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Abstract 
 

In this paper, a spectral conjugate gradient (CG) method is introduced for solving the unconstrained optimization problems. This 

method are compared with others spectral CG coefficients. Several different dimensions for eighteen types of optimization problems 

are used to test the efficiency and robustness of spectral conjugate gradient methods by using Matlab subroutine programming. The 

method should possess the convergence analysis under strong Wolfe line search. The numerical results based on iteration number and 

CPU time are interpreted into performance profile by using SigmaPlot. This method will be implemented in regression analysis to 

validate its capability on estimating the data.  
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1. Introduction 

The standard unconstrained optimization problem is stated by the 

following rule, 

 
min ( )

nx R
f x


                                      (1.1) 

 

It is usually solved iteratively from an initial point, n

ox R . Ac-

cording to the recurrence formula, the CG method follows as be-

low, 

  

 
1k k k kx x d+ = + 1,2,...k =                           (1.2) 

 

where 
kx is the current iteration point, 0k   is a stepsize. Any 

line search is needed in order to find the stepsize. It is either exact 

or inexact line search. The difference between exact and inexact 

line searches is on how to obtain the stepsize. The exact line 

search will provide the exact stepsize, while the inexact line 

search is known to produce an approximate stepsize. As stated by 

[2], the exact line search is always costly and impractical. The 

inexact line searches that are mostly used by researchers are Gold-

stein [3], Armijo [12] and Wolfe [23]. Wolfe is divided into strong 

and weak Wolfe.  

The strong Wolfe line search is defined by these following condi-

tions, 

 

( ) ( ) T

k k k k k k kf x d f x g d +  +                   (1.3) 

 1 .T T

k k g kg d g d+  −                        

where 0 1    .  

The basic search direction, 
kd is described as, 

 

1

if 0

if 1

k

k

k k k

g k
d

g d k −

− =
= 

− + 
          

  

which is ( )k kg f x= , while parameters of
k R  are the coeffi-

cient which determine the difference of CG methods. 

The conjugate gradient method can be classified into several types 

such as classical CG, spectral CG and hybrid CG. The classical 

CG method is established by Hestenes and Stiefel (HS). After few 

years, another CG method developed by Fletcher Reeves (FR). A 

new CG method has been introduced by Polak-Ribiere (PR). Then, 

Fletcher again proposed another method, Conjugate Descent (CD). 

All of these classical CG methods can be read through [6, 15, 24-

25]. 

Nowadays, the CG methods are developed rapidly by many re-

searchers such as [1, 20]. The k  that has been modified for this 

paper is cited from [14]. All the formula of these researchers are 

stated below, 
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−
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where 
1 1( )k kg f x− −= and . indicates the Euclidian norm of 

vectors.  

The spectral CG method is introduced by Barzilai and Borwein [9] 

in 1988. This method is developed by Raydan [13] for solving 

large scale optimization problems. Then, it is modified by many 

researchers as [7, 10, 19, 26]. Meanwhile, the researchers that 

have been working on the hybrid CG methods are [4, 16, 21, 27]. 

The structure of this paper is organized as follows. The algorithm 

used in this paper is stated in Section 2. In section 3, the global 

convergence analysis of CG method is presented. The numerical 

results of these methods are compared and elaborated in the sec-

tion 4. The implementation of the tested methods is discussed in 

section 5. Lastly, conclusion is presented in section 6. 

2. The Spectral Conjugate Gradient Method 

In this paper, the RMIL, CD and HS methods are computed by 

using the spectral gradient method and are denoted as SRMIL, 

SCD and SHS respectively. The search direction of spectral gradi-

ent method, 
kd are taken based on [7] and defined by the follow-

ing rule: 

 

1

     if 0

if 1

k

k

k k k k

g k
d

g d k  −

− =
= 

− + 

                       (2.1) 

 

where 
k  is cited from [10], 
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1 1

1 .
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k k
k T

k k
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g d
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These CG methods are tested by using strong Wolfe line search 

based on the algorithm below. The following algorithm is referred 

from the basic general algorithm and used for computing the spec-

tral CG: 

 

Step 1: Initialization. Given an initial point
0x and set 0.k =  

Step 2: Computing (1.6), (1.5), (1.4). 

Step 3: Computing search direction based on (2.1) and (2.2). 

If 0kg = , terminate the execution of algorithm.  

Step 4: Computing step size 
k  by (1.3).  

Step 5: Updating a new point as shown in (1.2). 

Step 6: Convergent test and stopping criteria. If 
1( ) ( )k kf x f x+   

and kg  , then terminate. Otherwise, go to Step 1 

with 1k k= + . 

3. Global Convergence Properties 

The convergent properties of spectral RMIL

k  using inexact line 

search will be furthered studied. This paper is focusing on the 

global convergence properties as it is significant to ensure any 

algorithm to converge.  

The RMIL

k  is simplified to make it easier for proving. By simpli-

fying the coefficient of RMIL

k , it shows that 
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The following assumptions are used to analyze the global conver-

gence properties of CG methods. 

 

Assumption 1 

i. f is bounded below on the level set nR  and its continuous 

and differentiable in a neighbourhood N of the level set 

 0( ) ( )nx R f x f x=    at the starting point 
0x . 

ii. The gradient is Lipschitz continuous, where existence of 

constant 0L  such that ( ) ( ) ,g x g y L x y−  − for 

, .x y N   

 

Based on the assumption above, in [8] has proven the following 

Lemma. The following Theorem 2 shows that Algorithm 1 pos-

sesses the global convergence properties by any line search. 

 

Lemma 1: Assume that Assumption 1 is satisfied. Consider any 

iteration method (1.2), where 
kd satisfies descent search direction, 

where 
k  is obtained by Wolfe line search.  

 

Then 

 
2

2
0

( )T

k k

k k
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d
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Theorem 2: Assume that Assumption 1 holds. Let the sequenc-

es kg  and  kd be generated by Algorithm 1 and let the stepsize 

k determined by Strong Wolfe line search. Then, 

 

lim 0.g
kk

=
→

 

 

Proof: This proof has been referred from [26]. According to the 

given conditions, Lemma 1 all hold. In the following, the condi-

tion in Theorem 2 will be developed by contradiction. By contra-

diction, there is a positive constant 0c   such that 

    

kg c ,                                                      (3.3) 

 

Holds for 1k  , then, rewrite (2.1) as below  

    

1

RMIL

k k k k kd g d  −+ = , 

 

After squaring both sides of it, we obtain 

 
2 2 22 2

1( ) 2RMIL T

k k k k k k k kd d g d g  −= − −                              (3.4) 

 

Dividing both sides of (3.4) by ( )
2

T

k kg d , we get 

 

( ) ( ) ( ) ( )

2 2 22 2

1

2 2 2 2

( ) 2
RMIL T

k k k k kk k k

T T T T

k k k k k k k k

d d gg d

g d g d g d g d

 −
= − −   

 

Note that, 
2
.T

k k kg d g= −  By applying this condition, it shows 

that, 
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After completing square, yields, 
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Applying (3.1), yields 
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By noting that
2 2

0 0

1 1

d g
= , then from (3.5), we obtain 

 
2

2 22

0

1 1

( )

k

T

k k k

d

g d g g
= + .  

 

 Hence, 

2
1

22
0

1

( )

k
k

T
ik k i

d

g d g

−

=

  

Taking summation on the both sides, 
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Thus, from (3.6) and (3.3), it follows  

 
21

2
0

( )Tk
k k

k k

g d

d

−

=
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This contradicts the Zoutendjik condition in Lemma 1. Thus, it 

proves the condition in Theorem 2. 

4. Results and Discussion 

SRMIL is compared to the spectral CD (SCD) and spectral HS 

(SHS). Then, the performances of these methods are evaluated 

based on the comparison of the iteration numbers and Central 

Processing Unit (CPU) time to reach the solution point. All these 

problems are established with few dimensions of small and large 

scales. Four different initial points have been tested, starting from 

a point which is closer to the solution point till to the point further 

away from the solution point. The choices of the initial points are 

randomize. For further reading, refer to [11]. 

 

We considered 610 −=  and all these methods are terminated 

when the stopping criteria 
610kg −  has been fulfilled. All the 

problems stated below are computed by MatlabR2012 subroutine 

programming. The number of iteration and CPU time are noted in 

order to compare the performance of these spectral CG methods.  

All these methods are tested by using standard test problems based 

on [17]. Table 1 shows the standard test problems used in this 

article. 

 
Table 1: List of standard test problems 

No. Test Problems Dimensions Initial Points 

1 BIGGSB1 2 
(10,10),(20,20), 

(30,30),(40,40) 

2 Booth 2 (3,3),(6,6),(9,9), (12,12) 

3 FLETCHR 2 (2,2),(6,6),(8,8), (10,10) 

4 
Generalized 

Quartic 
2 (3,3),(6,6),(12,12),(22,22) 

5 NONSCOMP 2 (2,2),(6,6),(9,9),(11,11) 

6 Six Hump 2 (5,5),(9,9),(14,14),(22,22) 

7 Three Hump 2 (-8,-8),(2,2),(8,8),(12,12) 

8 Trecanni 2 (2,2),(4,4),(8,8),(11,11) 

9 Zettl 2 
(13,13),(18,18), 

(24,24),(28,28) 

10 
Extended 
Penalty 

2,10 
(3,…,3),(6,…,6),  

(10,…,10),(16,…,16) 

11 
Extended  

Tridiagonal 
2,10 

(4,…,4),(14,…,14), 

(24,…,24),(34,…,34) 

12 
Extended White 

and Holst 
2,10,100 

(-9,…,-9),(-2,…,-2), 
(6,…,6),(11,…,11) 

13 Hager 2,10,100 
(2,…,2),(5,…,5), 

(9,…,9),(12,…,12) 

14 Raydan 2,10,100 
(2,…,2),(3,…,3), 
(4,…,4), (5,…,5) 

15 
Extended Ros-

enbrock 

2, 10,100, 

1000 

(2,…,2),(7,…,7),  

(15,…,15),(22,…,22) 

16 Shalow 
2,10,100, 

1000 
(11,…,11),(16,…,16), 
(60,…,60),(64,…,64) 

17 Diagonal 4 
2, 10,100, 

1000,10000 

(10,…,10),(15,…,15), 

(20,…,20),(25,…,25) 

18 
Extended  

Himmelblau 
2,10,100, 

1000,10000 
(4,…,4),(9,…,9),  

(14,…,14),(18,…,18) 

 

All the results stated in the table above are presented by Perfor-

mance Profile which has been introduced by [5]. This performance 

profile will define the robustness and efficiency of all the algo-

rithms at one time. Comparisons can be made through the plotted 

graphs which are presented by the performance profile in term of 

iteration number and CPU time. 

 

t
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Fig. 1: The performance profile based on Iteration Number 
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Fig. 2: The performance profile based on CPU Time 

 

By referring on both Figure 1 and 2, the SRMIL is known to be 

most robust method as it solves almost all the test problems. Then, 

it is followed by the SCD and SHS respectively. By looking at the 

left sides of both graphs, the SRMIL has a better performance 

compared to SCD and SHS. Although SCD is more robust than 

SHS, but SHS is able to perform better than SCD. In conclusion, it 

is concluded that the SRMIL is the best method compared to the 

others. 

 

5. Implementation  

 
Nowadays, optimization has been widely studied for real life prob-

lems such as [18, 22]. In this research, all of the tested methods 

will be implemented in regression analysis. A real data set, Malay-

sia’s bank lending rate taken from 

https://tradingeconomics.com/malaysia/bank-lending-rate is used 

to form a regression model. The data in Table 2 shows the rate 

from January to December 2017.  

 
Table 2: Bank Lending Rate of 2017 

Months, 
ix  Bank Lending Rate, 

iy  

January 4.5400 

February 4.6073 

March 4.5975 

April 4.5911 

May 4.6137 

June 4.4745 

July 4.6097 

August 4.6094 

September 4.6233 

October 4.6410 

November 4.6086 

December 4.6077 

 

Based on Table 2, the first until eleventh data are used to form a 

linear regression model by the subsequent form,  

 

0 1 .iy a a x= +  

 
The last data in Table 2 is reserved for error calculation. The rela-

tive error is obtained by applying the following formula,  

 

exact value - approximate value
relative error =

exact value
      (5.1) 

 

The least squares method is used to find the values of 0 and 

1 obtained by minimizing the problem, 

 

( )( )
2

0 1

1

min ( )
m

i i

i

E a y a a x
=

= − + .      (5.2) 

The unconstrained problem are formed by converting (5.2) as 

below, 

2

2 2

1

min [ (1, ) ] .
n

T

i i i
x R

i

E y a x


=

= −        (5.3) 

 

The algorithm in Section 2 is used to compute the values of 

0 and 
1  for all tested CG methods. An initial point, (-5, 5) is 

selected to test all the CG methods. The results are stated as in 

Table 3. 

 
Table 3: The Results for CG Methods 

Methods 
NOI 

0  
1  

CPU Time 

SRMIL 
2 

4.56031090909093 0.0053436363637385 
0.00278 

SCD 
2 

4.56031090908824 0.0053436363410524 
0.00279 

SHS 
2 

4.56031090909091 0.0053436363637369 
0.00287 

 

As in Table 3, the iteration number for these methods is 2. SRMIL 

have the least CPU time. The linear for each tested methods are 

listed in Table 4. 

 
Table 4: The Linear Models 

Methods Result Approximation Function 

Least Squares 0.0053436363636359   4.56031090909091y x= +  

SRMIL 0.0053436363637385   4.56031090909093y x= +  

SCD 0.0053436363410524   4.56031090908824y x= +  

SHS 0.0053436363637369   4.56031090909091y x= +  

 

Based on the approximation function in Table 4, replace 12x =  

into the equation in order to find the estimation data for December. 

Then, the formula (5.1) is used to compute the relative error. 

 
Table 5: The Estimated Data and Relative Error 

Methods Estimated Data for De-

cember 

Relative Error 

Least Squares 4.62443454545454 0.003631865237438 

SRMIL 4.62443454545579 0.003631865237709 

SCD 4.62443454518087 0.003631865178043 

SHS 4.62443454545575 0.003631865237701 

 

As in Table 5, SCD has the least relative error. However, the esti-

mated data and relative error are same for all tested methods if 

they are taken to the ninth decimal points by 4.624434545 and 

0.003631865 respectively. Thus, it can be concluded that the new 

proposed method is as convincing as the others.  

6. Conclusion  

Based on the numerical results between SRMIL, SCD and SHS, 

SRMIL has been proven to be the best method. SRMIL is also 

applicable in solving the real life problem. Hence, the SRMIL 

method is promising. 
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