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Abstract

The conjugate gradient method have been used widely to solve unconstrained minimization problems as a result of less storage locations
and less computational expensive in dealing with the large-scale problems. In this work, we suggested a spectral HS conjugate gradient
method without employing the secant condition and use some unconstrained problems with many variables to prove its sufficient descent
as well as global convergence, the results is certified by apply exact line search procedure.
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1. Introduction

In the paper [1] Raydan have introduced a spectral gradient meth-
od (SGM) for a large-scale unconstrained optimization problems
and recently, paper [16] have presented spectral WYL CG method
without using the secant condition and also Birgin and Martinez
[3] purposed a spectral CG method and computed their spectral
parameter using standard secant equation as initially acquainted
by Barzilai and Borwein [11]. A spectral CG method normally
combines the advantages of a spectral parameter and classical CG
direction by creating a new search direction, see Du et al. [12],
Zull et al. [13], Usman et al. [17], Abashar et al. [21], Abashar et
al. [22] and Raydan et al. [1] for more details.

In this research work, we derived the spectral parameter &, by
using a classical CG direction and a scalar parameter f; of
Hestenses-Stiefel (HS) method with no means of secant equations.
A method is open to solve large-scale unconstrained minimization
problems and compare its performance with classical HS, PRP
and FR conjugate gradient methods. Therefore, we consider the
general unconstrained optimization problem:

min f(x), X €R™ (1)
where f: R™ — R is continuous as well as differentiable, g;, is a
gradient vector of a function f and initial point x, € R™ is usually
solved iteratively according to the recurrence expression

Xpp1 = xk+'}"kdk, k:0,1,2,3,4,... (2)
where x;, stand for a current iteration, y;, > 0 represent a step size
obtained by line search method called exact line search, given as

Vi = argmin f (x, + yd) (3)
¥=0

also dy, is a search direction defined as

_ |78k if k=
i = {_gk + 6 di_q, ifk =1 (4

and g;, = Vf(x), parameter f3;, € R are the gradient vector and CG
coefficient respectively. A classical 8, of FR, PRP and HS are
given below:

llgell?
FR — 5
© = Tgeal? (%)
prp _ Bk(8k—8k-1) ©
k T llgr—1lI2

81 (8 — 8x—1)
.Ifs= =l k-1 (7)

dp_, (85— 8x-1)

where g, and g,_, in the above equations are gradient vectors of
function f at points x;, , x;_, respectively, and ||.]|| stand for a
Euclidian norm. Consideration has been made on a global conver-
gence of a CG methods above. In the paper [5] G. Zoutendijk
proved FR method on a line search (3) converge globally. Later in
paper [9-10] Powell disproved this assertion and noted clearly that
the method have demonstrated a poor practical behaviour and its
convergence is not global. In general PRP is the best CG method
amongst others but their convergence analysis for a nonlinear
function is uncertain [14]. Nonetheless, in paper [6] J. C. Gilbert
and Nocedal established a global convergence result of the PRP
method by limiting a scalar B, to be non-negative that
is 2, 77 = max{0, 8,”*" }. However, spectral CG method is wor-
thy in terms of a numerical performances see also Raydan et al.
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[1], Yakubu et al. [17-18], Du et al. [12], Zull et al. [13], Hu [7],
Wu [4] Abidin et al. [19], Mamat et al. [20] and Huang et al. [8].
In this research, we present a new spectral HS CG method without
using the secant condition and tested its performance with classi-
cal formula HS, PRP and FR methods. The details of the method
is presented in section 2, we demonstrate a sufficient descent con-
dition and global convergence in section 3. Numerical results are
given in section 4 based on CPU time and number of iterations.
Conclusion follows immediately in section 5.

2. Detail of the New Method

Generally, the spectral CG method was proposed by Barzilai and
Borwein [11], the direction  d,, is generated
as dj = —0g, + BSp_, where s,_; =¥4_1d,_, and 6, is a
spectral parameter derived using standard secant equation. The
direction of our new method is defined as

—g.. ifk=0
d, = 1 . 8
x _agk + B dy s, ifk=1 (8)
From equation (8), we have d,= —eigk + BEsd,_,
4
1
- dk‘ﬁfsdk—l =_a8k

using the fact that d;, = —g,, from (8) and substituting (7), we
have

258k — 2h8rr

1 2r(8k— 8i-s)
(dl_ g —dl_gr)8

— =1+

4=1+
[ df_ (g —gr-)gx

-1
Note that glg,_, = 0 and df_, g, = 0 implies that

T -1
Bitli-1 )

g, ={1- 9

) ( d:—;[gk—l ( )

where 6, is a new spectral parameter computed without employ-
ing secant condition by using exact line search procedure.

Algorithm 2.1 (SHS Method)

Step 1: Given a starting point x, € R"setk =0

Step 2: Calculate S, as given in formula (7) above

Step 3: Calculate d;, as given in (8). If ||g,.|| = 0, then stop.

Step 4: Calculate y;, as given in (3).

Step 5: Update the new point as given in the recurrence expres-
sion(2).

Step 6: If f(x5.1) < f(x5) and ||gz]l < & then stop, otherwise go
tosteplwith k=k+1

3. Global Convergence Analysis

3.1. Sufficient descent condition

For a sufficient descent condition to hold, we consider

grd, < —Cllgell? fork=0andC € (0,1]

(10)
Theorem 3.1: Suppose a CG method with search direction(8)
and 8#= given by (7), the condition (10) holds ¥ k = 0.

Proof: To prove the above theorem, we proceed by induction,
since g5do = —llgoll*, the condition (10) satisfied as k= 0.
Now we assume it is true for k = 0. Condition (10) as well hold,
from equation (8), multiplying both sides by g7,

1
Sherisr =— agiﬂgm + B8k di

grdy_s
Lt =—(1- 20
gk+1 k+1 d:_lgk—l

g£+1dk+1 = —llggsa II?

) ||gi.:+1||2 + ﬁfsg£+ldk

It is known that gT,,d; = 0. Hence, (10) istrue fork + 1. m

3.2. Global convergence properties

The following assumptions applied on the objective function to
psychoanalyze the global convergence of a general CG method.

Assumptions 3.1

(i) Alevel set 0 = {x € R™ | f(x) < f(x,)} is bounded, the func-
tion f is continuously differentiable in a neighborhood N of the
level set 02 and x is a starting point.

(if) g(x) is globally Lipschitz continuous in N that is 3 a constant
L > 0 such that [[g(x) — g(W)Il = L|lx — y|| forany x,y € N.

Lemma 3.1: Suppose the assumptions 3.1 holds and consider any
recurrence expression (2) and direction(8), ;. is found in equa-
tion(3). Then, Zoutendijk condition below holds.

< (25d,)?
2
£ Tld ]

(11)

Proof of this lemma can be found in [5].
Theorem 3.2: Suppose the assumptions 3.1 holds, for any {x;},
{d,} be given as spectral SH CG method, ¥, are determined by
(3) and f3;, can be found as in (5). Then

Jim g/l = 0 (12)

Proof: From equation (8), we have d, ., + sigkﬂ = B3d,, and
k
square both sides of the equation

1 z 2
(dk+1 + aglwl) = (ﬁfsdk)

2 2 1
sl = (BEY Nl = - 8y = 3 i I (13)
k k
Substituting (3) into(13), we obtain

2
8k (8k — 8i-1) 2 1
dpsall? = (m Nl 11 _ag£+1dk+1 —8—;”8:&1”2

llgell* 2 1
d 2 _ d 2_ T d _ 2
|| k+1|| ||gk_1||4|| k” 3;.: gk+1 k+1 65 ||gk+1||

(14)

Also substituting g7, dy,1 = —Cllgg.. lI? in (14), where € =1
for this particular method

llgell* 2 1
d 2 _ d 2 +— 2_ = 2
|| Fc+1|| ||g;|:_1||4|| k” 9;.: ||gk+1|| 95 ||gk+1||
llgell* 1 2
ldg, M1 = ldill? = lgessll*\ =z — = 15
k+1 "gk—l”‘l‘ k Sk+1 '9;3 '95: ( )
2
Multiply both side of equation (15) by % , we have

lgieall®  Ngreall® [ llgill® (1 2)
d 2 = a2 = 2
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Substituting (9) in (16) and note that for exact line search
gr..dr =0, we have

ldes P g P "g"“r(tz_1)+”g7’f”4ndkn2)

[ ey B [ldrsq? lgr—_sl1
||di.:+:L"2||8A:+1||2 ||gn:+1||4
5 =< 5 (17)
ll s |l ll gyl
: {g£+1dk+1}z

From the Lemma 3.1, lim
k—co ||d;p(_+;1||2

< 0. It implies that Theo-

{g£+1dk+1}z
I

rem 3.2 does not hold true, then Ilim =00 and from

S ldpss
&
- lgre+4ll

ST So, Theorem 3.2 is true for
k+i

equation (17) this is true oo
a sufficient large k. m

4. Results and Discussion

We have tested the Algorithm 2.1 (SHS Method) and compared its
performance with a classical HS, FR and PRP methods. The com-

parisons are based on CPU time as well as number of iterations.
The step size y,, is found by exact line search, the stopping criteria
used for both methods is ¢ = 1078 as suggested by Hillstrom
and [|g, |l < . A test problems in paper [15] N. Andrei were used,
and we established a problems in Table 1 with four different ini-
tial values by MatlabR2015a subroutine programming using In-
tel® Core™ i5-3317U (1.7GHz with 4 GB (RAM)). In this re-
search, we represent failure due to (i) memory requirement (ii)
number of iterations exceed 1000. The results shown in Figure 1
and 2 are performance profile acquainted by paper [2] Dolan and
More. Performances are established on CPU time and number of
iterations respectively. Therefore, the highest value of a percent-
age of probability P, (t) will be regarded as the best performing
method and also the method that reached the top foremost is con-
sidered most sophisticated upon all the methods.

Table 1: Test Problems functions

Functions Dimensions Initial Points
Trecanni 2 (2,2), (4,4), (5,5), (15,15)
Booth 2 (12,12), (-12,-12), (40,40), (-40,-40)
Zettl 2 (11,11), (-11,-11), (110,110), (-110,-110)
Leon 2 (3.3), (5,5), (7.7), (-7,-7)
Quartic 4 (22,22), (-22,-22), (50,50), (60,60)
Colville 4 (2,2), (13,13), (-13,-13), (19,19)
Wood 4 (5,5), (35,35),(50,50),(70,70)
Gen. Tridiagonal 1 10 (3,.,3), (-3,.,-3), (5,.,5), (-5,.,-5)
Gen. Tridiagonal 2 10 3,.,3), (-3,.,-3), (11,.,11), (21,.,21)
Fletcher 10 (2,.,2), (-2,.,-2), (21,.,21),), (-21,.,-21)
Hager 2,4,10,100 (12,.12), (-12,.,-12), (17,.,17), (-19,.,-19)
Quadratic Penalty QP1 2,4,10,100 (2,.,2),(-2,.,-2),(23,.,23),(-23,.,-23)
Raydan 1 2,4,10,100 (4,.4), (-5,.-5), (-7,.-7), (-23,.,-23)

Ext. Tridiagonal 1 2,4,10,100,1000

(-5..,5), (21,.,21),(21,.,21), (25,.,25)

Extended Penalty 2,4,10,100,1000

(2..,2), (8,.,8), (14,.,14), (25..,-25)

Freud. and Roth 24 (4,.-4), (8..8). 9,.9), (10,.10)
Himmelblau 21403801(1’8015008 8..8), (-8,.-8), (11,.,11), (-11,.-11)
White and Holst 2140(1]801‘1)801(?00(? 5..5), (7,.7), (-7,.7), (10,.,10)
Shallow Zfdcngbl,ggblc?ooc?' (3..3)(3,.-3), (-11,..-11), (20,.,20)
Fosenbrook 2,4,10,100,1000, (15,15 (.15, -15) (17, .17),

10000,100000

(-17,..-17)

0.8+

Pslt)

t
Fig. 1: Performance profile based on number of iterations
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Fig. 2: Performance profile based on CPU time

Lastly, the new method has potentials when compared with the
classical HS, PRP and FR methods based on that comparison in
the figures shown, it shows that spectral HS method and PRP
method successfully reached the solution points. Certainly, the
efficiency of the spectral HS method is highly exhilarated.
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5. Conclusion

A proposed spectral HS conjugate gradient method satisfies a
sufficient descent conditions and converges globally. The method
overcomes the weaknesses of HS, FR and PRP methods and pre-
sented numerical results apparently shows that the method per-
formed wonderfully in terms of CPU time and number of itera-
tions respectively.
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