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Abstract

Non-linear conjugate gradient methods has been widely used instrumental in solving large scale optimization. These methods has been
proved that only required very low memory other than its numerical efficiency. Thus, many studies have been conducted to improve
these methods to find the most efficient method. In this paper, we proposed a new non-linear conjugate gradient coefficient that guaran-
tees sufficient descent condition. Numerical tests indicate that the proposed coefficient is better than the three classical conjugate gradient

coefficients.
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1. Introduction

Optimization has been extensively studied and has been widely
applied in many branches of science, engineering, economics,
management, industry and other areas. The most common meth-
ods for solving optimization problems is a conjugate gradient
(CG) methods. These methods has been selected because of very
low memory requirements and the numerical efficiency, especially
in solving large scale optimization problems.

The CG method has been proposed by Hestenes and Stiefel [1] in
the 1952. Numerous studies have been done recently to improve
these methods in order to find the most efficient method. Some
CG have been proposed such as Fletcher and Reeves [2], Polak
and Ribiere [3], Fletcher [4], Liu and Storey [5], Dai and Yuan [6],
Rivaie et al. [7], Hamoda et al. [8] and Abashar et al. [9].

An unconstrained optimization problem is given as

min{f(x):x € R"} (1)

While continuously differentiable is given by f:R™ — R where
R™ denotes an n-dimensional Euclidean space. CG method will be
used to solve (1). This method are generated as

X1 = X + apdy 2

for current iteration, k = 0,1, 2, .... We use symbol x; as current
iterate point. While the step size, ay, is a line search. The search
direction, d,, defined as below

if k=0,

—Ik
ifk>1, ©)

di = {

T =gk + Brdye-s,
where g, denotes the gradient of f(x) at x; and S is a CG coef-
ficient.

In this paper, a new class of CG coefficient which guarantee the
condition of sufficient descent is proposed. We will test the pro-

posed CG coefficient using exact and inexact line searches. To
investigate whether the proposed CG coefficient is most efficient
coefficient or not, we will test and compare it with the most well-
known classical CG as follows:

T
FR _ _9k9k 4
kT gl gk “)
T
PRP _ 9K (0k=0k-1) .
B Ih-19k-1 ©®)
B}?S = M (6)

(Ik=Gr-1)Tdj—1

where BER, BERP and BfS is Fletcher-Reeves (FR) that proposed
by Fletcher and Reeves [2], Polak-Ribiere (PRP) that proposed by
Polak and Ribiere [3] and Hestenes-Steifel (HS) that proposed by
Hestenes-Steifel [3] respectively.

In 1970, Zoutendijk [10] is the first researcher proved that FR
converges globally using the exact line search. The global conver-
gence of the non-linear CG method can be insuring by the condi-
tion of sufficient descent. Therefore, this condition have been
studied by many researchers, such as Abashar et al. [9] and Andrei
[11].

The paper is organized as follows: Section 2, we presents the pro-
posed CG coefficient with two different algorithms using exact
and inexact line searches. The sufficient descent condition of the
proposed CG coefficient are proved in Section 3. Section 4 pre-
sents some numerical results to compare the proposed CG coeffi-
cient with three classical CG coefficients by the number of itera-
tions and time of central processing unit (CPU) while the short
discussion is given in Section 5.
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2. Proposed New Conjugate Gradient Gk+1@ks1 = Gir1(—Grr1 + Brsrdi)

= ~llgi+11*+Brs19k41d (12)
In this paper, we are interested to propose a new CG coefficient ) et ) el
based on modification of PRP and HS coefficient which is given ~ Since we use the exact line search, then g, d) = 0. Hence, we
as below have gI, dks1 = —llgr+1ll? Thus, gL d, < —Cllgill? holds true.

SM-1 _ g§+1(gk+1_gk) (7)

k ”gk+] ”
d (— +d, )
k Nexll Bk+1 k

The SM denotes Srimazzura and Mustafa. Two different algo-
rithms of CG coefficient using two different line search are gener-
ated as follows:

Algorithm 1: Algorithm using exact line.
1t Step Identify an initial point x,eR™. Use k = 0.
2" Step  Find a; using exact line that defined by

[y + agdy) = Tgllzigf(xk + ady) (8)

34 Step
4™ Step

Calculate d;, based on (3). Stop when g, = 0.

Compute B, where B, is defined by one of CG coeffi-
cient that given as (4) to (7).

Identify new points based on (2).

Convergent test and stopping criteria.

Use [lgill < eand f(xx) > f(xks1) as stopping crite-
ria. Then, repeat 1 Step by changing k = 0 with k =
k+1.

5t Step
6t Step

Algorithm 2: Algorithm using inexact line.

1t Step Identify an initial point x,eR™. Use k = 0.

2" Step  Find a; using inexact line. We use the condition of
“strong Wolfe” that given by

f O+ ardi) < f(x) + Saggidy )
And

|g(xe + ardi)"dy| < —ogidy (10
34 Step Calculate dj, based on (3). Stop when g, = 0.

4™ Step  Compute S, where By, is defined by one of CG coeffi-
cient that given as (4) to (7).

Identify new points based on (2).

Convergent test and stopping criteria.

Use [lgkll < e and f(xx) > f(xk+1) as stopping crite-
ria. Then, repeat 1% Step by changing k = 0 with k =
k+1.

5t Step
6t Step

3. Sufficient Descent Condition

We will studies either the CG method with 5™~ will possess
sufficient descent condition under both exact and inexact line
searches or not.

3.1. Sufficient descent condition under exact line search

CG method is sufficient descent if the sufficient descent condition,

ghdi < —Cllgill? (11)

holds for k > 0 where C > 0. The sufficient descent condition
under exact line search needs the following theorem.

Theorem 1: Suppose that a CG method with the search direction
(3) and BgM~1. According to the condition of sufficient descent,
for all k > 0, (8) holds true.

Proof: We use mathematical induction. The condition (11) holds
true where gf dy < —Cl|lgoll? when k = 0. Then, we need to veri-
fy that the condition (11) holds true when k > 1. Therefore, sub-
stitute k + 1 into (3) and multiply by g7, .,

Therefore, the proof is completed.

3.2. Sufficient descent condition under inexact line
search

The sufficient descent condition under inexact line search needs
the following two assumptions and lemmas.

Assumption 1: Suppose that the f(x) is bounded below on the level
set R™. In a neighbourhood N of the level set ¢ = {x € R™|f(x) <
£ (x0)}, f(x) is continuous. f(x) also differentiable at the point x,.

Assumption 2: The gradient g(x) is Lipschitz continuous in N,
i.e. there exists a constant £ > 0 such that [|g(x) — gl <
fllx —y|l forallx,y € N.

Lemma 1: If g, and d; are generated by inexact line search (9)
and (10) and o < %then for all k = 0, we have

1
gl <
ldiell ™ 1—¢

where ¢ € (0, 1).

Lemma 2. Suppose that these two assumptions holds true and a;,
is compute using inexact line search (9) and (10), then

1-¢ lgr+all
UM gieaall = lgeell

Theorem 2: Suppose that these two assumptions holds, gfd, <
0, dy4q is calculate by (3), B by B2M~1 and a; by Lemma 2,
then (11) holds.

Proof: We substitute 8™~ into (12), then we obtain

ay <

91€+1(9k+1 )

I Il
d (_ﬁg;h re+1 T die

Thus (11) is equivalent to

>91€+1dk —lgks1ll? = 91:+1dk+1

g£+1(gk+1 — 9k)

ot (i owa + 1)

We need to consider two conditions. One of the condition is the
condition (11) holds true when gld, < 0.

Fier1dx < (1 = Ollgrsall?

Another condition is for gTd, > 0, noting that gfd, < 0 and
from Lemma 2, we have

Ik1%r = (Grer — 9 )" dic + gicdy
< (Gre1 — 9" dy
< N gr+1 — geell - il
< laglldy II?

) lg sl

<(1-
( llgk+all=llgrl

lld|I?
Hence,

91€+1(9k+1 = 9x)

Il Il
d ( ﬁgﬁ Jr+1 + dk)

917;+1dk <A =0Ollgr+1ll?
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which means that the condition (11) holds for gfd, > 0. Thus,
the proof is completed.

4. Numerical Results

The comparison among the proposed CG coefficient with FR,
PRP and HS will be shown in this section. Since the proposed CG
coefficient possess the condition of sufficient descent under exact
and inexact line searches, then we generate two different algo-
rithms for both exact and inexact line searches using MATLAB
version 7.10.0 (R2013a) on an Intel Core i7.

We will use fifteen test problem functions considered in Andrei
[12] in order to show the efficiency of the proposed CG. Accord-
ing to Hillstrom [13], four initial points will be used where the
initial point should be closer to the solution point. Table 1 shows
all the test problem functions and initial points that will be used.

Table 1: Fifteen Test Problem Functions

ed using fifteen test problem functions with different number of
variables and initial points. In this paper, we will use the speed of
convergence as the performance criteria. Each algorithm will cal-
culate the time of CPU to generate iterations’ number. For both
algorithms, we will set the number of iterations limited to 10000.
The performances comparison in percentage between the proposed
CG coefficient with FR, PRP and HS for exact line search are
shown in Table 2. While Table 3 shows performances comparison
in percentage between the proposed CG coefficient with FR, PR
and HS for inexact line search.

Table 2: Performances comparison in percentage based on iterations’
number and time of CPU (in second) for exact line search

Coefficient | TOtE.iI Tota_l Py Successful Unsuccessful
teration Time
FR 240474 6354.669 82.41% 17.59%
PRP 34361 309.1615 98.61% 1.39%
HS 3743 54.7167 82.41% 17.59%
SM-1 9220 156.0576 100% 0%

Table 3: Performances comparison in percentage based iterations’ number
and time of CPU (in second) for inexact line search

Coefficient | teTr(;tt?cIm TOE?iIng:ePU Successful Unsuccessful
FR 189033 1616.32 82.41% 17.59%
PRP 44461 299.3697 98.15% 1.85%
HS 4473 9.8226 95.83% 4.17%
SM-1 9226 16.1277 100% 0%

Number Function Number of Initial Points
Variables
1 Three Hump 2 (3,3), (24,24),
(49,49), (62,62)
2 Six Hump 2 (4,4), (15,15),
(39,39), (55,55)
3 Extended Beale 10, 100, (1,1,...,1), (4.,4,....4),
500, 1000 (6,6,...,6), (9.9,...,9)
4 Diagonal 4 10, 100, (3,3,...,3),
500, 1000 (45,45,...,45),
(67,67,...,67),
(99,99,...,99)
5 Extended Freuden- 10, 100, 44,...4),
stein & Roth 500, 1000 (14,14,...,14),
(23,23,...,23),
(30,30,...,30)
6 Extended Him- 10, 100, 2,2,...,2),
melblau 500, 1000 (45,45,...,45),
(81,81,...,81),
(97,97,...,97)
7 Extended Quadrat- 10, 100, (3.3,...,3),
ic Penalty QP2 500, 1000 (27,27,...,27),
(34,34,...,34),
(66,66,...,66)
8 Generalized Quar- 10, 100, 2,2,...,2),
tic 500, 1000 (36,36,...,36),
(66,66,...,66),
(99.,99,...,99)
9 Raydan 2 10, 100, (1,1,...,1), (2,2,...,2),
500, 1000 (44,...4),(8,8....,8)
10 Extended Rosen- 10, 100, (44,...4),
brock 500, 1000 (60,60,...,60),
(83,33,...,33),
(100,100,...,100)
11 Extended Tridiag- 10, 100, (7,7,...,7),
onal 1 500, 1000 (43,43,...,43),
(81,81,...,81),
(97,97,....97)
12 Extended White & 10, 100, 2,2,...,2), (7,7,...,7),
Holst 500, 1000 (11,11,...,11),
(13,13,...,13)
13 Extended 10, 100, 2,2,...,2),
Denschnb (CUTE) 500, 1000 (34,34,...,34),
(63,63,...,63),
(91,91,....91)
14 Fletchcr (CUTE) 10, 100, 9.,9,...,9),
500, 1000 (27,27,...,27),
(38,38,...,33),
(88,88,...,88)
15 Nonscomp (CUTE) 10, 100, (64,64,...,64),
500, 1000 (77,77,...,77),
(85,85,...,35),
(94,94,...,94)

For each algorithm, we use ¢ = 107 and || g || < 107°, the gra-
dient value as the stopping criteria. Each CG coefficient was test-

From Table 2 and 3, we can see that three classical CG coeffi-
cients may fail either get the number of iterations more than 1000
or the algorithm fail to compute the positive step size.

All the numerical results can be summarized in performance pro-
files introduced by Dolan and More [14]. He suggested that all the
results represent using cumulative. Figure 1 and 2 show perfor-
mance profile relative to the iterations’ number for exact and inex-
act line search respectively. Figure 3 and 4 show performance
profile relative to the time of CPU for exact line and inexact line
respectively.
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Fig 4:. Performance profile for the time of CPU (inexact line)

From Table 2, for the proposed CG that using exact line search,
the total iterations’ number is 9220 with total time of CPU is
156.0576 seconds without any failure. While for inexact line
search, the proposed CG get 9226 number of iterations with
16.1277 seconds as shown in Table 3.

In Figure 1 — 4, we can see that the proposed CG coefficient al-
ways converges since it achieve the top of the curve in the perfor-
mance profile compared the others.

5. Conclusion

From Table 2 and 3, we can conclude that performance of the
proposed CG that using inexact line search is better than for the
exact line search since it take a few second to converge. While
from the Figure 1 — 4, by comparing the proposed CG with FR,
PRP and HS, the numerical results suggest that the Srimazzura-
Mustafa (SM) provide better performance compared to others. For
further research, we should study this proposed CG either conver-
gence globally under exact and inexact line since it possesses the
sufficient descent condition.
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