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Abstract 
 

The purpose of this investigation focuses on combined effects of thermal radiation, viscous dissipation and chemical reaction on un-

steady magnetohydrodynamic (MHD) natural convection flow and heat transfer of nanofluid over a permeable stretching sheet with elec-

tric field effects. The governing equations are partial differential equations, converted to a couple of ordinary differential equations and 

then solved using implicit finite difference scheme. The electrical conducting nanofluid volume nanoparticle fraction on the boundary is 

passively rather than actively controlled. The effects of the emerging parameters on the electrical conducting nanofluid velocity, tempera-

ture, and nanoparticles concentration volume fraction with skin friction characteristics are examined with the aids of graphs and tabular 

form and then discussed extensively. Electric field enhances the nanofluid velocity which resolved the sticky effects caused by the mag-

netic field which suppressed the profiles. Radiative heat transfer and viscous dissipation are sensitive to an increase in the fluid tempera-

ture and thicker thermal boundary layer thickness. The nanoparticles concentration enhance with generative chemical reaction while 

opposite trend occurs for destructive chemical reaction. Comparison with published results is examined and presented which are found to 

be in good agreement.   
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1. Introduction 

Nanofluid is a heat transfer fluid containing a base fluid and nano-

particles [1]. Application of additives is a technique to enhance the 

thermal conductivity and the convective heat transfer enactment of 

the pedestal fluids. The pedestal fluids thermal conductivity is not 

sufficient adequate to meet with the cooling rate expectation. Re-

cently nanofluids exponential increase in the thermal conductivity 

and convective heat transfer performance of the pedestal fluids is 

beyond theory [2-5]. Among the mechanism employed for the 

intensification in thermal conductivity of nanoliquid are the 

Brownian motion and thermophoresis of the nanoparticles exclu-

sive the conventional liquids which are considered to be very cru-

cial [6-12]. Magnetic nanofluid contains the liquid and magnetic 

properties. Different physical properties of these fluids can be 

tuned through the varying magnetic field. Nanofluid is the suspen-

sions of ultrafine nanoparticles in pedestal fluids that exhibits an 

exponential increase of their features at modest nanoparticle con-

centrations. The magnetic nanofluids are manipulated with applied 

magnetic field [13], which is applicable in a verity of nuclear reac-

tor designs purpose  [14], to ensure safety and improved values via 

economies seen in nuclear power industry [15] which also re-

solved the difficulties in insufficient energy in supply [16, 17]. 

Due to stretching sheet, it has a wide application such as metallur-

gy, polymer engineering, polymerization, and petrochemical in-

dustry, features of polymers and structure, processing of polymers 

and compounding, characteristics of polymers and description of 

main polymers [16, 18-23].  

Thermal radiation has an essential role in the whole heat transfer 

process due to surface especially when the heat transfer coefficient 

due to convection is insignificant. It plays a major role in regulato-

ry the heat transfer mechanism in manufacturing industries such as 

polymer processing. The consequence of thermal radiation be-

comes imperative that draw the attention of different researchers 

due to wider coverage in applications [24-31]. 

A careful review on existing literature materials shown that no 

work devoted to the investigation on combined effects of thermal 

radiation, viscous dissipation, the chemical reaction on natural 

convection of unsteady electrical Magnetohydrodynamics (MHD) 

nanofluid and heat transfer flow through means of revised 

Buongiorno model [10] yet. Inspire with these facts, the current 

investigation analyzes the flow of incompressible nanofluid flow 

due to stretching sheet in the presence of thermal radiation, elec-

tric and magnetic fields, viscous dissipation, and chemical reaction. 

The converted higher order set of ordinary differential equations 

from the constitutive governing equations are resolved numerical-

ly with aids of Keller box method [32]. The computational are 

evaluated and examined for dissimilar emerging parameters of the 

study such as the suction/injection, magnetic field, electric field, 

unsteadiness parameter, thermal radiation, Grashof number, mass 

Grashof number, Brownian motion, thermophoresis, Lewis num-

ber, and chemical reaction on heat and mass transfer characteris-

tics through tabular forms and graphs. 
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2. Mathematical formulation 

Consider a two-dimensional unsteady natural convection flow of 

electrical magnetohydrodynamic (MHD) nanofluid due to a linear-

ly stretching sheet. The velocity of the stretching sheet is denoted 

as ( ) ( ), 1= −wu x t bx at  where b is the stretching rate and a  

represent the constant having dimension (time)-1 such as 

( )1, 0 at a . The boundary layer equations of the fluid flow 

are consist of the continuity equation, the momentum equation, 

energy equation and concentration equation, the flow equation is 

formulated based on Maxwell’s equation, Ohm’s law in the pres-

ence of electrical Magnetohydrodynamics (MHD). The flow is 

due to stretching sheet medium as results of slot through two equal 

with associated opposite force and thermally radiative. The mag-

netic and electric fields conform the Ohm's law express  

( )= + J E V B where J  is denote Joule current,   is represent 

electrical conductivity andV  indicate fluid velocity. The magnetic 

and electric fields of strength define as
0 1= −B B at  

and
0 1= −E E at  are applied normal to the momentum field, 

such that magnetic Reynolds number is insignificant [9, 33, 34]. 

Consequently, the induced magnetic field is very smaller com-

pared to applied magnetic field. Hence, induced magnetic field is 

absence for insignificant magnetic Reynolds number. We choose 

the Cartesian coordinate system such that x is chosen along the 

stretching sheet and −y axis denotes the normal to the stretching 

sheet, u and v are the velocity components of the fluid in the 

x and −y direction see Figure 1. Assuming the nanofluid flow to 

be unsteady two-dimensional boundary layer flow, incorporating 

Brownian movement for nanofluid and thermophoresis (mass 

diffusion), the viscous dissipation in the thermal equation and 

chemical reaction in the concentration equation. The investigation 

of the nanofluid which involves nanoparticles and liquid. The fluid 

properties are indicated with subscript as ( )
f

c and that of parti-

cles properties as ( )
p

c . The two-dimensional electrical magne-

tohydrodynamic natural convection flow governing equations of 

the incompressible nanofluid are given:  

 
Figure 1 Physical configuration of the geometry 
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Concentration equation 
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The boundary conditions at the sheet for the physical model are 

presented by 
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Here
0 1= − −wv v at  is the wall mass transfer, when 0wv   

denote the injection while 0wv  indicates the suction. Where  

and  represent the velocity components along the x and −y axis 

respectively. The ( ), , , , ,    = ff
p k c and  p

is for the 

fluid pressure, the thermal diffusivity, the kinematic viscosity, the 

density, the fluid density and particles density respectively. We 

also have ( ) ( ), ,  =B T p f
D D c c  which represents the Brownian 

diffusion coefficient, the thermophoresis diffusion coefficient, the 

ratio between the effective heat transfer capacity of the ultrafine 

nanoparticle material and the heat capacity of the fluid and the rate 

of chemical reaction is ( )1 0 1= −k k at  respectively.  

The radiative heat flux
rq by means of Rosseland approximation 

discussed in [35] is applied to equation (4), such that. 
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Where * represent the Stefan-Boltzmann constant and *k denote 

the mean absorption coefficient. Expanding
4T  by using Taylor’s 

series about
T and neglecting higher order terms, we have, 
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Using equation (8) into equation (7), we get 
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Use equation (9) in equation (4), we obtain 
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Using the order of magnitude analysis for the momentum equa-

tions which is normal to the stretching sheet and boundary layer 

approximation [36], expressed as follows: 
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Subsequently of the approximation and analysis, the governing 

equations (1)-(5) reduced to the following set presented as:  
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The resulted equations are converted into the dimensionless form 

by employing the following dimensionless quantities. 
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The stream function  can be defined as:  
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The equations of the momentum, the energy and the nanoparticle 

concentration are given in dimensionless form, after using equa-

tions (16)-(17) into equations (12)-(15) become: 
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The boundary conditions are given by  
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Here ', ,f   and   is the velocity, the temperature, and the con-

centration in dimensionless respectively,  = a b  the unsteadi-
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0 = k b  is the 

chemical reaction, for 0   associates to destructive chemical 

reaction while 0   corresponds to generative chemical reaction 

respectively. Where prime represents differentiation with respect 

to  .  In our present study, the selection of non-dimensional em-

bedded parameters of nanofluids is considered to vary in view of 

the works of [7, 11, 14, 36-38]. The present study is tight in the 

following aforementioned investigations with water as base fluid 

[38]. 
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Here w
depicts the shear stress due to the stretching surface, 

wq  

associated with surface heat flux, Re = wu l v represents the Reyn-

olds number and k  is the thermal conductivity of the nanofluid. 

For the local skin-friction coefficient and local Nusselt number are 

presented in non-dimensional form as: 
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3. Results and discussion 

The set of highly nonlinear ordinary differential equations (18)-

(20) with boundary conditions (21) are solved numerically for the 

different scale of values of physical emerging parameters such as 

magnetic field ,M  electric field
1,E suction/injection parameter ,s  

Grashof number ,Gr thermal radiation ,Rd the mass Grashof num-

ber ,Gm Eckert number ,Ec unsteadiness parameter , Brownian 

motion parameter ,Nb  thermophoresis parameter ,Nt  Lewis num-

ber ,Le and chemical reaction parameter .  Numerical results were 

achieved through implicit finite difference scheme known as Kel-

ler box method detailed description of the method see [32]. For the 

validation of present numerical scheme, the results are presented 

and examined with [36] in some limiting case 

when
1 0= = = =E Gm Gr . The numerical values are in good 

agreement as displayed from Tables 1 presents the effects of 

emerging parameters on the skin friction coefficient.  

 
Table 1: Comparison of Skin friction coefficient ( )'' 0− f  

when 0= =Gm Gr  for few values of
1, , ,M s E  and .  

M  s  
1E    Ref [36] Present results 

0 0.5 0 0 1.2808 1.280777 

0.5    1.5000 1.500000 

1.0    1.6861 1.686141 

1.5    1.8508 1.850781 

2.0    2.0000 2.000000 

1.0 0   1.4142 1.414214 

 0.2   1.5177 1.517745 

 0.7   1.8069 1.806880 

 1.0   2.0000 2.000000 

 0.2 0.1  - 1.335083 

  0.3  - 1.003660 

  0.5  - 0.698797 

  0.1 0.2 - 1.400699 

   0.7 - 1.547543 

   1.5 - 1.774626 

The influence of electric field parameter
1E  on the water base 

nanofluid velocity profile is displayed in Figure 2. In this figure, 

electric field parameter is an increasing function, the momentum 

boundary layer thickness rises proximate the plate with small 

amount of flow but rises far from the surface stretching sheet im-

mensely as result of Lorentz force. The higher electric parameter 

associated with stronger Lorentz force and the subordinate electric 

parameter agrees to the weaker Lorentz force. This Lorentz force 

increases the nanofluid flow which induces the flow field to rise 

by reducing the frictional resistance. The electric field serves as 

accelerating force which enhances the nanofluid flow due to the 

stretching sheet away from the plate. The Figure depicts effects of 

magnetic field parameter M  on the velocity profile. It is noticed 

from Figure 3 that the nanofluid velocity and momentum bounda-

ry layer thickness decreased for higher values of magnetic field 

M  at the initial stage and after some distance away from the plate 

it increases due to the stretching sheet. The magnetic field parame-

ter contains the Lorentz force, in which it possesses the ability to 

resist and accelerate the nanofluid flow due to the presence of 

electric field parameter. As such retardation in the nanofluid flow 

induces a reduction in the velocity field. The Lorentz force corre-

sponds with the magnetic field leads to thinner the boundary layer 

thickness. In Figure 4 demonstrated the impact of unsteadiness 

parameter   on the nanofluid velocity profile. Increasing in the 

values of   pointers to diminution in the fluid velocity with the 

hydrodynamics boundary layer thickness. The velocity gradient 

increases with an increase in unsteadiness parameter. The influ-

ence of Grashof number Gr  on the water base nanofluid velocity 

profile is depicted in Figure 5. It is noticeable that the velocity of 

the nanofluid increases with the increase of Grashof number. It 

leads to rising in momentum boundary layer thickness and the 

velocity profiles. In Figure 6, associates with mass Grashof num-

berGm  on the nanofluid velocity sketch. The nanofluid velocity 

decreases with an intensification with mass Grashof number. It 

leads to thinner momentum boundary layer thickness and de-

creased in the velocity profiles. Figure 7 established the power of 

suction parameter ( 0)s  on the nanofluid velocity distribution. It 

is worth noticing that as the values of suction parameter increase, 

the rate of the velocity and momentum boundary layer thickness 

decreases. The velocity gradient tends to enhance the nanofluid 

flow and thicken the momentum boundary layer thickness. Oppo-

site behavior occurred in the case of injection parameter ( 0)s .  

Radiative heat transfer on the nanofluid temperature distribution is 

revealed in Figure 8. Higher values of thermal radiation parame-

ter Rd enhances the rate of heat flux from the stretching sheet 

which induces rise to the nanofluid temperature. Hence the tem-

perature field thermal boundary layer thickness increases with an 

increase in radiative heat transfer. The influence of Eckert num-

ber Ec on the nanofluid temperature distribution is unveiled in 

Figure 9. The nanofluid temperature increase for rise in the values 

of Eckert number. There is kinetic energy to enthalpy which en-

hances the temperature and thermal boundary layer thickness. The 

heat transfer rate at the stretching sheet surface reduces as viscous 

dissipation rises. The impact of Grashof number Gr  on tempera-

ture distribution is designated in Figure 10. The nanofluid temper-

ature decreases with the increase in Grashof number, induced 

thinner thermal boundary layer thickness. The increase in Grashof 

number resulted in the increase the heat transfer rate at the stretch-

ing sheet surface. In Figure 11, described the flow behavior of 

unsteadiness parameter  on the nanofluid temperature profile. In 

this Figure the temperature decreases as the magnitude of the un-

steadiness parameter increase. The reason is that the heat transfer 

rate rises with boosting in the unsteadiness parameter which re-

sults in decreases in the nanofluid temperature and thermal bound-

ary layer thickness. The temperature gradient increases for higher 

values of unsteadiness parameter. 

Effects of Brownian motion parameter Nb  on nanoparticles con-

centration is sketched in Figure 12. The nanoparticles concentra-

tion decreased significantly for small values of Brownian motion 

to higher values. An increase in Brownian motion leads to the 

reduction in the nanoparticles concentration and solutal boundary 

layer thickness. Figure 13 illustrates the influence of thermophore-

sis parameter Nt  on the nanoparticles concentration. It has an op-

posite fluid flow behavior to that of Brownian motion and its as-

sociated solutal boundary layer depth. It enhances the concentra-

tion and thickens the solutal boundary layer thickness for higher 

values of thermophoresis parameter. The effects of Lewis num-

ber Le  on the concentration field is confirmed in Figure 14. The 

nanoparticles concentration field reduced significantly for higher 

values of Lewis number. Why because the lessening in the field 

and solutal boundary thickness is as result of a revolution in 

Brownian diffusion coefficient. Higher Lewis number related to 

fragile Brownian diffusion coefficient. The effects of mass 

Grashof number Gm  on the concentration field is portrayed in 

Figure 15. The nanoparticle volume concentration increases with 

the increase in mass Grashof number, induced thicker solutal 

boundary layer thickness.  Figure 16 exposed the influence of 

unsteadiness parameter   on the concentration profile. It has a 

similar behavior to that of Figure 4. In Figure 17 revealed the 

effects of  on the nanoparticle concentration profile. In this Fig-

ure, the concentration profiles enhanced with increasing values 

of ( 0)  . The nanoparticle concentration and solutal boundary 

layer thickness enhance with generative chemical reaction ( 0)  , 

and opposite trend is observed for destructive chemical reac-

tion ( 0)  . The presence of destructive reaction leads to conver-

sion of the species, which reduces the solutal boundary layer 

thickness. The generative chemical reaction shows the species 



International Journal of Engineering & Technology 147 

 

 

diffuses from the linear stretching sheet in the free stream. There-

fore, the solutal boundary layer thickness enhanced with a genera-

tive chemical reaction. 
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Figure 2: Influence of 

1E on the velocity profile 
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Figure 3: Influence of M  on the velocity profile 
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Figure 4: Influence of   on the velocity profile 
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Figure 5: Influence of Gr  on the velocity profile 
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Figure 6: Influence of Gm  on the velocity profile 
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Figure 7: Influence of s  on the velocity profile 
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Figure 8: Influence of Rd  on the temperature profile 
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Figure 9: Influence of Ec  on the temperature profile 
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Figure 10: Influence of Gr  on the temperature profile 
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Figure 11: Influence of   on the temperature profile 
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Figure 12: Influence of Nb  on the concentration profile 
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Figure 13: Influence of Nt  on the concentration profile 
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Figure 14: Influence of Le  on the concentration profile 
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Figure 15: Influence of Gm  on the concentration profile 
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Figure 16: Influence of   on the concentration profile 
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Figure 17: Influence of   on the concentration profile 

4. Conclusion  

In this study, we have investigated the combined effects of viscous 

dissipation, and chemical reaction with thermal radiation on un-

steady electrical magnetohydrodynamics (MHD) natural convec-

tive flow and heat transfer of nanofluid induced by the linear per-

meable stretching sheet. The numerical solution has been reported 

for the model under the influence of electric field 
1,E  magnetic 

field ,M suction/injection parameter ,s  thermal radiation ,Rd  Eck-

ert number ,Ec unsteadiness parameter ,  Brownian motion pa-

rameter ,Nb  thermophoresis parameter ,Nt  Lewis number ,Le  and 

chemical reaction parameter ,  which are captured using implicit 

finite difference scheme. The significant velocity is achieved for a 

high amount of electric field, whereas the magnitude of velocity is 

suppressed by the magnetic field. Suction and Injection exhibits a 

reverse flow behavior on the velocity profiles. The rate of radia-

tive heat transfer and viscous dissipation enhance the fluid tem-

perature and thermal boundary layer thickness becomes thicker. 

The Grashof number increases with velocity and decreases with 

temperature, whereas mass Grashof number decreases with veloci-

ty and increases with concentration profiles. Unsteadiness parame-

ter reduces the velocity, temperature and concentration profiles 

and Lewis decrease concentration distribution. Brownian motion 

and thermophoresis exhibit a reversed effects on the nanoparticle 

concentration profiles. The nanoparticles concentration enhance 

with generative chemical reaction and opposite trend occurs for 

destructive chemical reaction. 
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