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Abstract

Recently conjugate gradient method have been in practice widely to solve unconstrained minimization problems as a result of fewer stor-
age locations and less computational expensive in dealing with the large-scale problems. In this work, we suggested a spectral PRP CG
method without employing the secant condition and use some unconstrained problems with many variables to prove its sufficient descent
as well as global convergence, the results is validated by apply exact line search.
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1. Introduction

In the paper [1] Raydan have introduced a spectral gradient meth-
od (SGM) for a large-scale unconstrained optimization problems.
Recently, Birgin and Martinez [3] purposed a spectral CG method
and they computed their spectral parameter using standard secant
equation as initially acquainted by Barzilai and Borwein [11]. A
spectral CG method combines the advantages of a spectral param-
eter and classical CG direction by constructing a new search direc-
tion, see Du et al. [12], Zull et al. [13], Yakubu et al. [16],
Abashar et al. [20], Abashar et al. [21] and Raydan et al. [1] for
more details.
In this research we derived the spectral parameter 8,.by using the
classical CG direction and a scalar parameter ;, of Polak-Ribiére-
Polyak (PRP) method without employing the secant condition. A
new spectral PRP CG method is presented to solve large-scale
unconstrained minimization problems and compare its perfor-
mance with classical PRP, FR conjugate gradient methods. There-
fore, we consider the general unconstrained optimization problem:
minf(x), x €R™ (1)
where f: R™ — R is continuous as well as differentiable, g;, is a
gradient vector of a function f and initial point x, € R™ is nor-
mally solved iteratively according to the recurrence expression
I;H_l = IFC =+ }’kdk - k = 0,1,2,3,4,... (2)
where as x;, stand for a current iteration, y;, = 0 represent a step
size obtained by line search method called exact line search, given
as

¥ie = argmin f(x, + ydy) 3)
¥=0

also d, is a search direction defined as

ifk=0

e = ifk =1 )

{_ng
—8k + By,

and g, = Vf(x), parameter 8, € R are the gradient vector and
CG coefficient, respectively. A classical 8, of FR and PRP are
given below:

llgill?
FR — 5
R PR ®
PRP _ g}:(gk_gk—l:) (6)
* g1 17

where g, and g;_, in the above equations are gradient vectors of
function f at points x; , x;_, respectively, and |.|| represent a
Euclidian norm. Generally, consideration has been made on a
global convergence of a CG methods above. In paper [5] G.
Zoutendijk proved FR method on a line search (3) converge glob-
ally. Later, in paper [9] Powell disproved this assertion and noted
clearly that the method have demonstrated a poor practical behav-
iour and its convergence is not global. PRP method is the best CG
method amongst others but in general the convergence analysis
for a nonlinear function is uncertain [14].

Nevertheless, in paper [6] J. C. Gilbert and Nocedal established a
global convergence result of the PRP method by limiting a scalar
B to be non-negative that is 8,”%F = max{0,8,"*"}. However,
spectral CG method is more effective in terms of a numerical exe-
cution than the other methods see also Raydan et al. [1], Du et al.
[12], Zull et al. [13], Hu [7], Wu [4], Yakubu et al. [16], Abidin et
al. [18], Mamat et al. [19], and Huang et al. [8].

In this piece of research work, we present a new spectral PRP CG
method without using the secant condition and tested its perfor-
mance with classical formula PRP and FR methods. The details of
the method is presented in section 2, we demonstrate a sufficient
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descent condition and global convergence in section 3. Numerical
result are also presented in section 4 based on CPU time and num-
ber of iterations. Conclusion follows in section 5.

2. Description of the New Method

A spectral conjugate gradient method proposed originally by Bar-
zilai and Borwein [11], the direction is generated
by di = =08k + PiSi—1 where Sk—1 = Vi-10x-1 and Bk is a
spectral parameter. Birgin and Martinez [3] purposed a spectral
CG method and they computed spectral parameter & using stand-
ard secant equation. The recent paper [13] N. Zull, encourage us
to determine and projecting the new method. The direction is de-
fined as

d, = {_8;.::
03,8 + B Ay,

ifk=0
ifk =1 Q)

From equation (7) above, we have

dp = =0, 8+ BP0y = By = —0rE,

using the fact that @x = —8x from (7) and substituting (6), we
have

 EhEx—shEcs
= lg—1 1182

E{(&'k—gk—ﬂ

6, =1+
k [ENEEN

k-1 k—1

Note that 8x8k-1 = 0 implies that

g{ -1 (8)

E{— 11

Sk:j__

where &k is a new spectral parameter computed without employ-
ing secant condition by using exact line search procedure.

Algorithm 2.1 (SPRP Method)

Step 1: Given a starting point Xo € R™ set k = 0
Step 2: Calculate B as given in formula (6) above
Step 3: Calculate x as given in (7). If 18Il =0, then stop.

Step 4: Calculate Y& as given in (3).
Step 5: Update the new point as given in the recurrence expression

)
Step 6: If f(Xx+1) < f(xr) and 18x 1l < € then stop, otherwise go
tosteplwith k=k+1

3. Global convergence analysis

3.1. Sufficient descent condition
For a sufficient descent condition to hold, we consider

grd, = —Cllgel> fork=0andC>0 (9)

Theorem 3.1: Suppose a CG method with search direction (7)
and B given by (5), the condition (9) holds ¥ % = 0,

Proof: To prove the assertion, we proceed by induction,
since 80do = _”30”2, the condition (9) satisfied as ¥ = 0. Now,
we assume it is true for K = 0. Condition (9) as well hold, from
equation (7), multiplying both sides by Bies1

g£+1dk+1 = _Skg£+ 18k41 T ﬁ:RPg£+1dk

gTdk_
She1lisr = — (1 - Tk d : ) [ | o it A
g;.:_j_ k—1
Y PP~ PR

She1lisr = — ( ) lgssslI? + BF% g5 1 di

gi_ldk—l B gi_ldk—l
It is known that 8k+19% = 0. Hence, (9) istrue fork+ 1, m

3.2. Global convergence properties

The following assumptions applied on the objective function to
psychoanalyze the global convergence of a general CG methods.

Assumptions 3.1

(i) Alevel set & = {x € R™ | f(x) = f(X0)} is bounded, the func-
tion f is continuously differentiable in a neighborhood NV of the
level set 2 and Xo is a starting point.

(i) 8(x) is globally Lipschitz continuous in NV that is 3 a constant
L >0 sychthat l18(x)— gl =Lllx =yl forany x. ¥ €N,

Lemma 3.1: Suppose the assumptions 3.1 holds and consider any
recurrence expression (2) and direction (7), ¥« is found in equa-
tion (3). Then, Zoutendijk condition below holds.

< (g5dy)?
2
£l

(10)

Proof of a lemma is in paper [5] G. Zoutendijk.

Theorem 3.2: Suppose the assumptions 3.1 holds, for any {xi3,
{d;.} be given as spectral PRP CG method, ¥x are determined by
(3) and P can be found as in (5). Then

(1D

Jimlgell =0

Proof: From equation (7), we have Ay + OxBrer = ﬁ;fRPdk,
and square both sides of the equation,

2
(drss + 6 8rs1)? = (BERPd,)

2
diesI® = (BEF) Nill® = 2648741 diss — B llgiaa I (12)

Substituting (6) into (12), we obtain

2
gr(gr — 81-1)
lldgers II> = (u ldill? — 26,85, diss — 621181+

llgs—s 12
4
lieal? = B 12— 20,67 i — B2ginl (13)
k+1 ”gk_1”4 k k8k+1 QR+l k IBk+1
Also, substituting ir1dirr = —Cllgrasll®in (13) above
e et T
” k+1|| _”g ”4_" I.:” +2€8kl|gk+1" 6;.: ||gk+1||
k-1
diss I = eI lldill® = llgera 17 (67 — 2C6,.) (14)
k+1 - ”gk—l”q- k Sk+1 k k
llge+sI®
Multiply both side of equation (14) by lldx+11* | we have
lgreill?  Ngpesll? [ lgill*
lldyess 17 = il — llgx+: 117 (67 — 28
T a2 a2\ Mg *F B (6% )

llgll*
llgse—o II*

Qe |2 ’ :
s P gl g ((zcek—eﬁh

d |1 15
lldy 14 112 g s |12 ! kll) (15)
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Substituting (8) in (15) and note that for exact line search
8ier18x = 0, e get

d 2 2 4 4
ldiesslPllgreall®  lgraall ((zc—1)+ llgell ”dk”z)

[Fefey (B _-”dk+1”2 llgr—lI*
”dk+1"2”gk+1l|2 ”gk+1”4 (16)
ldpisl2 7 lldgs sl
; {E{+1dk+1)2

From the Lemma 3.1, k=oo  lldes4ll? . It implies that Theo-
: {E£+1dk+1}z__

= CO
rem 3.2 does not hold true, then k—e  ldi+s I and from
llgr+ I

= lide+:1I*, So, Theorem 3.2 is true for

equation (16) this is true
a sufficient large k- ®

4. Results and Discussion

In this section, we test the Algorithm 2.1 above and compared its
performance with a classical FR and PRP methods. The compari-
sons are established on CPU time as well as number of iterations.
The step size is found by using exact line search, the stopping
criteria used for both methods is as suggested by Hillstrom and
llg,ll < £. Atest problems in paper [15] N. Andrei were used, we
also established a problems in Table 1 with four different initial
values by MatlabR2012 subroutine programming using Intel®
Core™ i5-3317U (1.7GHz with 4 GB (RAM)). In this research,
we represent failure due to (i) memory requirement (ii) number of
iterations exceed 1000.

The results shown in a Figure 1 and 2 are performance profile
acquainted by paper [2] Dolan and More. Performances are estab-
lished on CPU time and number of iterations respectively. There-
fore, the highest value of a percentage of probability will be re-
garded as the best performing method and also the method that
reached the top foremost is considered most sophisticated upon all
the methods.

Table.1: Test Problems functions

Functions Dimensions Initial Points
Trecanni 2 (5,5), (8,8), (-11,-11), (-15,-15)
Leon 2 (4,4), (-4,-4), (6,6), (-10,-10)
Extended Penalty 2,4,10,50 2,.,2), (-2,..,-2), (5,.,5), (-5,..,-5)
Ext. gquadratic penalty QP2 10,100 (2,..,2), (6,..,6), (8...,8), (-10,..,-10)
Ext. quadratic penalty QP1 10,100 (5,..,5), (-5,..,-5), (8,..,8), (-8,..,-8)
Power 2,450,100 (5,.5), (5,.,5), (100,.,100), (100,.,-100)
Extended Himmelblau 1000 (2,..,2), (-2,..,-2), (25,.,25), (-25,.,-25)
Quadratic QF1 10,100,1000,10000 2.....2), (6...6), (8,...8), (10,..,10)
Rosenbrock 2,4,10,100,1000,10000 (5,..,5), (13,..,13), (20,..,20), (40...,40)
White and Holst 2,4,10,100,1000,10000 (2,.2), (5,.5), 9,.9), (-9,.,-9)
Shallow 2,4,10,100,1000,10000 (100,100),(200,200),(400,400),(500,500)
10 method successfully reached the solution points, indeed the
efficiency of the spectral PRP method is highly applaud.
0.8
_________________ 5. Conclusion
0.6 - - "
e | ___--- - A proposed spectral PRP conjugate gradient method satisfies a
a’ - suffi-cient descent conditions and converges globally. The method
04 1 overcomes the shortcomings of PRP method and the exhibited
numerical results apparently shows that the method performed
02 ] excellently compared with the famous PRP and FR methods in
terms of CPU time and number of iterations respectively.
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Fig. 1: Performance profile based on number of iterations
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Fig. 2: Performance profile based on CPU time

Finally, a new method has absolute potentials when compared
with the classical PRP and FR methods. Based on the comparison
in the above figures, it shows that spectral PRP method and PRP
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