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Abstract

The aim of this paper is to introduce the notion of ¢ -chainable
intuitionistic fuzzy metric spaces and prove a common fixed point
theorem for four weakly compatible mappings in this newly defined
space. Our result is intuitionistic fuzzy version of Cho and Jung's [1]
and Mukherjee's [9] results in ¢ -chainable fuzzy metric space.

Keywords: Intuitionistic fuzzy metric space, ¢ -chainable intuitionistic fuzzy
metric space, compatible mappings, weakly compatible mappings, common fixed
point.

1 Introduction

In 1965, the concept of fuzzy sets was introduced by Zadeh [15]. Many authors
have introduced the concept of fuzzy metric space in different ways ([2], [3], [6],
[8]). George and Veeramani [3] modified the concept of fuzzy metric space
introduced by Kramosil and Michalek [8] and defined a Hausdorff topology on
this fuzzy metric space. Jungck [7] gave the more generalized concept
compatibility than commutativity and weak commutativity in metric space and
proved common fixed point theorems.

Singh and Chauhan [13] introduced the concept of compatibility in fuzzy metric
space and proved some common fixed point theorems in fuzzy metric spaces in
the sense of George and Veeramani [3]. Park [10] using the idea of intuitionistic
fuzzy sets, defined the notion of intuitionistic fuzzy metric spaces with the help of
continuous t-norm and continuous t-conorm as a generalization of fuzzy metric
space due to George and Veeramani [3].
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Recently, Cho and Jung [1] introduced the concept of & -chainable fuzzy metric
space and proved common fixed point theorems for four weakly compatible
mappings of ¢ -chainable fuzzy metric space.In this paper, we introduce the
concept of ¢ -chainable intuitionistic fuzzy metric space and prove common fixed
point theorems for four weakly compatible mappings in this newly defined
space.Our result is intuitionistic fuzzy version of Cho and Jung's [1], and
Mukherjee's [9] results in & -chainable fuzzy metric space.

2 Preliminary Notes

Definition 2.1 ([12]). A binary operation * : [0, 1] x [0, 1] — [0, 1] isa
continuous t-norm if it satisfies the following conditions:

(1) * is associative and commutative,

(2) * is continuous,

(3)a*1=aforalla e [0, 1],
(4)a*b<c*dwhenevera<candb<d,foreacha,b,c,d e [0, 1]

Example 2.2. Two typical examples of continuous t-norm are a * b = ab and

a* b =min(a, b).

Definition 2.3 . A binary operation ¢ : [0, 1] x [0, 1] — [0, 1] is a continuous
t-conorm if it satisfies the following conditions :

(1) ¢ is associative and commutative,

(2) ¢ is continuous,

(3)ad¢0=aforalla e [0, 1],
(4)ad0b<c?Odwhenevera<candb<d,foreacha, b,c,de [0, 1]

Example 2.4. Two typical examples of continuous t-conorm are

a0b = min(atb, 1) and a ¢ b = max(a, b).

Definition 2.5 [107]. A 5-tuple (X,M,N, *, 0) is called a intuitionistic fuzzy metric
space if X is an arbitrary (non-empty) set, * is a continuous t-norm, ¢ a
continuous t-conorm and M, N are fuzzy sets on X?*x(0,0), satisfying the following
conditions:

foreachx,y,z € Xandt,s >0,

@M, y, ) + N(x, y, ) < 1,
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(b) M(x, y, t) >0,

) M(x,y,t)=1ifandonly if x =y,

(d) M(x, y, 1) = M(y, x, 1),

(e) M(x, y, t) *M(y, z, s) <M(X, z, t + ),

(fF) M(x,y,.): (0,0) — [0, 1] is continuous.

(9) N(x, y, ) >0,

(h) N(x,y,t)=0ifandonly if x =y,

() N(x, y, 1) = N(y, x, 1),

() N(X, y, £) O N(y, z,8) > N(X, z, t +5),

(K) N(x,y,.) : (0,00) — [0, 1] is continuous.

Then (M,N) is called an intuitionistic fuzzy metric on X. The functions M(x, y, t)
and N(x, vy, t) denote the degree of nearness and the degree of non-nearness
between x and y with respect to t, respectively.

Remark 2.6. Every fuzzy metric space (X,M, .) is an intuitionistic fuzzy metric
space of the form (X,M, 1-M, *, ¢) such that t-norm * and t-conorm ¢ are
associated , i.e., x0y=1-[(1-x)*(1-y)] foranyx,y € X.

Example 2.7. (Induced intuitionistic fuzzy metric)

Let (X, d) be a metric space. Denote a* b =ab and a ¢ b =min(a + b, 1) for all

a, b e [0, 1] and let Mg and Ng be fuzzy sets on X? x (0,00) defined as follows:

ht"
Ma(X, Y, ) =——
Xy, 9 ht "+md(x, y)
Nq(x, y, 1) = d(x,y)

kt" +md(x,y)
for all h, km, n € R". Then (X,Mq,Ng, *, 0) is an intuitionistic fuzzy metric space.
Definition 2.8. A sequence {X,} in a intuitionistic fuzzy metric space (X,M, N, *,
0) converges to x if and only if M(x,, X, t) — 1 and N(X,, X, t) — 0 as n — oo, for
eacht>0.
It is called a Cauchy sequence if for each 0 <e <1 and t > 0, there exits

no € N such that M(Xp, Xm, t) > 1 - € and N(Xn, Xm, t) < & for each n,m > nj.
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An intuitionistic fuzzy metric space (X,M,N, *, 0) is said to be complete if
every cauchy sequence is convergent.
Definition 2.9. Let A and B be mappings from an intuitionistic fuzzy metric space
(X,M, N, *, 0) in to itself. The mappings A and B are said to be compatible if

lim
M(ABX,, BAX,, t) =1,
n— oo
lim
N(ABXx,, BAX,, t) =0
n— oo

for all t > 0, whenever {x,} is a sequence in X such that
lim lim
AX, = Bx, =z for somez € X.
n— o n— oo

Definition 2.10. Self mappings A and B of an intuitionistic fuzzy metric space
(X,M, N, *, 0) is said to be weakly compatible if ABx = BAx when Ax = Bx for
some X € X.

It is easy to see that if self mappings A and B of an intuitionistic fuzzy metric
space (X,M, N, *, 0) are compatible then they are weakly compatible.

The following example shows that the converse of above statement does not hold.
Example 2.11. Let (X, M, N, *, 0) be an intuitionistic fuzzy metric space, Where
X =10, 2] with t-norm and t-conorm defined by a * b =min{a, b} and a ¢ b = max
{a, b},foralla, b € [0,1] and

t _ d(xy)
t+d(x,y) Na (Y. 9 t+d(x,y)

Md (X, Y, t) =
Forallt>0and Mg(X,y,t)=0and Nq (X,y,t) =1forall X,y € X.
Define self maps A and B on X as follows:

2 if 0<x<1
AX = X

2

2 if x=1
Bx=<x+3

if 1<x<2

——  otherwise
5
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And x, =2 - i Then we have

(2n)
A(l)=B(1)=2and A(2) =B(2) = 1.
Also AB(1) = BA(1) = 2. Thus (A, B) is weak compatible.Again

IAXﬂ:l'i,B)(n:l'i
4n

10n
Thus Axp,=1,Bx,=1
Hence z = 1.
4 1
Further ABx, =2, BAXy = ————
5 20n
lim
Now M(ABX,, BAX,, 1) = lim, ., M(2, 2— 1 =t 4
n—oo 5 20n ¢ 6
+i
5
6
lim . 4 1 g
N(ABX,, BAXn, t) = lim,, N(2, =————,t) = =~ # 0, t>0
n—oo 5 20n t+§
5

Hence (A, B) is not compatible.

Definition 2.12. Let (X, M, N, *, 0) be an intuitionistic fuzzy metric space and ¢ >
0. A finite sequence X =X, X1, ..., Xn =Y is called e-chain from x to y if M(X;, X;.
1, 1) >1-e and N(X;, X;-1,t) <e forallt>0andi=1,2,...,n.

An intuitionistic fuzzy metric space (X, M, N, *, 0) is called e-chainable if for any
X,y € X, there exists an e-chain from x to y.

Lemma 2.13([5], [11]). In intuitionistic fuzzy metric space M(X, v, .) is non-
decreasing and N(x, y, .) is non-increasing for all X,y € X.

In all that follows N stands for the set of natural numbers and X stands for
an intuitionistic fuzzy metric space X with the following properties :

lim lim
M(x,y, t) =1, N(x,y,t)=0forall x,y € X. M
o> t>
Lemma 2.14 [14]. If X is an intuitionistic fuzzy metric space with s*s > s,
r Or< rforalls, re[0, 1] and if {x,} is a sequence in X such that
M(Xi+11 Xi+21 kt) Z M(XI’ Xi+11 t) * M(Xi+11 Xi+21 t)!
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N(Xi+1, Xis2, Kt) < N(Xi, Xi+1, ) © N(Xis1, Xis2, 1),
Where 0<k<1,i=0,1,2,...and t> 0, then
M(Xis1, Xi+2, Kt) = M(X;, Xis1, t),
N(Xi+1, Xi+2, Kt) = N(Xi, Xj+1, t).

Lemma 2.15. Let (X, M, N, *, 0) be an intuitionistic fuzzy metric space, If there
exists g € (0, 1) such that M(x, y, qt)>M(x, y, t) and

N, y, qt) <N, y,t)forall X,y € Xandt>0, thenx =Y.
Proof. It is immediate from (1) and Definition 3.

3 Main Results

These are the main results of the paper.

Theorem 3.1. Let (X,M, N, *, 0) be a complete e-chainable intuitionistic fuzzy
metric space and let A,B, S and T be self mappings of X satisfying the following
conditions:

(1) AX = TX and BX < SX,
(2) A and S are continuous,
(3) the pairs [A, S] and [B, T] are weakly compatible,
(4) there exists g € (0, 1) such that
M(Ax,By, qt) > {M(Sx, Ty, t) * M(Ax, Sx, t) * M(By, Ty, t)*M(Ax, Ty, t)},
N(Ax,By, qt) < {N(Sx, Ty, t) ¢ N(Ax, Sx, t) ¢ N(By, Ty, t) ¢ N(Ax, Ty, t)}
forevery x,y € Xandt>0.
Then A,B, S and T have a unique common fixed point in X.
Proof : Since AX < TX and BX < SX, forany xo € X, there exists x;€ X
such that Axy = Txy and for this x; € X, there exists X, € X such that
Bx; = Sxo.
Inductively, we can find a sequence {yn} in X as follows:
Yon-1 = TXon1 = AXon-z @nd Yon = SXop = BXppp forn=1,2 - - -,
Step 1. By taking X = Xgnand y = Xan+1 in (4), we have
M(Y2n+1, Y2n+2, gt) = M(AXzn, BXons1, qt)
> {M(Sx2n, TXon+1, t) * M(AX2n, SXan, t)
* M(BXan+1, TXan+1, t) * M(AX2n, TXon+1, 1)}
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= {M(Y2n, Yon+1, £) * M(Yan+1, Yon, t) * M(Yan+2, Yon+1, 1)
* M(Y2n+1, Yon+1, 1)}
> M(y2n, Yont1, £) * M(Yan+1, Yoneo, ).
N(Yan+1, Yons2, Qt) = N(AX2n, BXan+1, qt)
< {N(Sx2n, TX2n+1, t) ¢ N(AX2n, SXon, t)
O N(BXan+1, TXon+1, t) ON(AXon, TXons1, 1)}
= {N(Y2n, Y2n+1, t) © N(y2n+1, Yan, t) O N(yan+2, Yons1, 1)
O N(Yan+1, Yon+1, 1)}
< N(¥2n, Yon+1, t) O N(Y2n+1, Yon+2, 1).
From lemma 2.14 and 2.15 , we have that
M(Y2n+1, Y2n+2, qt) = M(Y2n, Yan+1, t)
N(Y2n+1, Yan+2, qt) < N(yan, Yan+a, 1). (3.1)
Similarly, we have also
M(Y2n+2, Yan+3, qt) = M(Y2n+1, Yon+2, 1)
N(Y2n+2, Yon+3, qt) < N(yan+1, Yons2, t). (3.2)
From (3.1) and (3.2), we have
M(Yn+1, Yn+2, qt) = M(¥n, Yn+1, 1)
N(Yn+1, Yn+2, qt) < N(¥n, Yn+1, 1). (3.3)
From (3.3),
M(Yn, Yns1, ) = M(Yn, Vo1, Q) > M(yn2, Yo, 107)
> =My Y2, tq") —1
N(Yn, Y1, ©) < Nyn, Va1, /) < N(yn, Yo, t/7)
<---<N(yy Y2, /q") — 0 as n — oo,
S0 M(Yn, Yn+1, t) = 1, N(Yn, Yn+1, t) = 0 as n — oo for any t > 0.
For each € > 0 and each t > 0, we can choose ng € N such that
M(Yn, Yn+1, t) >1 — &, N(yn, Yn+1, t) < € for all n > no.
For m, n € N, we suppose m > n. Then we have that
M(Yn, Yms t) = M(yn, Yns1, /M - ) * M(Yns1, Yas2, t/m - )
* o * MYy, Ym, UM - n)

m-n

> (l-&)*(A-&)*..*[L-¢) > 1-¢,
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N(Yn, Ym, t) < N(yn, Yn+1, /M - n) O N(yn+1, Yns2, /M - n)
<> e ON(Ym-]_, ym, t/m - n)

m-n
——t—

< £060..0¢ <g

and hence {y} is a Cauchy sequence in X.
From completeness, y, — z for some z € X, and so {Axan-2}, {Sxon},
{BX2n-1} and {Txzn.1} also converges to z.

Since X is e-chainable, there exists e-chain from X, to Xn+1, that is, there

exists a finite sequence X, =y1, Y2, - - -, Y, = Xn+1 SUCh that
M(yi, Vi-1, 1) > 1- &, N(yi, Vi, t) <eforallt>0andi=1,2, - - -, A.
Thus we have
M(Xn, Xns1, t) = M(y1, Y2, YR) * M(y2, y3, UA) * - - - * M(y 4, Y, /R)
>(L-e)*(L-¢e)* - -*1-e)>1-¢
N(Xn, Xne1, 1) < N(y1, Y2, /4) O N(y2, Y3, U4) 0 - - - ON(y 5, Y, U/A)
<gQed---0e<e.
For m > n, M(Xn, Xm, t) > M(Xn, Xn+1, /M-N)*M(Xn+1, Xn+2, t/M-n)
* o FM(Xm-1, Xm, t/M-n)
> (1-g) *(1-)*- - -*(1-g) > 1-¢
N(Xn, Xm, t) < N(Xn, Xn+1, /m-n) O N(Xn+1, Xn+2, t/M-n) O+ - -ON(Xm-1, Xm, t/m-n)
<g0ed - Qe<eg

and so {x,} is a Cauchy sequence in X and hence there exists x € X such that x,

— X.
From (2), Axan-2 — Ax and Sxp, — Sx. Since X is Hausdorff, Ax =z = Sx.
Because [A, S] is weakly compatible, ASx = SAx and so Az = Sz.
From (2), ASxon — ASx and hence ASxy, — Sz. Also, from continuity of S,
SSXon — Sz.
Step 2. By taking x = Sxz, and y = Xan-1 in (4), we have
M(ASX2zn, BXon-1, qt) > {M(SSx2n , TXan-1, t) *M(ASX2n, SSXaon, t)
*M(BXan-1, TX2n-1, t) *M(ASX2n, TX2n-1, 1)}
N(ASXazn, BXan-1, qt) < {N(SSx2n , TX2n-1, t) ON(ASx2n, SSX2n, 1)
ON(BXan-1, TXan-1, t) ON(ASX2n, TXzn-1, )}
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Taking limit as n — oo
M(Sz, z, qt) > {M(Sz, z, t) *M(Sz, Sz, t) *M(z, z, t) *M(Sz, z, t)}
> M(Sz, z, 1)
N(Sz, z, qt) < {N(Sz, z, t) ON(Sz, Sz, t) ON(z, z, t) ON(Sz, z, t)}
<N(Sz, z, t).
From lemma 2.15, we get Sz = z, and hence
Az=Sz=1z. (3.4)
Since AX < TX, there exists v € X such that Tv = Az = z.
Step 3. By taking X = Xo, and y = v in (4), we have
M(AX2n,Bv, qt) > M(Sx2n, TV, t) *M(AX2n, SXon, t)
*M(Bv, Tv, t) *M(AXzn, TV, 1)
N(AX2n,Bv, qt) < N(Sx2n, Tv, t) ON(AX2n, SXon, 1)
ON(Bv, Tv, t) ON(Ax2zn, TV, 1).
Letting n — o, we have
M(z,Bv, qt) > M(z, Tv, t) *M(z, z, t)*M(Bv, Tv, t) *M(z, Tv, t)
=M(z, z, t) *M(z, z, t) *M(Bv, z, t) *M(z, z, 1)
>M(Bv, z, t)
N(z,Bv, qt) <N(z, Tv, t) ON(z, z, t) ON(Bv, Tv, t) ON(z, Tv, t)
=N(z, z, t) ON(z, z, t)0ON(Bv, z, t) ON(z, z, t)

<N(Bv, z, 1)
and so Bv = z and hence Tv = Bv = z. Since [B, T] is weakly compatible,
TBv =BTv and hence Tz = Bz. (3.5)

Step 4. By taking X = Xz, and 'y = z in (4), we have
M(AX2n,Bz, qt) > {M(Sx2n, Tz, t) *M(AX2n, SXan, t) *M(Bz, Tz, t)
*M(AXan, Tz, 1)}
N(AX2n,Bz, qt) < {N(Sx2n, Tz, t) ON(AXzn, SXon, t) ON(Bz, Tz, t)
ON(AXzn, Tz, 1)}
which implies that taking limit as n — oo
M(z,Bz, qt) > {M(z, Tz, t) *M(z, z, t) *M(Bz, Tz, t) *M(z, Tz, t)}
={M(z,Bz, t) *M(z, z, t) *M(Bz,Bz, t) *M(z,Bz, t)}
> M(z,Bz, t)
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N(z,Bz, qt) < {N(z, Tz, t) ON(z, z, t) ON(Bz, Tz, t) ON(z, Tz, t)}
= {N(z,Bz, t) ON(z, z, t) ON(Bz,Bz, t) ON(z,Bz, t)}
<N(z,Bz, t)
which imlies that Bz = z. (3.6)
From (3.4), (3.5) and (3.6), A,B, S and T have common fixed point
zin X,
For unigueness, let w be another common fixed point of A,B, Sand T.
Then M(z,w, gt) = M(Az,Bw, qt)
>{M(Sz, Tw, t)*M(Az, Sz, t)*M(Bw, Tw, t)*M(Az, Tw, t)}
> M(z,w, t)
N(z,w, qt) = N(Az,Bw, qt)
< {N(Sz, Tw, t) ON(Az, Sz, t) ON(Bw, Tw, t) ON(Az, Tw, t)}
<N(z,w, t).
From lemma 2.14, z = w.

Corollary 3.2. Let (XM, N, *, 0) be a complete e-chainable intuitionistic fuzzy
metric space and let A,B, S and T be self mappings of X satisfying (1) - (3) of
theorem 3.1 and there exists g € (0, 1) such that

M(Ax,BYy, qt) > {M(Sx, Ty, t) * M(AXx, Sx, t) *M(Sx,By, 2t)
*M(By, Ty, t)*M(Ty, Ax, t)},
N(Ax,By, qt) < {N(Sx, Ty, t) 0 N(Ax, Sx, t)ON(Sx,By, 2t)
ON(By, Ty, t)0N(Ty, Ax, t)}
forevery x,y € Xandt>0.
Then A,B, S and T have a unique common fixed point in X.
Proof. From definition, we have that
{M(Sx, Ty, )*M(AX, Sx, t)*M(By, Ty, t)*M(BY, Sx, 2t) *M(AX, Ty, t)}

> {M(Sx, Ty, t) *M(Ax, Sx, t) *M(By, Ty, t)*M(Sx, Ty, t)
* M(Ty,By, )*M(Ax, Ty, t)}

> {M(Sx, Ty, t) * M(Ax, Sx, t)*M(By, Ty, t) *M(Ax, Ty, t)}
and
{N(Sx, Ty, t)ON(Ax, Sx, t)0N(By, Ty, t)0N(By, Sx, 2t) ON(Ax, Ty, t)}

< {N(Sx, Ty, t) ON(Ax, Sx, t) ON(By, Ty, t) ¢ N(Sx, Ty, t) ¢
N(Ty,By, t) 0 N(Ax, Ty, t)}
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< {N(Sx, Ty, t) ¢ N(Ax, Sx, t) 0 N(By, Ty, t) ON(Ax, Ty, t)} hence,
from theorem 3.1, A,B, S and T have a unique fixed point in X.

Corollary 3.3. Let (X,M, N, *, 0) be a complete e-chainable intuitionistic fuzzy
metric space and let A,B, S and T be self mappings of X satisfying (1) - (3) of
theorem 3.1 and there exists g € (0, 1) such that

M(Ax, By, qt) > M(Sx, Ty, t), N(Ax, By, qt) < N(Sx, Ty, t)
forevery X,y € Xandt>0.
Then A,B, S and T have a unique common fixed point in X.
Proof. We have that
M(Sx, Ty, t) = M(Sx, Ty, t)*1

= M(Sx, Ty, t).M(AX, Ax, 5t)

> {M(Sx, Ty, t)*M(Ax, Sx, t)*M(Sx,By, 2t)

*M(By, Ty, )*M(Ty, Ax, t)}

N(Sx, Ty, t) = N(Sx, Ty, 1) 0 0

= N(Sx, Ty, t)0ON(Ax, Ax, 5t)

> {N(Sx, Ty, t)ON(AX, Sx, t) ON(Sx,By,2t)0N(By, Ty, t)

ON(Ty, Ax, t)}

and hence, from corollary 3.2, A,B, S and T have a unique fixed point in X.
Let S and T be the identity mapping on X in corollary 3.3 Then we get
the next result.

Corollary 3.4. Let (X,M, N,*, 0) be a complete e-chainable intuitionistic fuzzy
metric space and let A and B be self mappings of X satisfying the following
condition: there exists q € (0, 1) such that

M(Ax,By, qt) > M(x, vy, t), N(Ax,By, qt) < N(x, y, t),
forevery x,y € Xandt>0.
Then A and B have a unique common fixed point in X.

In corollary 3.4, if we take A = B, then this result becomes to intuitionistic fuzzy
Banach contraction theorem.

4 Conclusion

In this work we have dealt with fixed points of four mappings in which two pairs
of two mappings is weak compatible. The future scope is to obtained quartet fixed
points for mappings in this space.
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