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Abstract 

 
The presence of multicollinearity will significantly lead to inconsistent parameter estimates in regression modeling. The common proce-

dure in regression analysis that is Ordinarily Least Squares (OLS) is not robust to multicollinearity problem and will result in inaccurate 

model. To solve this problem, a number of methods are developed in the literatures and the most common method is ridge regression. 

Although there are many studies propose variety method to overcome multicolinearity problem in regression analysis, this study propos-

es the simplest model of ridge regression which is based on linear combinations of the coefficient of the least squares regression of inde-

pendent variables to determine the value of  k (ridge estimator in ridge regression model). The performance of the proposed method is 

investigated and compared to OLS and some recent existing methods. Thus, simulation studies based on Monte Carlo simulation study 

are considered. The result of this study is able to produce similar findings as in existing method and outperform OLS in the existence of 

multicollinearity in the regression modeling. 
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1. Introduction 

Ordinary Least Squares (OLS) is the Best Linear Unbiased Esti-

mator (BLUE) in investigating the relationship between explana-

tory and response variables in the regression modeling.  The OLS 

is only applicable when all regression assumptions are satisfied 

and some of them are; errors in the model are distributed with 

normal distribution with zero mean and a constant variance and no 

high correlation problem among the explanatory (independent) 

variables. Multicollinearity is defined as conditions on which 

some or all explanatory variables have large influence on others 

explanatory variables. This critical issue might happen if the anal-

ysis contains large sets of data with several numbers of explanato-

ry variables and this will affect to the existence of multicollineari-

ty problem. In the presence of multicollinearity, the regression 

assumptions are invalid and as such, the OLS cannot be preceded 

in the next stage of estimation. Otherwise, the results of parameter 

estimates and inference under OLS procedure will be insignificant 

and unreliable. 

Due to such problem, there are quite number methods of estima-

tions to overcome multicollinearity problem in regression analysis. 

[1, 2] are the first to introduce ridge regression method by adding 

small positive quantities (denoted by letter k in many studies (see 

[3]) to the diagonal of the matrix XTX  where XTX is matrix of 

explanatory variables) and it is shown can minimize the biased 

estimates and mean squared error (MSE) of the model. [3] reviews 

some existing estimators from years 1964 to 2014 with a wide 

variety of techniques to estimate k and make a comparison with 

OLS model in the paper.  It is found that most of the models out-

perform OLS and concludes that the generalized ridge regression 

is the best model based on the smallest MSE value.  

Due to interest in choosing the most appropriate k in ridge regres-

sion method, this study proposes another technique with  k can be 

formed as a linear combination of coefficients of determination of 

explanatory variables (see [4]). The performance of the proposed 

method is investigated and comparison is made to OLS and some 

existing methods by using Variance Inflation Factor (VIF) and 

MSE criterion. 

2. Methodology 

Let us assume that the matrix of response variable Y (n´1)  can 

be predicted as a linear relationship with explanatory (independ-

ent) variables X  (n´ p)   as follows 

 

 Y=Xb+e           (1) 

 

where b  represents p coefficients for X  and e  are residuals with 

the assumptions of e  are E(e) = 0  and Var(e) =s 2I
n

. In OLS 

procedure, the parameter estimates of b  in (1) is then given by 

 

b̂ = XTX( )
-1

XTY
           

(2) 

2.1. Ridge regression model 

The OLS estimate in (2) is invalid due to large deviation in b . 

The b̂ is said to be unbiased but inconsistent.  To overcome this 

problem, the positive value of k  is added to the diagonal elements 

in XTX  matrix in (2) (see [1, 2]) to minimize the impact of high 
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correlation in explanatory variables [5]. Hence, the ridge regres-

sion model is  

b̂
R

= XTX+ kI
n( )

-1

XTY            (3) 

According to [1], the value of the ridge estimator k in (3) will 

provide a smaller value of MSE compared to OLS estimator.  

2.2. Different types of ridge estimator 

Several recent methods of ridge estimators are considered to esti-

mate the value of k (See [6-8]) 
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[9] Then proposes the following estimator 
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where t
j
 is eigenvalue of the XTX  matrix, ŝ 2

 is the estimates of 

standard error s 2
, and b̂

j
 is the estimates of  j th

 element in b̂  

as defined in (2). 

2.3. Proposed ridge regression estimator 

An alternative method of the existing ridge method is proposed 

where k is estimated by using coefficient of determination of ex-

planatory variables in the regression model [4].  From (2), the 

scaled variables X are assumed to be in the form of correlation 

matrix.  To illustrate this, let  (1) is written as 

  

Y = b
0

+ b
1
X

1
+ b

2
X

2
+ … + b

p
X
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Then, consider 
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+ b
1
X

1
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2
X

2
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p
X
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by subtracting (7) to (8), it will produce  

 

Y -Y = b
1

X
1
- X
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2

X
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And note that  
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The parameterized model with transformed variables is then given 

by 

 

Y
i

* = b
1

* X
i1

* +b
2

* X
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p

* X
ip
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i
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With the standardized variables  Y
i

*  and   X
ij

*
 are simplified as 

the following form 

Y
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where b
j

* =
b

j
S

j

S
y

; j =1,2,..., p . 

 

Then, the estimates of b  is given by 

 

 b̂* = X*TX*( )
-1

X*TY*        (12) 

 

Note that, the values in the matrix X*TX*  can be written as   

ij
*2

x
i=1

n

å = (
x
ij

- x
j

S
j

n -1i=1

n

å )2 = 

(x
ij

- x
j
)2

i=1

n

å

n -1

S
j

2
= 1 ;     j = 1,2,....p ; and            

x
ij

¢* x
ik

* =
x

ij
- x

j

S
j

n -1

æ

è

ç
ç

ö

ø

÷
÷

i=1

n

å
i=1

n

å
x

ik
- x

k

S
j

n -1

æ

è

ç
ç

ö

ø

÷
÷

=

(x
ij

- x
j
)(x

ij
- x

k
)

i=1

n

å

(x
ij

- x
j
)2

i=1

n

å (x
ij

- x
k

)2

i=1

n

å

= r
ij
, j;k =1,2,...p; j ¹ k      (13)  

 

Where r
ij

 is the correlation coefficient between X
i
 and X

j
. 

In the regression model with p number of coefficients, the diago-

nal elements of matrix C = X*TX*( )
-1

 is written as 

C
jj

= 1- R
j

2( )
-1

, j =1,2,..., p with R
j

2  is the coefficient of determi-

nation in the regression of an explanatory variable X
j
.  The pa-

rameter estimates under OLS procedure are invalid when there is a 

perfect linear relationship among explanatory variables in the 

model. As  R
j

2

 
tends to 1 ( R

j

2 ®1), the jth diagonal element of 

X*TX*( )
-1

will be very huge. Since var( b̂
j
)=ŝ 2C

jj
, then R

j

2 ®1  

as var( b
j
)®¥ . Due to such problem, the new estimates of  b  is 

proposed by adding k in (12): 

 

b̂
R

* = X*TX* + kI( )
-1

X*TY*

        (14) 

 

With k is simulated and the appropriate estimates of k for 4 ex-

planatory variables is (see [4]): 

 

k̂ = 0.174R
1

2 +0.170R
2

2 +0.194R
3

2 +0.199R
4

2.
                           (15)

 

3. Monte Carlo simulation study 

In this study, the performance of existing ridge estimators are 

compared with OLS and the proposed ridge model via Monte 

Carlo simulation study. The chosen methods are OLS; Ridge es-

timator with k̂
2
; Ridge estimator with k̂

4
; Ridge estimator with 

k̂
12

; and the proposed estimator of k as in (15).
 

 

Following the simulation procedure as in [10], the data generation 

process of this study is  
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X
ij

= (1-g 2 )
1

2 z
ij
+g z

ij
, i =1,2,...,n, j =1,2,..., p       (16) 

 

where z
ij
 are independent and identically normal distributed, and 

g  is defined such that correlation between any two independent 

variables. The chosen g are g = 0.7, 0.8, and 0.9 (for low, moder-

ate, and high correlations between the variables, respectively) and 

n = 50 with number of p is 4 and 2,000 number of simulations. 

This study considers p=4 due to the reason of minimizing multi-

collinearity effect on MSE since less number of independent vari-

ables are correlated when the variables is reduced. 

The response y is determined by using the following model 

 

y
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where e
i

 are independent and identically normal distribut-

ed, N(0,1) , and b
0
 is assumed to be identically zero. The values 

of the parameters are set to be b
T
b =1 indicating that if MSE is 

the function of b , s 2
 and k, then MSE is minimized upon selec-

tion of this coefficient vector [11]. The measure of performance 

are investigated by using the values of VIF and MSE as  

 

VIF = 1- R
j

2( )
-1

and  MSE b̂
j( ) = var(b̂

j
)+ Bias b̂

j( )
2

               (18) 

 

The use of VIF measures is to indicate the severity of multicollin-

earity problem in the data. The common rule of thumb of the pres-

ence of multicollinearity is when VIF value is larger than 5. MSE 

measures the spread of the parameter estimates and the difference 

between the true values of the parameter. The smaller MSE illus-

trates the better result of the parameter estimates. 

3.1. Results and discussion  

This section presents the result of the Monte Carlo simulation 

study. To save some space in this paper, the important results that 

might be useful to summarize the findings are presented. At first, 

the correlation values are computed to illustrate the presence of 

high dependency among explanatory variables (when g = 0.9 ) and 

it is reported in Table 1.  The results indicate the presence of high 

correlated explanatory variables with all correlation values are 

larger than 0.8. 

 
Table 1: Correlation Values of Explanatory Variables 

Explanatory 

variables 
X1 X 2 X 3 X 4 

X 1  0.8061 0.8069 0.8977 

X 2 0.8061  0.8070 0.8976 

X 3 0.8069 0.8070  0.8987 

X 4 0.8977 0.8976 0.8987  

 

Table 2: The VIF, and MSE results when g = 0.9  
Model Type VIF1 VIF2 VIF3 VIF4 AMSE 

OLS 5.6725 5.6511 5.723 15.0284 0.6001 

k2 0.9802 0.9627 0.9747 0.9025 0.0402 

k4 0.9259 0.9823 0.9811 0.9836 0.0451 

k12 0.9255 0.9805 0.9884 0.9803 0.0270 

The pro-
posed model 

0.9577 0.9838 0.9816 0.9844 0.0202 

 

Note: VIF1 , VIF2, VIF3 and VIF4  refer to the  VIF values for each explan-
atory variable (p=4),  respectively. AMSE is the average of MSE of all 

explanatory variables. 
Table 2 presents the result of MSE and VIF of OLS, existing 

methods and proposed method for g = 0.9 . The VIFs of OLS are 

larger than 5 for all explanatory variables indicate the presence of 

severe dependency among explanatory variables in the data. The 

existing and proposed models yield reasonable values of VIF. For 

MSE results, the proposed method provides better result than oth-

er estimators with the smallest value of MSE indicating the results 

is satisfactorily in the regression modeling. 

4. Conclusion   

Another approach with different method of ridge estimator is con-

sidered with the aim of reducing the multicollinearity in the data. 

The performance of estimators is investigated using Monte Carlo 

simulation study with 2,000 numbers of replications using two 

types of measures, MSE and VIF.  The finding of this study shows 

that the proposed ridge estimator performs better than other esti-

mator, as multicollinearity exists in the data. It can be concluded 

that the proposed ridge estimator can produce reliable results as 

other type of estimators. 
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