via five or-
thonormal polynomials for (6) and (7) are presented in the arti-
cles[13,14,15]respectively.

2.2. Legendre wavelets polynomials and operational matrices

The Legendre wavelet basis functions ¥,,,., are defined as fol-

lows

" L RS2 FaEa
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tn(= O for SosreTs (g

0, otherwise,

where g ¢y are Legendre polynomials of degree ++: defined on

[—1,1] by the following recurrence relation for vz = 1,2,3, . ...

h A ) 2Zm+1 . mo .
Po()=1P(t)=t and P .(f)= — rp"‘-r"_m+1y""1w'

The other arguments take the values within the following range:
fi=2n-1,n=123..,2" k=1,23,...m

A function Q‘[x] defined over [':';1] may be expanded by the
Legendre wavelets as:

90) = Z Z o W (), ©

n=1m=
where ¢,,,., == g,%¥,,, = and =, = is the inner product on
L? [©.1]. If the infinite series (9) is truncated, then it can be writ-
ten as

o~ 3 S

n=1 m=

Yo () = CTH (), (10)

where the matrices ¢ and « are given by,

C = [Cips Crgos Crpgs Cogr Cagymor s Copgy mo s Cgmagy oo, Oz ]
and
H(x) = [Fro W10 Faan Wao War s Wopg o Wokma g, oo, Woiny ).

Similarly Legendre wavelets operational matrix of integration are
defined as (2%*M) x (2% M) are denoted by

J-r"-l-" (el = P (x) (11)
and

T P L

e dt = 57W¥(x) (12)

The explicit expressions for the Legendre wavelet functions and
operational matrices can be found in [16,17] for a7 = 3 and
k=2

3. Mess-less scheme derivation

Consider the system of singular Voltera integro-differential equa-
tion (1) and considering the orthogonal approximation of both
known functions f, (x) and £, (x) as

fi(x) = F ®(x) and f,(x) = F @ (x), (13)

where  &(x) = [#y(x), 8, (x), &, (x) & (x). 2, (x).85(x)]T  and
de g (), oy (), 4, (%), dog (%), 4, (x), @Nd oa () are orthogonal poly-
nomials in the interval (0,1]. AlSO F; = [F,q, Fiy, Fis. Fip, Fia, Fis 1™

for i = 1 and 2. The components are determined by the given
expression:
1

F, = J; Fi ()@, (x)dx, 0<j<S5.

We let the approximation for the derivative term as

dy,
dx =~ ¢l (x) and d‘xL ~ cla(x). (14)

Integrating the equation (14) from o to x, we obtain
vi(x)—a= CfJ- @ (x)dx and y,(x)— b = C{f D (x)dx.
o o
We assume
RS A"cb(xl =ApBy +A, 8, + A8, + A @+ A3, + A3, and
b pT ctr-{:n By®y + By$y + By P, + 5,8, + By $y + BB where
A,—J ad,(x)dx and B, = J b, (x)ede 0= i =<5
&
By using approximation for the integral g (1) = pe(x), and
o .
the above expressions we have
¥y () = ATe(x) + CT P& (x) and y,(x) = BT (x) +
CIP&(x).
(15)
Applying y.(z}, 2% and the approximation [* £ ~ g () in
e 0 VE—t
equation (1), we get
Cl(ay2(x) - a,5P58(x) ) + €1 (0,2(x) — 0,5 (x) ) = 0oF] #(x) + a, F #(x) +
a1 ATS®(x) + a, . BTSP(x) (16)

Since € (x) is non zero function, we can write equation (16) as
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(17
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=samss) | 27y, © - P @)
& -1
1

1 z (!
— 1.0 _
Similarly from the second equation of the system (1), we have the - _[2"(2m T 1}] { D y(x)(Prs (1) — Py (0))dt
following equation : -t
z (1 (O -R () B(5)-B__.(0)
CY (3056 — 025PS) + C1 (Baplgs — G26PS) = agaF] + =—[”;] l Dty '1‘}0( mi2(®) ~ P (‘]—P"'"U m2 )dr
E:4F:T + ﬁ-:sATS + E:EBTS 2‘L2m 1) Jo1 LY 2-'7:‘3 2111_1 /
- b F l pot [ Pr2@ =Pl _BO-Pesl@)
1 1 in: PN —— - at.
By solvmg equatlon (17) and (18) for <, X, we obtain: 2*(2m+1) ¥lx Im+3 Im—1 ,
-1 N
(= [(eg Toyh -abi Stoy8 8}yl — 05:P5) Thus
—(ayF; +a,F) +ay ﬂS‘P‘BSl&l 0 PS) ]X:al,é__ |1Cn | e e .
- PS -a, P -0.P5)(2 L . — 0, PS) Y and R = 1Psat) - (4m+ D8 (1) + (2m + 3Pty
lgg ]\GLJbic jJ ( 02373 (Bl — U0 0 1'" D "l'l‘l m3 1| G[}'
T—1(n T2, £f -1 ‘2m+ {(2m+3)(2m -
= [lagF + 0y +ad'S+ al "S5)(ay! e ‘"‘LPS\ : T I
;e U am-1)p ) - (m 2R () + (2m 3P ()
—laxhy *a.... a 45 Tl }&1.,,_ sﬂ. | qub g—( [D*y{x '.g- 5 _ ———|fdt
r \ ’ c \=17-1 2%(2m +1) ) L\ {2m+3)(2m—1) J
o 7o) [ PS - c =0, P}la,' -—a-:PS ™. . _ .

. ¥ B ) ((2m - o) —(4m+2)P. (8} + (2m + 3)P__, (1))
Substituting the value of J and C: |n equatlon (15) we can get < ’ ‘ DPrsr II dt
the approximated numerical solution y, (x) and y, (x) for the "'“l om+1) (2m+ 3‘l(°m 1) /
system (1. A ‘ ll 2m— 1P {0+ (4m+2)°P° (84 (2m +3)°P° (O |

< at
‘h,(’j + m _:'\ 2 ‘
Table 1: The List of Notations. (zm-+1)) . l;' +3)(am 71' : 2 /
General symbols: &(x). P. 5. Fy. Fp. A. ¥y, V2. C1. Ca. 4 [2(2m 1)’ L8l ""*U  2(2m +3)7]
Usage of Legedre polynomials: "L-}rr——lu 2Zm—1)(2m+ al[ 2m+5 2m+1 2m-3 ]
Ynm(x), P Sg. Bl B Ap v v, €1 €3t s
Usage of Bernstein polynomials: 2%-2 (2m - 3}“
Bex). PE, 58, FF,FEB, AZ, wF. P8, cT-5, cT-5 Therefore, T B s A
'-':I'+1 m=M+1 2;"_"(2?91—3)“

4. Convergence analysis

Theorem 4.1. Suppose that the function D*y,, (x) obtained by
using Legendre wavelets are the approximation of p=y(x) and
D=y(x) and its second derivative is bounded, then we have the
following upper bound of error
Il D=y (x) — D%y () IE = Sz Fa(—1/2 + M)

where, ||y(x) llz= (_rﬁ | ¥(x)|2dx)1/2, ,:1:: and A is posi-
tive constant.

Proof. Let Dey(x) = Er g Z5 o0 Crm T (X,
DYy (%) = T2y Tiico Com P (X), WheTE D=3y, ()
be the following approxmatlon of D=y (x). Grouping the
above two equations, we get
D%y(x) — D= v.d. (x) =

E::_-z'f——+1} m=({M+1]) Com nm[x:]'

Let D®y(x) be a function defined on [0,1) such that
|[D=*2y(x)| = A, where A is a positive constant. Since {i,.,. (x)}
are orthonormal on [0,1) so we have fol W (W () Tde = 1,

where | is identity matrix.

1
I D%y () — D3 () 1= [ (D<) — Dy (2))7dlx
[v]
e s Crm Fam GO dx
= £2
Z Y 1+L‘|Zr’|’.=[M+r_'| i

Where oy =< D*_v{x],l[’w(xj >
- I.ln"‘_v(.r}?m(x)dx = .h.: D®y(x)(2m+ 1)¥22%2p_(2*x—#)dx
a Jg-12* ]
JGmry 7 ;ﬂmzm JHD V()P (25x — ) dx
= %I D=y (x) B, (t)dt
_(@m+1)take roﬂy_(:jd(Pm(t) - Pm-litJ)dt
2% ” 2m+1

3A2 = 1
- zk_zzm '.4+1 (2m-3)*
347 /1 — A?
:2—(96) [ +M] zk+1 [ +M]
Finally, we get | D%y (x) = D%y, (x) IS <5 i [+ M

Theorem 4.2. Let f be a real valued function defined, and bound-
ed by as on the interval [0,1]. For each point x of continuity of f,
B, (f)(x) — f(x)asn — . If fis continuous on [0,1], then the
Bernstein polynomial g, () tends uniformly to # asn — . With
ac a point of differentiability of #, &.(f1(x} = f'[x)asn — w0, If F
is continuously differentiable on [0,1] then B},(f) tends to ' uni-
formly as n — . For proof see[15].

5. Numerical examples

In this section we consider the proposed method to find the nu-
merical solution of equation (1) and equation (2).Taking the &« = 1
and initial condition y, = 0 and y, = 0, with the coefficients

a1 =1, a;, =-1, by =1, b3 =0, ¢, =1, ¢, =1, 4, =1
Ay =1, a3, ==2, by =0,by =1, ¢y =1, ¢ =1 2,=1
In each graphs E1L(t) and E1E(t) are errors corresponding to
the function ¥; by using Legendre wavelets and Bernstein poly-
nomials. z.¢r) and ezpir) are errors corresponding to the function
¥, by using Legendre wavelets and Bernstein polynomials. The
accuracy of the proposed method is demonstrated by calculating,
for i = 1,2 the parameters of errors E;(t), average deviation o,
also known as root mean square error (RMS). They are calculated
using the following equations:

E,(t)= Approximate solutions (v;(t)) - Exact solutions (¥;(t))

and
o = {m > T — |
Where y,(t) and'YE- (t) are the approximate and exact values calcu-
lated at points ;. Note that o is discrete z=-norm of the error E;
denoted by | E, ,=. We, also, compute the continuous L?-norm of
the error E; by

= E 08 M=

Il E;(t) ||L.1:[f01 E? (t)]lfz_
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In table 2 and 3, £ Ik and E, |15, are continuous error norms

using Legendre wavelet and Bernstein polynomial for i = 1,2.
Similarly | £, %= and || E, | are discrete error norms using Le-

gendre wavelet and Bernstein polynomial for i = 1,2.

Example 1.

We have chosen g —2s1/2_ 3¢ (3-‘:“ + 161*_:“) and

£ o= —32¢1/2 4 4p 2527 50 that exact solutions for equation
= 2 15

(1) and equation (2) given by ¥; = t*2 and ¥, = t*. The ap-
proximate solutions using Legendre wavelets and Bernstein poly-
nomials are given by equation (4) with coefficients.
=[0.5001 01725 —0.03206 09151 0.08936 —0.0038]
C‘.T‘*:[D.SEES- 0.203% — 0.0001 1.0811 0.2042 0.0001]
TE = [@.26813 0.5086 0.5253 0.5073 0.4088 0.2456]
;Bz [0.1571 0.4269 057656 0.6133 05394 0.3297]
C “‘PL(xj =[0.1005 0.0742 0.0111 0.4658 0.1323 5.7685]
PLixy =[0.0589 0.0510 0.0131 0.4125 0.1531 0.0131]
*BPEF[xu =[0.0373 0.1357 0.2317 0.2774 0.2618 0.1647]
TBP (x) = [0.0193 0.0888 0.1850 0.2517 0.2542 0.1658]

Therefore, the approximate solutions corresponding to Legendre
wavelets and Bernstein polynomials are given as:

YH@) = 6T PE (Y (1), YE@) = 7 BE Y (2),
yZ(x) = €,"F BF(x)B(x). and yF(x) = €, TP (x)B(x).

Example 2.
We have chosen fi=

1652

8

—Sta(-5+8t)—1and f, =1 -2t —
so that exact solutions for equation (1) and equation (2) given by
¥, = t(t — 1) and ¥, = t*. The approximate solutions using
Legendre wavelets and Bernstein polynomials are given by equa-
tion (4) with coefficients.
rTt =[—0.3535 0.2041 0 0.3535 0.2041 0]
€7t =[0.3535 0.2041 0 1.0606 0.2041 0]
€,"F = [-0.3960—0.0739 0.1343 0.2383 0.2480 0.1611]
Cy TE_ = [0.1572 0.4270 0.5770 0.6137 0.5399 0.3301]
c *PLIx}—[ —0.1178 — 0.051 0.0131 —0.1178 0.051 0.0131]

£, B (x) = [0.0589 0.05103 0.0131 0.4124 0.1530 0.0131]
€, 85 (x) = [-0.05952 — 0.1255 — 0.1051 — 0.0577 — 0.0186 — 0.0015]
c,"ERE(x) = [0.0193 0.0889 0.1851 0.2518 0.2544 0.1657]

Therefore, the approximate solutions corresponding to Legendre
wavelets and Bernstein polynomials are given as:
L — ~TLpl Liy — o~ TL pl
}Fl ExJ - Cl J-PE. Elelﬂnj_n(xJ! }FZ Exj - CZ + P6 ElelﬂEm(er
¥E(x) = €,"F P () B(x).and y7(x) = C;""R7 (x)B(x).
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Figure 1: Comparison of approximation errors for the 3, (t7) by using
Legendre wavelets (solid line) and Bernstein polynomials (dotted line) in
case of example 1.

I 1 1 ] 1

Figure 2: Comparison of approximation errors for the y, (¢} by using
Legendre wavelets (solid line) and Bernstein polynomials (dotted line) in
case of example 2.

I T T

183 o1ro 1%

Figure 3: Comparison of approximation errors for the ¥,(t) by using Le-
gendre wavelets (solid line) and Bernstein polynomials (dotted line) in
case of example 1.
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Figure 4: Comparison of approximation errors for the ¥; (t) by using

Legendre wavelets (solid line) and Bernstein polynomials (dotted line) in
case of example 2.

Table 2: The continuous and discrete error norms for ¥, (t).

Error norms Example 1 Example 2

I E I}z 133x107° 417 X 1077
IlEy Nz 392x107° 3.49 x 1073
I Ey Il 3.17 x 107° 412 x 1077
I E, 1% 3.93 x 1071 3.50 x 1073

Table 3: The continuous and discrete error norms for ¥, (t).

Error norms Example 1 Example 2

I Ey I3 133 x 10°° 2.87 x 1077
I E, I 231x 1073 2.08 x 1073
I E, Iz 3.16 x 1072 3.16 X 1072
I E, Iz 231 x 1078 2.08 x 1073

6. Conclusion

The main aim of this paper was to demonstrate that the wavelet
mess-less approximation method is a powerful numerical tool than
the orthogonal polynomial mess-less approximation for solving
SSVIDEs. The computer simulation is carried out for the prob-
lems of SSVIDEs, this allow us to estimate the precision of the
mess-less scheme based on operational matrices for wavelet and
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orthogonal polynomial respectively. High accuracy of the result
even in the case of smaller number of wavelet basis function com-
pare to Bernstein polynomial is observed. The numerical scheme
of fractional derivative order and non-linear problems are a topic
further study.
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