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Abstract 
 

Representation of signals and images in sparse become more interesting for various applications like restoration, compression and 

recognition. Many researches carried out in the era of sparse representation. Sparse represents signal or image as a few elements from the 

dictionary atoms. There are various algorithms proposed by researchers for learning dictionary. This paper discuss some of the terms 

related to sparse like regularization term, 𝑙0minimization, 𝑙1minimization, 𝑙2 minimizationfollowed by the pursuit algorithms for solving 

𝑝0 problem, greedy algorithms and relaxation algorithms. This paper gives algorithmic approaches for the algorithms. 
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1. Introduction 

Sparse representation [1] is adopted in face recognition, image 

denoising and image compression. Consider an un-determined 

linear system Ax = b, where A ϵ Ɍnxm with n < m, with more 

unknowns than equations. The system has infinitely many 

solutions with assumption that A is full rank and 𝐴𝐴𝐻 is 

invertible. The 𝑙2 and 𝑙1norms are defined by (1), (2) respectively. 

 

  ||𝑥||2
2 =  ∑ |𝑥𝑖|2

𝑖                                                         (1) 

 

||𝑥||1
1 =  ∑ |𝑥𝑖|𝑖                                               (2) 

 

The 𝑙2norm is sum of squares which gives the energy of the signal 

X. 

1.1. Least squares 

The solution for solving Ax = b by using 𝑙2norm method. The 

problem is defined as (3). 

 

arg 𝑎𝑟𝑔  𝑥
𝑚𝑖𝑛  ||𝑥||2

2  𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝐴𝑥 =  𝑏                  (3) 

 

The solution for the above problem is as specified in (4). 

 

𝑥 =  𝐴𝐻(𝐴𝐴𝐻)−1𝑏                                                 (4) 

 

Where 𝐴𝐻 is the complex conjugate of A. 

If b is noisy image or signal then the solution cannot found 

exactly because of unknown noise quantity. The solution can be 

found by approximation method by minimization method. 

 

arg 𝑎𝑟𝑔  𝑥
𝑚𝑖𝑛  ||𝑏 − 𝐴𝑥||2

2 +  𝜆||𝑥||2
2               (5) 

 

The solution for the above problem is given by  

 

𝑥 =  (𝐴𝐻𝐴 + 𝜆𝐼)−1𝐴𝐻𝑏          (6) 

1.2.Sparse solution 

The other method for solving Ax = b is optimizing the problem 

which computes the minimizing the sum of absolute values in x.  

 

arg 𝑎𝑟𝑔  𝑥
𝑚𝑖𝑛  ||𝑥||1

1  𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝐴𝑥 =  𝑏                     (7) 

 

The problem in (7) is called basic pursuit (BP) method which 

gives solution by iterative functional algorithm. If the 

approximation solution found by using (8) then the minimizing 

the function is called basic pursuit denoising (BPD) algorithm also 

called Least Absolute Shrinkage and Selection Operator (LASSO) 

problem. 

 

 𝑎𝑟𝑔  𝑥
𝑚𝑖𝑛  ||𝑏 − 𝐴𝑥||2

2 +  𝜆||𝑥||1
1                               (8) 

 

When the solution of x is expected as sparse then using 𝑙1 norm 

gives advantage over 𝑙2 norm. 

Chapter brief about regularization terminology.  

Chapter 3 discuss Pursuit algorithms, Chapter 4 describes Greedy 

algorithms and relaxation algorithms discussed in chapter 6. 

2. Fundamentals 

In image processing the unknown image b may be blurred or low 

resolution image. The matrix A is non invertible linear degraded 

operator.  

The goal is to reconstruct the original image x from given 

observed image b. it is a typical linear inverse problem which may 

have invite solution but unique solution is desired. To get a unique 

solution for above linear system some additional criteria are 

needed. By using regularization additional criteria J(x) can be 

added.  

The optimized problem represented in (9). 

 

(𝑃𝐽):       𝐽(𝑥)𝑠. 𝑡.     𝐴𝑥 = 𝑏𝑥
𝑚𝑖𝑛                                (9) 
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Where 𝐽(𝑥) is regularization term, causes penalty to each possible 

solution. The best regularized tern is squared Euclidean norm i.e. 

𝑙2- norm. This norm gives a unique elucidation ẋ, called minimum 

norm solution.  

The Lagrangian using Lagrange multiplier shown in (10). 

 

ℒ(𝑥) =  ||𝑥||2
2 + 𝜆𝑇(𝐴𝑥 − 𝑏)                                  (10) 

 

For image processing𝑙2regularization gives poor performance. For 

better performance convex function is used for𝐽(𝑥).  

If 𝐽(𝑥) is strictly convex then unique solution can be obtained.  

2.1. Preferable regularization term  

The convexity of the squared Euclidean norm is trivial. The other 

choice of 𝐽(𝑥) that are convex or strictly are 𝑙𝑝 – norms for 𝑝 ≥ 1 

given by (11). 

 

||𝑥||𝑝
𝑝

=  ∑ |𝑥𝑖|𝑝
𝑖          (11) 

 

The 𝑙∞ - norm, 𝑙1 – norm are popular. The 𝑙∞ - norm gives 

maximal entry of the vector and 𝑙1 – norm sums the absolute 

entries. The 𝑙1provides sparse solution.  

𝟐. 𝟏. 𝟏 𝐥𝟏 Minimization 

The regularization term 𝐽(𝑥) =  ||𝑥|1 is convex but not strictly. 

The problem P1 is given by 

 

(𝑃1):       ||𝑥||1𝑥
𝑚𝑖𝑛 𝑠. 𝑡.   𝑏 = 𝐴𝑥       (12) 

 

The problem in equ (12) have more than one solution. The optimal 

solution is one that have no more than n non-zeros. Consider the 

problem (13) 

 

||𝑥||1𝑥
𝑚𝑖𝑛 𝑠. 𝑡.  ||𝑥||2 = 1         (13) 

 

Consider the vectors of x on the unit 𝑙2 sphere and search for one 

vector which is shortest in𝑙1 in this set. Among all 𝑙2 – normalized 

vectors, the shortest in 𝑙1 are sparest possible. The algebraic 

solution is geometric view in Fig 1. 

 
Fig. 1: Geometricview ofl1-norm and l2-norm 

 

The sparest solution is on the corner of the 𝑙1sphere [2 – 5]. The 

shortest vectors in 𝑙1 are extremely sparse having one non-zero 

entry.𝑙1-norm regularization function provide sparse solution. Fig 

2 shows the optimized solutions of𝑙1 − 𝑛𝑜𝑟𝑚𝑎𝑛𝑑𝑙2 − 𝑛𝑜𝑟𝑚. It is 

observed that 𝑙2 − 𝑛𝑜𝑟𝑚 provides dense solution [6 -8] where as 

𝑙1 − 𝑛𝑜𝑟𝑚provides sparse solution. 

 
Fig. 2: Geometricsolution forfl1-norm and l2-norm 

 

In Fig 2 Pink colour line shows feasible solutions. Blue colour 

line indicates 𝑙1 − 𝑛𝑜𝑟𝑚 ball and orange colour portion indicates 

𝑙2 − 𝑛𝑜𝑟𝑚 ball after blowing to obtain optimal solution.  

𝟐. 𝟏. 𝟐 𝐥𝟎 Minimization 

If the norms with norm value less than 1 will provide sparse 

solution but they are not convex. The behaviour of |𝑥|𝑝 for 

various values of 𝑝 shown in Fig 3. 

 
Fig. 3: Behavior of |x|p 

 

The 𝑙0 − norm simply counts the number of non – zeros in𝑥. 

3. Pursuit algorithms 

The algorithms used for solving 𝑝0 problem are called pursuit 

algorithms [9]. The objective of the pursuit algorithms is given in 

equation (14) 

 

(𝑝0):         ||𝑥||0𝑥
𝑚𝑖𝑛 𝑠. 𝑡.         𝐴𝑥 = 𝑏       (14) 

 

 
 

Where A ϵ Ɍnxm, x ϵ Ɍmx1 and b ϵ Ɍnx1.  

The (𝑝0)  problem is discrete in nature. The unknown in (𝑝0) is 

the support of the solution. This problem is highly non smooth 

because of𝑙0 − 𝑛𝑜𝑟𝑚. 

3.1. Exhaustive search algorithms 

For solving (𝑝0) problem search over all possible supports. Let k 

is the number of zeros in the solution. In this algorithm checks all 

possible nodes for the number of non-zeros in the optimal solution 

for k = 1, 2, 3, - - - till obtaining sparest solution.  

The algorithm 1 for exhaustive search over all possible solution.  
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This algorithm provides accurate optimal solution for 𝑃0 problem. 

This is combinatorial problem recognized to be NP-Hard [10, 11]. 

3.2. Approximation algorithms 

The alternative for exhaust analysis is approximation algorithms. 

These algorithms sacrifices accuracy and not attain the strictly 

optimal solution. These algorithms are called Greedy Algorithms. 

Greedy algorithms search the tree of possibilities by removing 

many unlikely states, which leads various strategies to exist.  

To approximate the solution of 

(𝑝0)    ||𝑥||0𝑥
𝑚𝑖𝑛 𝑠. 𝑡.         𝐴𝑥 = 𝑏, 

Two strategies exists namely Greedy algorithms, relaxation 

algorithms.  

3.2.1. Greedy algorithms 

Greedy methods highlight the discrete nature of the problem and 

build the support 

3.3. Relaxation algorithms 

Relaxation methods smooth𝑝0 to become pleasant to handle 

continuous optimization task. 

4. Greedy algorithms 

Greedy algorithms searches set of support possibilities each node 

while trimming the unlikely states, which leads various strategies 

[12]. Because of this various strategies belongs to wide family of 

greedy methods. The various greedy algorithms are  

• The Thresholding Algorithm   

• Weak Matching Pursuit (WMP) 

• Matching Pursuit (MP) 

• Orthogonal Matching Pursuit (OMP) 

• Least- Squares Orthogonal Matching Pursuit (LS-OMP) 

 
Fig. 4: Comparison of greedy algorithms 

4.1. The thresholding algorithm 

Thresholding algorithm is simplest and basic algorithm. It 

calculates|𝐴𝑇𝑏|and absolute value of this vector conveys 

association of all atoms w.r.t. b. The bigger the inner product it is 

marked as atom is in describing b.  

 

4.2. Weak Matching Pursuit (WMP) 

In WMP |𝑎𝑖
𝑇𝑟𝑘−1| computed and stop the algorithm if its value is 

big enough i.e if its value is above t (<1) times the upper 

boundary. WMP if faster and it is less accurate.  

 

4.3. Matching Pursuit (MP) 

The term matching refers to the correlation between the residual 

and the atoms in A to find the next atom. MP retains 𝑥𝑘−1 and 

update it by adding new atom with its coefficient [13].MP may 

choose the same atom twice. MP is faster since it avoids LS 

computations. 

 
The solution in each step is chosen such that 

4.4. Orthogonal Matching Pursuit (OMP) 

The OMP generates a series of solutions with gradually growing 

support by adding one non-zero at a time 𝑥0, 𝑥1, 𝑥2, . . . . . , 𝑥𝑘 , . . . ..   
The proposed solutions deviates the equality 𝐴𝑥 = 𝑏 and calculate 

the deviation error called residual vector at each step.  The 

residual at 𝑘𝑡ℎ step is given by  

 

𝑟𝑘 = 𝑏 − 𝐴𝑥𝑘                                (15) 

 

OMP uses the residual in each step to choose the next atom [14]. 

With initial support𝑥0 = 0, so the residual is b. Next 𝑥0is added 

with one non-zero element (𝑥1), then residual will become 

smaller, next add one more non zero then evaluate the residual 

[15]. Repeat the process till residual reaches closer to zero. The 

OMP algorithm is as follows 

𝑨𝒍𝒈𝒐𝒓𝒊𝒕𝒉𝒎 𝟓:  𝑶𝒓𝒕𝒉𝒐𝒈𝒐𝒏𝒂𝒍 𝑷𝒖𝒓𝒔𝒖𝒊𝒕 𝒂𝒍𝒈𝒐𝒓𝒊𝒕𝒉𝒎 𝒇𝒐𝒓 𝒔𝒑𝒂𝒓𝒔𝒆 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 

1. 𝑆𝑒𝑡 𝑘 = 0, 𝑥0 = 0, 𝑟0 = 𝑏 − 𝐴𝑥0 = 𝑏, 𝑆0 = {}  
2.  𝑘 ⤌ 𝑘 + 1 

3. 𝐶𝑜𝑚𝑝𝑢𝑡𝑒 𝑒𝑛𝑒𝑟𝑔𝑦 𝐸(𝑖) =

 ||𝑧 ∗ 𝑎𝑖 −  𝑟𝑘−1||
2

2

𝑥  

𝑚𝑖𝑛
    𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑚  

4. 𝐶ℎ𝑜𝑜𝑠𝑒 𝑛𝑒𝑥𝑡 𝑎𝑡𝑜𝑚 𝑥0,      𝑠. 𝑡.  ⩝ 1 ≤ 𝑖 ≤ 𝑚,   𝐸(𝑖0) ≤
𝐸(𝑖) 

5.  𝑈𝑝𝑑𝑎𝑡𝑒 𝑆𝑘 =  𝑆𝑘−1 ⋃  {𝑖0} 

6. 𝐶𝑎𝑙𝑢𝑎𝑡𝑒 𝐿𝑆:  𝑥𝑘 =
 ||𝐴𝑥 − 𝑏 ||2

2         𝑠. 𝑡. 𝑆𝑢𝑝{𝑥} = 𝑆𝑘𝑥  
𝑚𝑖𝑛  

7. 𝑈𝑝𝑑𝑎𝑡𝑒 𝑡ℎ𝑒 𝑟𝑒𝑠𝑖𝑑𝑢𝑎𝑙 ∶  𝑟𝑘 = 𝑏 − 𝐴𝑥𝑘 

8. 𝑖𝑓 𝑟𝑘  ≤  𝑒2   𝑆𝑡𝑜𝑝 𝑒𝑙𝑠𝑒  𝑔𝑜𝑡𝑜 𝑠𝑡𝑒𝑝 2 
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The solution in each step is chosen such that the new residual 𝑟𝑘 is 

orthogonal to all selected atoms in A. OMP will never choose the 

same atom again [16]. If any atom is selected second time its inner 

product with the same residual is zero. The main parts of the OMP 

algorithm are sweep stage and least square stage. In sweep stage 

the next atom is selected, which requires maximal value of 𝐴𝑇𝑟𝑘−1 

and updating of solution 𝑥𝑘will take place. 

4.5. Least- Squares Orthogonal Matching Pursuit (LS-

OMP) 

LS-OMP computes the actual error directly. It performs LS 

multiple times to select the next atom whereas OMP relies on 

residual. LS-OMP is more efficient. LS-OMP complexity is more 

than OMP complexity.  
𝑨𝒍𝒈𝒐𝒓𝒊𝒕𝒉𝒎 𝟔:  𝑳𝒆𝒂𝒔𝒕 𝑺𝒒𝒖𝒂𝒓𝒆𝒔 𝑶𝒓𝒕𝒉𝒐𝒈𝒐𝒏𝒂𝒍 𝑷𝒖𝒓𝒔𝒖𝒊𝒕 𝒂𝒍𝒈𝒐𝒓𝒊𝒕𝒉𝒎 𝒇𝒐𝒓 𝒔𝒑𝒂𝒓𝒔𝒆 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 

1. 𝑆𝑒𝑡 𝑘 = 0, 𝑥0 = 0, 𝑟0 = 𝑏 − 𝐴𝑥0 = 𝑏, 𝑆0 = {}  
2.  𝑘 ⤌ 𝑘 + 1 

3. 𝐶𝑜𝑚𝑝𝑢𝑡𝑒 𝑒𝑛𝑒𝑟𝑔𝑦 𝐸(𝑖) =

 ||𝐴𝑥 −  𝑏||
2

2

𝑥  

𝑚𝑖𝑛
    𝑠. 𝑡. 𝑠𝑢𝑝{𝑥} =  𝑆𝑘−1 ⋃{𝑖}       𝑓𝑜𝑟 1 ≤

𝑖 ≤ 𝑚  
4. 𝐶ℎ𝑜𝑜𝑠𝑒 𝑖0     𝑠. 𝑡.     ⩝ 1 ≤ 𝑖 ≤ 𝑚,   𝐸(𝑖0) ≤ 𝐸(𝑖) 

5.  𝑈𝑝𝑑𝑎𝑡𝑒 𝑆𝑘 =  𝑆𝑘−1 ⋃  {𝑖0} 

6. 𝐶𝑎𝑙𝑢𝑎𝑡𝑒 𝐿𝑆:  𝑥𝑘 =
 ||𝐴𝑥 − 𝑏 ||2

2         𝑠. 𝑡. 𝑆𝑢𝑝{𝑥} = 𝑆𝑘𝑥  
𝑚𝑖𝑛  

7. 𝑈𝑝𝑑𝑎𝑡𝑒 𝑡ℎ𝑒 𝑟𝑒𝑠𝑖𝑑𝑢𝑎𝑙 ∶  𝑟𝑘 = 𝑏 − 𝐴𝑥𝑘 

8. 𝑖𝑓 𝑟𝑘  ≤  𝑒2   𝑆𝑡𝑜𝑝 𝑒𝑙𝑠𝑒  𝑔𝑜𝑡𝑜 𝑠𝑡𝑒𝑝 2 

 

In LS-OMP the residual is calculated only for stopping criterion.  

In step6the calculation already done on step3. So step6 not needed 

to be again. The LS-OMP requires more time for computation to 

find the solution. 

4.6. Designing greedy algorithms 

For approximating the solution of  ||𝑥||0𝑥
𝑚𝑖𝑛 𝑠. 𝑡.         𝐴𝑥 = 𝑏 

• Step1: Select A of size nxm then draw random sparse 

vector𝑥0.Where ||𝑥||0𝜖𝑅𝑚and||𝑥||0 = 𝑆 ≪ 𝑛. 

• Step2: Create a vector by multiplying 𝐴𝑥0 

• Setp3: For the pair A and b, it may have S - sparse 

solutions. 

• Step4: For this given pair feed it to tested algorithms and 

compare the result 𝑥̂0to the original𝑥0. 

The stopping criteria is based on error. The error is calculated by 

equation (16) 

𝑒 =  
||𝑥− 𝑥0|| 2

2

||𝑥0||2
2 (16) 

5. Relaxation algorithms 

The problem 𝑝0is highly non smooth due to 𝑙0and the problem has 

many local minima points most of them are not solutions. To 

overcome these difficulties just smooth the 𝑙0norm term by the 

methods called relaxation methods.  

𝑙0 − 𝑛𝑜𝑟𝑚is given by 

 

||𝑥||0 =  ∑ 𝑝(𝑥𝑘
𝑚
𝑘=1 )       𝑤ℎ𝑒𝑟𝑒   𝑝∗(𝑥)  =  {

0
1

𝑥 = 0
𝑥 ≠ 0

     (17) 

 
Fig. 5: l0 − norm 

 

Relaxation methods will smooth this curve. There are many ways 

to smooth this. Commonly used for relaxing the 𝑙0 expression are  

𝑝𝛼(𝑥) = 1 − 𝑒
{−

𝑥2

𝛼
}
                                  (18) 

 

𝑝𝛼(𝑥) =  
𝑥2

𝛼+ 𝑥2
         (19) 

 

𝑝𝛼(𝑥) =  |𝑥|𝛼                                              (20) 

 

 
Fig. 6: Different smoothing functions of l0 − norm  with  = 0.1 

 

As α decreases these functions closer to𝑙0.  

5.1. Graduation optimization 

This technique starts with a wide smoothing and solves the 

problem and narrow the option to recomputethe solution. 

𝑨𝒍𝒈𝒐𝒓𝒊𝒕𝒉𝒎 𝟕:  𝑮𝒓𝒂𝒅𝒖𝒕𝒆𝒅 𝑶𝒑𝒕𝒊𝒎𝒊𝒛𝒂𝒕𝒊𝒐𝒏 

1. 𝑆𝑒𝑡 𝑗 = 1, 𝑥0 = 0, 𝛼 𝑤𝑖𝑡ℎ 𝑙𝑎𝑟𝑔𝑒 𝑣𝑎𝑙𝑢𝑒  
2.  𝐹𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑥𝑗−1          𝑠𝑜𝑙𝑣𝑒 𝛼 𝑠𝑚𝑜𝑜𝑡ℎ𝑒𝑑 𝑃0  𝑝𝑟𝑜𝑏𝑙𝑒𝑚  𝑖𝑒 𝑃0{𝛼} 

3.  𝑗 ⤌   𝑗 + 1  
4. 𝑔𝑜𝑡𝑜 𝑠𝑡𝑒𝑝 2 𝑡𝑖𝑙𝑙 𝑡ℎ𝑒 𝑝𝑟𝑜𝑏𝑙𝑒𝑚 𝑓𝑜𝑟 𝑛𝑎𝑟𝑟𝑜𝑤 𝑜𝑝𝑡𝑖𝑜𝑛 

 

5.2. Numerical solution of the relaxed 𝐏𝟎 

There are various ways to solve the problem. One of the methods 

is Iterative Reweighted Least-Squares (IRLS). This algorithm is 

also known as Focal Underdetermined System Solver (FOCUSS). 

The smoothed 𝑙0- norm expression evaluate weighted𝑙2. The 

weight is given by 

𝑤𝑘 =  
𝑃𝛼(𝑥𝑘)

𝑥𝑘
2 (21) 

IRLS iterates between a solutions of 𝑙2 problem and update the 

weights.  
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6. Conclusion 

Many researches working on sparse approximation for image 

restoration, image compression and pattern recognition. This 

paper discussed few elements of sparse representation, pursuit 

algorithms, greedy algorithms and relaxation algorithms. Pursuit 

algorithms solve 𝑝0 problem. The problems are non-smooth and 

it’s have more local minima. Relaxation algorithms smooth 𝑙0 

norm. 
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