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Abstract 
 

The article deals with the numerical solution of the problem of spatially loaded rods in linear and geometrically nonlinear statements. The 

results are presented in the form of graphs. A description of the results obtained and a comparative analysis of all parameters of the task 

set are given. A comparative analysis between linear and non-linear results is conducted. The aim of problem investigated the statics and 

dynamics of linear and geometrically nonlinear problem of stress-strain state of rods under spatial loading and the objects of problem are 

strained processes in linear and geometrically nonlinear problem of the statics and dynamics of rods under spatial loading are given. 

 
Keywords: Geometrical Nonlinearity; Oscillation; Rod; Spatial Load; Twisting. 

 

1. Introduction 

Scientific research conducted in the world is aimed at constructing 

mathematical models, developing computational algorithms for 

solving linear and geometrically nonlinear problems of stress-

strain state of rods under spatial loading, creating an automated 

system for estimating strain processes in rods. In this direction, the 

most important tasks are: construction of mathematical models 

that determine the stress-strain state, development of computation-

al algorithms and creation of automated systems for estimating the 

strain processes of longitudinal-flexural, longitudinal-torsional and 

flexural-torsional oscillations of the rods under spatial loading. In 

this connection, the development of mathematical models and 

algorithms for solving problems of linear and geometrically non-

linear rods of complex configuration under spatial loading is ur-

gent. 

2. Statement of the problem 

Mathematical models and computational algorithm for spatially 

loaded rods in linear and geometrically nonlinear statements are 

given in [2–11] with the following hypothesis:  
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where 
1 2 3
, ,u u u − the components of displacement vectors, 

x,y,z−spatial variables,   − is an angle of torsion, , ,u v w  − dis-

placements of a middle line of the rod, 
1 2
,  − the angles of sec-

tions rotation under pure bending, (y,z) – Saint-Venant function 

of torsion, defined from [1]: 

 
2 0, .n ly mz  =   = −  

 

On the basis of the Hamilton-Ostrogradsky’s variation principle, 

of mathematical model was developed spatially loaded rods                

[2] – [5].  

3. Mathematical model of spatially loaded 

rods 

Here we present the systems of differential equations with the 

corresponding initial and boundary conditions [2], [9]. 

Fluctuations equations of spatially loaded rods. 
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Initial conditions: 
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Boundary conditions: 
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where F - cross sectional area, 
,

y z
S S

- static moments, 
zy II ,  - 

the axial or equatorial moments of inertia of the area relative to the 

x and y axes, 
yzI - centrifugal moment of inertia is relatively x and 

y axes, I


- polar moment, ,
y z

M M  - shear moments, 
x

N - the 

longitudinal squeezing loading, 
2 3
,Q Q  - shear forces, 

x
M  - twist-

ing, 
1 2 3 4 5 6
, , , , ,R R R R R R  - nonlinear parameters, 

1 2 3
, ,F F F  - bulk 

forces, 
1 2 3
, ,q q q  - surface forces and their forms are given in [8], 

[10].  

4. Numerical solution of spatially loaded rods 

Here, as an example, consider a rod with fixed ends and 

longitudinal force 
1
,q transverse forces 

2
,q

3
q

 
and moment M .  

The following values of parameters are used for calculations of the 

rods: Young's modulus 5E 2 10 Pa=  , Poisson’s ratio 
1

0,3 =  (for 

steel), length 10l m= , cross-section dimensions 

0,02 , 0,02a m b m= = , surface loads 
1

0,015 ,q = 
2

0,01 ,q = 

3
0,02 ,q =  0,012M m=  .  

Figs. 1 - 6 show longitudinal, transverse and torsion oscillations 

with the functions of longitudinal displacement ( , ),u x t  transverse 

displacements ( , ), ( , ),v x t w x t  angles of inclination 

1 2
( , ), ( , )x t x t  and torsion angle ( , )x t for a rod, the two ends of 

which are rigidly fixed. The results are obtained for linear and 

non-linear statements at different moments of time. 

Fig. 1 shows the graphs of propagation of longitudinal oscillations 

( , )u x t along the length of the rod l=10 m at the moments of time t 

= 40 s and 80 s. 

Fig. 1 shows the graphs of results of longitudinal displacement u

along the length of the rod at different moments of time t = 40 s 

and t = 80 s. As seen from the graphs at different moments of t 

along the length of the rod there are different results at different 

points: increasing sinusoidal amplitudes appear closer to the 

points of the center of the rod. 

From Fig. 1 it is seen that longitudinal displacement u has the 

greatest disturbance in the middle of the rod. Further, the dis-

placement values are reduced at the ends of the rod. At t = 40 s, 

longitudinal displacement u has small value, it gradually increases 

and at t = 80 s has the greatest value. 

As seen from Fig. 1, longitudinal displacement ( , )u x t
 
has the 

greatest disturbance in the middle of the rod. When moving to the 

ends of the rod, the disturbances attenuate. With increasing time, 

the amplitude of oscillations increases. The symmetry of oscilla-

tions of the relative middle cross section is observed. Here the 

number of iterations is k=9. 

Fig. 2 shows the propagation of transverse oscillations v along the 

length of the rod for the boundary conditions of the rigid fixing at 

two ends in linear and non-linear statements at different moments 

of time. As seen from the figure for transverse oscillationsv , the 

greatest disturbance appears at the ends of the rod, it gradually 

decreases in the middle of the rod. At t = 40 s transverse oscilla-

tion v has a small value, it gradually increases and at t = 80 s has 

the greatest value. With increasing time t, the transverse oscilla-

tionv  at the end points of the rod takes on the greatest value and 

moves symmetrically to the maximum value relative to the center 

of the length of the rod. 
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Fig. 1: Propagation of Longitudinal Vibrations 6×10u  along the Length of the Rod l=10 M at Different Moments of Time. 

 

 

 
 

 
Fig. 2: Propagation of Transverse Oscillations 4×10v along the Length of the Rod l = 10 M and at Moments of Time T = 40 S and 80 S. 

 

Fig. Figure 3 shows the transverse oscillation w  propagation 

along the rod for boundary conditions of the rigid fixing of two 

ends in linear and non-linear statement at moments of time

40  and 80 .t s s=  As seen from the figure for transverse oscilla-

tion w  the greatest disturbance is observed at the ends of the rod, 

it gradually decreases as it approaches the center of the rod. At t = 

40 s, transverse oscillation w  has small value, it gradually in-

creases, and at t = 80 s it takes on the greatest value. 
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With increasing time t, transverse oscillation w  at the end points 

of the rod takes on the greatest value and moves symmetrically to 

the maximum value relative to the center of the length of the rod. 

The value of transverse oscillationsw  corresponding to the great-

est amplitude is observed at the initial time t and at t = 20 s near 

the points of the boundary, with increasing time t, for example, at t 

= 80 s, it is close to the center and has the greatest value. 

It is established that transverse oscillations in the case of a nonlin-

ear model have the less value of amplitude and the process is more 

stable. There is an increase in the frequency of oscillations in 

comparison with the linear case. This result is consistent with the 

research results on nonlinear dynamics of mechanisms and ma-

chines, while the analysis of displacements of elastic elements in 

nonlinear statement differs from the one in linear statement of the 

problem. 

 

 

 
 

 
Fig. 3: Propagation of Transverse Oscillations 2w×10 along the Length of the Rod l = 10 M at Moments of Time T = 40 S and 80 S. 

 

Fig. 4 shows the graphs of oscillation propagation of the angle of 

inclination 
1
α along the length of the rod l = 10 m at moments of 

time t = 40 s and 80 s. The length of the rod is divided into eight 

fourth. According to these graphs, at t = 40 s the greatest disturb-

ance of the angle of inclination
1
α  appears at the ends of the rod, it 

gradually decreases in the middle of the rod. At the moment of 

time t = 80 s the angle of inclination 1α at the ends of the rod has 

small value, the greatest disturbance of the angle of inclination
1
α  

appears at 2l/8, 3l/8, 6l/8 and 7l/8 quarter of the rod, and it de-

creases to the middle of the rod. 

Fig. 5 shows the graphs of oscillation propagation of the angle of 

inclination
2

α  along the length of the rod at different moments of 

time t = 40 s and 80 s. According to the graphs, the angle of incli-

nation
2α  has the greatest disturbance at the ends of the rod and it 

gradually decreases towards the middle of the rod. At t = 40 s the 

angle of inclination
2

α  is small, it gradually increases and at t = 80 

s it takes on the greatest value. According to these graphs, with an 

increase in time at two rigidly fixed ends there is an increase in the 

oscillations toward the center of the rod and different values of the 

oscillations occur at different points of the rod. At t = 40 s, the 

oscillation amplitude is small and only at boundary points it takes 

on a non-zero value; at t = 80 s the amplitude of oscillations in-

creases, the largest values are reached at 3l/8, 6l/8 and have nega-

tive values. At increasing time the angle of inclination 
2α  is nega-

tive. 

 

 

-15

-10

-5

0

5

10

15

0 5 10 15 20 25 30 35 40
l

w t = 40

 nonlinear (k=9)  linear

-40

-30

-20

-10

0

10

20

30

40

0 5 10 15 20 25 30 35 40

l

w t=80

nonlinear (k=9).   linear



 
Copyright © 2018 Anarova Shahzoda Amanbayevna et al. This is an open access article distributed under the Creative Commons Attribution 

License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. 
 

 
 

 
Fig. 4: Oscillation Propagation of the Angle of Inclination 5

1
×10α  along the Length of the Rod at Different Moments of Time. 
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Fig. 5: Oscillation Propagation of the Angle of Inclination

2 ×10α  along the Length of the Rod at Moments of Time T = 40 S and T = 80 S. 

 

 
 

 
Fig. 6: Oscillation Propagation of the Angle of Torsion 310θ  along the Length of the Rod at Different Moments of Time T. 

 

In fig. 6 shows the graphs of oscillations propagation of the angle 

of torsion  along the length of the rod at different moments of 

time t = 40 s and 80 s. From these graphs it follows that the angle 

of torsion  has the greatest disturbance at the ends of the rod, and 

gradually decreases towards the middle of the rod. With increasing 

time, the value of disturbance gradually increases. For short values 

of time the main oscillations occur in the boundary region of the 

rod with fixed ends. In the middle part a constant value is set. 

With time the disturbances are transferred closer to the center and 

the middle part at t = 40 s and 80 s has a constant non-zero value. 

If the middle part of the constant torsion at t = 40 s has had a posi-

tive value, then with time it takes a negative value. This figure 
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shows the localization of large amplitudes closer to the ends of the 

rod. Here the number of iterations is k = 9. 

5. Conclusions 

The results obtained are consistent with the results of research 

carried out on nonlinear dynamics of rods, when the displacements 

of elastic elements in linear statement differ from the ones in non-

linear statement of the problem. This suggests that the rod struc-

ture studied here with geometric and physical parameters is essen-

tially nonlinear. Therefore, linear modeling of this problem will 

lead to the first approximation of solutions. In addition, it will 

reflect the diversity of complex oscillatory processes that occur at 

multiple frequencies, which will remain outside the framework of 

linear dynamic models. 
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